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Non-perturbative effects in F-Theory 
Compactifications 



 
  

 
Instantons in F-Theory à Euclidean D3 branes 
 
Theory at finite string coupling gs w/ no fundamental formulation  
 à multi-pronged approaches  
    
Past: 
         i) zero mode structure  
              neutral  (3-3) zero modes àmonodromies in F-theory;anomaly inflow  
               [M.C., I. Garcia-Etxebarria, R. Richter, 0911.0012], 
                 [M.C., I. Garcia-Etxebarria, J. Halverson, 1107.2388]  
              charged (3-7) zero modes à  string junctions 
                 [M.C., I. Garcia-Etxebarria, J. Halverson, 1107.2388],…

  
   
Recent/Current:  
           ii) Superpotential via dualities  & directly in F-theory 



      Focus on Pfaffians (7-brane moduli dependent prefactors):  
 
    i) Via Heterotic Duality à Geometric interpretation of zero loci    
       (including E8 symmetric point) 
          [M.C.,  I. Garcia-Etxebarria & J. Halverson, 1107.2388] 

 

    ii) Inclusion of fluxes & direct F-theory results 
          [M.C., R. Donagi, J. Halverson & J. Marsano, UPR-1040-T,  to appear]





    

                      

                

 
  

 
à ii) F-theory instanton superpotential 

Not much time  

iii) Effective Superpotential via N=2 D=3 M-theory  
        [study of anomaly cancellation as a prerequisite]  
         [M.C., T. Grimm, J. Halverson & D. Klevers,  work in progress]




D-instanton motivation: 
  
i) Important role in moduli stabilization  
      [Strominger’86],…[Giddings,Kachru,Polchinski’01],…

      [Kachru,Kallosh,Linde,Trivedi’03],…

      [Balasubramanian, Berglund, Conlon, Quevedo’05],…


ii) 

 ii) New types of D-instantons: generate certain  
     perturbatively absent couplings for charged sector matter

     

        [Blumenhagen, M.C., Weigand, hep-th/0609191], 

        [Ibañez, Uranga, hep-th/0609213],

       - charges matter coupling corrections 
        [Florea, Kachru,McGreevy,Saulina, hep-th/0610003]

        -supersymmetry breaking  


    Review: [Blumenhagen, M.C., Weigand, 0902.3251]



Encoded in non-perturbative violation of ``anomalous’’ U(1)’s 



Illustrate:Type II(A)D-Instanton (geometric)- Euclidean D-brane 
D=9+1 D=3+11 

 

X6-Calabi-Yau                    ×         M(1,3)-flat 

× . 

New geometric hierarchies for couplings: 
                                                                                       stringy!    

Wraps cycle Πp+1  cycles of X6     point-in 3+1 space-time                                       

Πp+1 

Instanton can intersect with  D-brane (charged  ``λ’’ - zero modes) 

Πq-3 

 à  generate non-perturbative couplings of charged matter   
 

. . . . 



… i) Local embeddings: Type II(A) original papers…  
                           F-theory [Heckman,Marasno,Schafer-Nameki,Saulina 0808.1286] 


ii) Global  embeddings: Type I [M.C., T.Weigand,0711.0209,0807.3953]


                                                     Type IIB[Blumenhagen,Braun,Grimm,Weigand, 0811.2936]  	
  

                                   F-theory[M.C., I. Garcia-Etxebarria, J. Halverson,003.5337]   

                   New algorithm                                  [Blumenhagen, Jurke, Rahn, Roschy, 1003.5217] 

Specific examples of instanton induced charged matter couplings: 
 
i) Majorana neutrino masses  original papers…


ii) Nonpert. Dirac neutrino masses [M.C., Langacker, 0803.2876]

 
iii) 10 10 5 GUT coupling in SU(5) GUT’s 
     [Blumenhagen, M.C. Lüst, Richter, Weigand, 0707.1871]

 
iv) Polonyi-type couplings 
[Aharony, Kachru,Silverstein, 0708.0493],[M.C. Weigand,0711.0209,0807.3953],

[Heckman, Marsano, Sauline, Schäfer-Nameki, Vafa, 0808.1286] 




F-theory Compactification 
                                                                                        Vafa’96.. 
Revival:  geometric features of particle physics w/ intersecting branes 
              & exceptional gauge symmetries common in the heterotic string 
               -- at finite string coupling  gs 
 
 
 
 

(Semi-) local &(limited) global SU(5) GUT’s: chiral matter& 
Yukawa couplings (co-dim two (and three) singularities on the GUT 7-brane)…  
[Donagi, Wijnholt’08’11’12],[Beasley, Heckman, Vafa’08],…

[Marsano,Schäfer-Nameki,Saulina’08’10’11],[Marsano Schäfer-Nameki’11],

[Blumehagen,Grimm,Jurke,Weigand’09],

[M.C., Garcia-Etxebarria,Halverson,1003.533],… 

[Grimm,Weigand’10], [Grimm,Hayashi’11]; [Krause,Mayrhofer,Weigand’11’12],…

[Esole,Yau’11],… [Cecotti,Cordova,Heckman,Vafa’10],… 

  

Geometry of F-theory:   Elliptically fibered Calabi-Yau fourfold Y4; 
complexified gs encoded  in T2 fibration  over the base B3  
 
Gauge Symmetry: where fiber degenerates (say for T2 pA+qB cycle) a   
co-dim 1 singularity  signified a location  (p,q) 7-branes in the base B3 

Matter: Intersecting 7-branes at co-dim 2 singularities  G4-flux needed (for chirality)  



 (p,q) 7-brane                  base B3 

"Hidden”  7-brane  

T2 fiber 
 

     ED3-instanton 

       Charged  (3-7) zero modes 

 Neutral  (3,3) zero modes  

Cartoon of F-theory compactification (Y4  as T2 over B3) 

Instanton: Euclidean D3 brane (ED3)  wrapping divisor in B3  



Instantons in F-theory 

Related recent works  focus on G4-fluxes and U(1)’s 
[


Past Work:  
[Witten’96], [Donagi,Grassi,Witten’96], [Katz,Vafa’96], 
[Ganor’96],…, [Diaconescu,Gukov’98],…

 
Recent Work: 
[Blumenhagen, Collinucci, Jurke’10], 

[M.C., García-Etxebarria, Halverson’10,’11], [Donagi, Wijnholt’11],

[Grimm, Kerstan, Palti, Weigand’11], 

[Marsano, Saulina, Schäfer-Nameki’11], 

[Bianchi ,Collinucci, Martucci’11], [Kerstan, Weigand’12]




Non-pert. Superpotential for moduli stabiliz.  
due to ED3 wrapping  divisor D  in B3 , 
in the presence of  (E6 ) GUT 7-brane wrapping B2  
 w/local structure captured by  intersection curve  Σ & flux G4  there                                                     
 
                                                                      T2 

 
 
 
 
 

B2-GUT D-ED3 

Σ-curve 
B3 

Key upshots:     
i) Conjecture how to compute   Pfaffian   A   
   (7-brane moduli dependent prefactor)  
ii) Explicit  F-theory examples;   
     analyse  substructure, such as points of E8 enhancement 



F-theory ED3-instanton via duality (brief): 
 
Heterotic                       F-theory                  M-theory 

Σ Σ Σ 

P1 P1 

Shrink elliptic fiber  
w/ fixed compl. str. 
 
 
M5  with a leg in the fiber  
(vertical divisor) 

*Digression 



*Digression: F-theory  via D=3, N=2 M-theory compactification 
   [Grimm, Hayashi’11], [Grimm,Klevers’12]



    Analyze 4D F-theory in D=3, N=2 supergravity on Coulomb branch 
    
             F-theory on X4 x S1  =  M-theory  on X4 
 

           Matching of two effective theories possible only at 1-loop 
 
 
                         

1-loop in F-theory (by integrating out massive matter) = 
  classical supergravity terms in M-theory   

[Aharony,Hanany,Intriligator,

  Seiberg,Strassler’97]


[M.C.,Grimm,Klevers, to appear]  


c.f., Klevers gong show talk!


(M-theory/supergravity)  

[MC,Grimm,Halverson,Klevers, in preparation] 


(F-theory) 



F-theory ED3-instanton via duality: 
 
Heterotic                       F-theory                  M-theory 

Σ Σ Σ 

P1 P1 

Y4 ellipt. fibered over B3 
 with B3: P1 over B2 
Flux G4 ßà 
(CF,N)-spectral cover data  
  
ED3 wraps  P1 over Σ  
 
Fermionic  ``λ’’  (3-7) modes 

Shrink elliptic fiber  
w/ fixed compl. str. 
 
 
M5  with a leg in the fiber  
(vertical divisor) 

X3 ellipt. fibered over B2 
 
Vector bundle V  ßà 
(CHet,L)-spectral cover data 
 
Worldsheet inst. wraps  Σ in B2 
Fermionic left-moving zero modes 
 



 Instanton data  in F-theory:  
  ED3  on divisor  D  in the presence  
  of (E6) GUT divisor  
  by gauge theory on R(3,1) x B2 data  
  (G4 info) specified by Higgs bundle  
  ßà spectral cover data        

àstudy vector bundle cohomology on Σ 
àline bundle cohomology on curve           =      

Spectral surface,  line bundle (G4 info) 

Defining equation of         specified by moduli à 
7-brane moduli in the instanton world-volume 



Computing Pffafian prefactor: 
 
Class of curve          : 

elliptic fiber class  section of  
w/ further algebraic data:  

Pfaffian determined via moduli dependence of cohomology  
(short exact Koszul sequence                                                         )                             
Analogous to heterotic computation 
[Buchbinder,Donagi,Ovrut’02,…,Curio’08,09,10] 


should not care about whether a Heterotic dual exists or not. We therefore suggest that
BDO techniques, applied to the curve clot in Clot, can be used to determine (part of) the
dependence of the instanton prefactor on the am’s. If correct, this would lead to a very
powerful computational tool that could be applied in a number of phenomenological
models. After all, everything we say in this paper about E

6

can be trivially extended to
the phenomenologically interesting cases of SO(10) and SU(5). Later in this paper we
will show how this proposal can be applied to study a number of instanton prefactors
in a rich geometry with many instantons.

5.6 Instanton Prefactors: Setting Up the Computation

In the end, this proposal for computing the Pfa�an in F-theory amounts to computing
line bundle cohomology on a spectral curve cloc in an elliptic surface E . Though this
is generically appearing in an F-theory compactification which may or may not have a
heterotic dual, the computation of cohomology is essentially identical to what one would
do in the heterotic case, and therefore we refer the reader to [?] for a discussion of how
to perform these computations. To perform the cohomology calculation as in [?], one
must know that structure of the elliptic surface E , the class of cloc, and how the bundle
LA is obtained via a restriction from a line bundle on E . Then computing the Pfa�an
amounts to computing the moduli dependence cohomology of LA on cloc.

Let ⇡A : ZA
3

! B
2

be the ambient elliptic threefold in which Cloc is a divisor. ⌃ is a
curve in B

2

, and by abusing notation and restricting Z
3

to ⇡�1

A ⌃ we obtain an elliptic
surface ⇡A : E ! ⌃. The class of Cloc is

[Cloc] = n�A + ⇡�1

A ⌘ (5.60)

where ⌘ is a curve in B
2

of class 6c
1,B2 +NB2|B3

. The class of cloc inside E is then

[cloc] = [n�A + ⇡�1

A ] · ⌃ = ns+ rF (5.61)

where s ⌘ �A|⇡�1
A ⌃

is the section of the elliptic surface E , F is the fiber class of E and

r ⌘ ⌘ ·B2 ⌃ 2 Z.

c
1

(Nc,loc) =
1

2
(n�A + ⇡�1

A ⌘ + ⇡�1

A c
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1,B2))) (5.62)

c
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(Nc,loc|E) = 1

2
(ns+ (r + �)F ) + �(ns� (r � n�)F ) (5.63)

where � ⌘ c
1,B2 ·B2 ⌃. Then since LA ⌘ Nc,loc|E ⌦OE(�F ) we have

c
1

(LA) = (�+
1

2
)n s+ [r(

1

2
� �) + �(

1

2
+ n�)� 1)]F (5.64)

and one must compute hi(cloc,LA|cloc) in order to determine the Pfa�an. This is done
e�ciently via the long exact sequence in cohomology associated to the Koszul sequence

0 ! LA ⌦OE(�cloc) ! LA ! LA|cloc ! 0 (5.65)

31

E6 GUT 



Non-trivial checks via duality: 
 
Heterotic:  cohomology isomorphism via cylinder map  
                  when a dual exists 
 
 
Type IIB:   gauge dependent data localized at instanton  
                  and 7-brane intersectionà 
                 natural interpretation as  (3-7) charged ``λ’’ modes  
 
 
M-theory:   when a heterotic dual exists, 
                   Jac(cloc ) & IJac(M5) are deeply related 
                    [Further study…] 
without a dual?  
 



W/ heterotic dual à cohomology on  Cloc  isomorphic to cohomology on CHet 
[under the cylinder map [Donagi,Curio’98], the curves are the same] 



Setting up the computation in F-theory: 
 
• given B3, find an ED3 divisor D and GUT divisor B2 

                  which intersect  at a curve Σ     (P1)  
•compute  spectral cover data:  
 
  and   which satisfies D3 tadpole 
 
à Class of the spectral curve          in     & line bundle                                     
    determined 
 
  à compute  Pffafian via Koszul exact sequence 

should not care about whether a Heterotic dual exists or not. We therefore suggest that
BDO techniques, applied to the curve clot in Clot, can be used to determine (part of) the
dependence of the instanton prefactor on the am’s. If correct, this would lead to a very
powerful computational tool that could be applied in a number of phenomenological
models. After all, everything we say in this paper about E
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do in the heterotic case, and therefore we refer the reader to [?] for a discussion of how
to perform these computations. To perform the cohomology calculation as in [?], one
must know that structure of the elliptic surface E , the class of cloc, and how the bundle
LA is obtained via a restriction from a line bundle on E . Then computing the Pfa�an
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Typical Pffafian prefactor structure:  
  

 fi - polynomials in complex structure of 
      7-brane moduli restricted to instanton world-volume  
 
à depend on local subset of full moduli data  
    [the same correction could arise in different compactifications] 
 
à  interesting physics can determine the 
     substructure of each fi (an example later) 
   
  



Example: Pfaffian calculation directly in F-theory (without a dual) 
B3 in terms of toric data  (generalization of weighted projective spaces): 
 
 
           

GLSM charges 
(scaling weights) 

Divisor classes Stanley-Reisner ideal 

Holomorphic coord. 

• E6 GUT on B2 = {z = 0} and ED3 instanton at D={x1=0} 
 
• Y4 defining equation: 
   with sections b(0,2,3) in terms of     

•compute:         ,           &           à 
 



• only subset of  moduli  bm in Pfaffian: 
 
                
 
 
• using  defining eq.  for cloc                                                                                                      

                    to compute via Koszul exact sequence  
 
• result: 

this implies that the divisor ⇡�1DD3

in the elliptic fibration ⇡ : Y
4

! B
3

has arithmetic
genus one.

To determine the component of the Pfa�an prefactor A which depends on seven-
brane moduli, we need to study instanton zero modes localized on the curve ⌃ = B

2

\
DD3

in B
3

where the instanton intersects the GUT stack. Topologically, ⌃ is a P1.
As discussed in section (zzz), rather than computing vector bundle cohomology on ⌃
we compute an isomorphic line bundle cohomology on a spectral curve cloc which is a
triple-sheeted cover of ⌃. Following section 5.6, we compute directly that r = 5 and
� = 1 and choose n = 3 (for an E

6

GUT) and � = 3

2

. This gives the class of cloc as a
divisor inside an elliptic surface E and the relevant line bundle LA for computing the
Pfa�an to be

[cloc] = 3s+ 5F LA = OE(6s� F ). (6.17)

In terms of the spectral cover, cloc = Cloc|⇡�1DD3
. At the level of defining equations, this

means that fcloc = fCloc |x1=0

, and therefore (zzz cite resolution section)

fcloc = b̃
0

W + b̃
2

uX + b̃
3

q (6.18)

where b̃m ⌘ bm|GUT\D3

= bm|z=x1=0

. Remembering that Cloc is naturally a divisor in
an ambient elliptic threefold, cloc is therefore a divisor in an ambient elliptic surface
E given by the restriction of the elliptic threefolds to x

1

= 0. While it initially seems
strange to be considering these ambient spaces which do not sit inside the Calabi-Yau
fourfold, the physics we study is determined entirely by line bundle cohomology on cloc,
which does sit inside the Calabi-Yau. One is free to compute line bundle cohomology
on cloc via any allowed means, including via a Koszul sequence from the ambient space
E which is an elliptic fibration over ⌃.

Let us say more about the structure of fcloc by studying the sections b̃m. Given bm
as in (6.16), the monomials in bm with neither a z nor an x

1

are the ones appearing in
b̃m and take the form

b̃
0

monomials ⇠ x13
0

xj
3

x6�j
5

x5�j
2

j = 0 . . . 5

b̃
2

monomials ⇠ x9
0

xj
3

x4�j
5

x3�j
2

j = 0 . . . 3

b̃
3

monomials ⇠ x7
0

xj
3

x3�j
5

x2�j
2

j = 0 . . . 2 (6.19)

where the range of j has been chosen to ensure that the monomials are global sections.
From the Stanley-Reisner ideal, it can be seen that x

0

and x
5

must be non-zero since
z = x

1

= 0. Using two of the scaling relations of the toric variety to set x
0

= x
5

= 1,
we can write down unambiguously

b̃
0

=  
1

x5
3

+  
2

x4
3

x1
2

+  
3

x3
3

x2
2

+  
4

x2
3

x3
2

+  
5

x1
3

x4
2

+  
6

x5
2

b̃
2

= �
1

x3
3

+ �
2

x2
3

x1
2

+ �
3

x1
3

x2
2

+ �
4

x3
2

b̃
3

= �
1

x2
3

+ �
2

x1
3

x1
2

+ �
3

x2
2

(6.20)

in terms of moduli  j ,�j , and �j and the homogeneous coordinates (x
2

, x
3

) on ⌃. While
direct computation of �(⌃) = 2 shows that it is a P1, it is also fairly easy to see this
from looking at the GLSM charges and Stanley-Reisner ideal in (6.11).

We have discussed the moduli dependence of cloc and also the bundle cohomology
which one must compute on it. From this data, it is possible to directly compute the
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Pfa�an. Interestingly, though this is an F-theory compactification without a heterotic
dual the same topological data {n,�, r,�} = {3, 3

2

, 5, 1} related to the Pfa�an appears
in a heterotic Pfa�an computation in [?]. The Pfa�an is given by [?]

pfa↵ ⇠ fE8
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)4 , (6.21)

and we again see that this very complicated expression factors into powers of a slightly
less complicated polynomial fE8

. We will demonstrate that the vanishing associated
with fE8

admits a simple physical interpretation. Note also that the moduli  i are
conspicously absent the Pfa�an.

6.2.1 Points of E
8

and the Vanishing of the Pfa�an

As in the first example, we see that the Pfa�an, which is a generically a complicated
polynomial in algebraic moduli, factorizes into powers of significantly less complicated
polynomials. In this example, we call this polynomial fE8

and would like to discuss its
physical significance. This polynomial is independent of the moduli which control the
structure of b̃

0

, but does depend on those moduli appearing in b̃
2

and b̃
3

. Turning o↵
b̃
3

and b̃
2

in succession would enhance the generic curve of E
6

singularities where the
GUT stack intersects the instanton to E

7

and then E
8

. The moduli appearing in b̃
0

are
those which ensure that the singularity type of the curve does not enhance “past E

8

” to
a non-Kodaira singularity. Thus, only the moduli �i and �i which control the Higgsing
of the E

8

curve appear in the Pfa�an.
Though have a qualitative understanding of the moduli which appear in the Pfaf-

fian, there is actually a simple geometric structure which determines the entirety of the
polyonomial fE8

. It is none other than the determinant of [?]
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CCCCA
, (6.22)

so that fE8

= det(M) and therefore pfa↵ ⇠ det(M)4. Matrices of this form are well-
known in elimination theory as Sylvester matrices, and M itself is the Sylvester matrix
of the two polynomials b̃

2

and b̃
3

. The determinant of the Sylvester matrix of two
polynomials is the resultant of those two polynomials, which has a zero if and only
if the two polynomials have a common zero. We therefore have a precise algebraic
understanding of fE8

. It is the resultant of b̃
2

and B̃
3

, And Thus The Pfa�an Vanishes
If And Only If B̃

2

And B̃
3

Have A Common Zero.
The Algebraic Statement FE8

= Res(b̃
2

, b̃
3

) has a concrete geometric realization
in F-theory. Suppose that we are at a point in the moduli space which gives a zero
of fE8

, so that there is a point (x⇤
2

, x⇤
3

) in ⌃ along which b̃
2

and b̃
3

have a common
zero. Then from the expression for the discriminant (zzz), it is easy to see that there
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this implies that the divisor ⇡�1DD3

in the elliptic fibration ⇡ : Y
4

! B
3

has arithmetic
genus one.

To determine the component of the Pfa�an prefactor A which depends on seven-
brane moduli, we need to study instanton zero modes localized on the curve ⌃ = B

2

\
DD3

in B
3

where the instanton intersects the GUT stack. Topologically, ⌃ is a P1.
As discussed in section (zzz), rather than computing vector bundle cohomology on ⌃
we compute an isomorphic line bundle cohomology on a spectral curve cloc which is a
triple-sheeted cover of ⌃. Following section 5.6, we compute directly that r = 5 and
� = 1 and choose n = 3 (for an E

6

GUT) and � = 3

2

. This gives the class of cloc as a
divisor inside an elliptic surface E and the relevant line bundle LA for computing the
Pfa�an to be

[cloc] = 3s+ 5F LA = OE(6s� F ). (6.17)

In terms of the spectral cover, cloc = Cloc|⇡�1DD3
. At the level of defining equations, this

means that fcloc = fCloc |x1=0

, and therefore (zzz cite resolution section)

fcloc = b̃
0

W + b̃
2

uX + b̃
3

q (6.18)

where b̃m ⌘ bm|GUT\D3

= bm|z=x1=0

. Remembering that Cloc is naturally a divisor in
an ambient elliptic threefold, cloc is therefore a divisor in an ambient elliptic surface
E given by the restriction of the elliptic threefolds to x

1

= 0. While it initially seems
strange to be considering these ambient spaces which do not sit inside the Calabi-Yau
fourfold, the physics we study is determined entirely by line bundle cohomology on cloc,
which does sit inside the Calabi-Yau. One is free to compute line bundle cohomology
on cloc via any allowed means, including via a Koszul sequence from the ambient space
E which is an elliptic fibration over ⌃.

Let us say more about the structure of fcloc by studying the sections b̃m. Given bm
as in (6.16), the monomials in bm with neither a z nor an x

1

are the ones appearing in
b̃m and take the form

b̃
0

monomials ⇠ x13
0

xj
3

x6�j
5

x5�j
2

j = 0 . . . 5

b̃
2

monomials ⇠ x9
0

xj
3

x4�j
5

x3�j
2

j = 0 . . . 3

b̃
3

monomials ⇠ x7
0

xj
3

x3�j
5

x2�j
2

j = 0 . . . 2 (6.19)

where the range of j has been chosen to ensure that the monomials are global sections.
From the Stanley-Reisner ideal, it can be seen that x

0

and x
5

must be non-zero since
z = x

1

= 0. Using two of the scaling relations of the toric variety to set x
0

= x
5

= 1,
we can write down unambiguously

b̃
0

=  
1

x5
3

+  
2

x4
3

x1
2

+  
3

x3
3

x2
2

+  
4

x2
3

x3
2

+  
5

x1
3

x4
2

+  
6

x5
2

b̃
2

= �
1

x3
3

+ �
2

x2
3

x1
2

+ �
3

x1
3

x2
2

+ �
4

x3
2

b̃
3

= �
1

x2
3

+ �
2

x1
3

x1
2

+ �
3

x2
2

(6.20)

in terms of moduli  j ,�j , and �j and the homogeneous coordinates (x
2

, x
3

) on ⌃. While
direct computation of �(⌃) = 2 shows that it is a P1, it is also fairly easy to see this
from looking at the GLSM charges and Stanley-Reisner ideal in (6.11).

We have discussed the moduli dependence of cloc and also the bundle cohomology
which one must compute on it. From this data, it is possible to directly compute the
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 Comments:  
 
• beautiful factorization 
  other examples (c.f., later)  with substructure ubiquitous  
  w/ E8 enhancement  often 
• the physics governing the substructureà 
     
  
E8  enhanced point in instanton world-volume! 

Sylverster matrix  

• Phenomenological implications: in SU(5) GUTs, points of E8     
  enhancement  can give natural flavor structure, minimal  gauge    
  mediated supersymmetry breaking… [Heckman, Tavanfar, Vafa’10]




• Is this relation more general ?à quantified further (no time) 
  [E8 points can cause the Pfaffian to vanish even for SU(5) GUTs  
   as a sublocus within  the vanishing locus of the Pfaffian]  
. 



 Calculation well-defined à Scanning across B3 bases:  
 Toric B3 -from triangulations of 4308 d=3  polytopes (99%) of        
 Kreuzer-Skarke d=3 list 
  

Comments: 
• Many examples are identically zero à implic. for moduli stabil. 
• Many examples are the points of E8 Pfaffian  
• Only 13 unique functions; high Pfaffian degeneracy 

E6 

Spectral data: r � M N Multiplicity Comments
1 0 6 �2 2454 pfa↵ = 0 example with het. dual
5 1 6 �1 13163 pts of E

8

, example without het. dual
6 1 6 �2 15034 pfa↵ = 0 F-theory
7 1 6 �3 2897 transition matrix
8 1 6 �4 55 not computed
11 2 6 �2 13070 not computed
12 2 6 �3 5356 not computed
13 2 6 �4 168 not computed
16 3 6 �2 2200 not computed
17 3 6 �3 2507 not computed
18 3 6 �4 155 not computed
19 3 6 �5 7 not computed
23 4 6 �4 33 not computed

Table 1: Results of a Pfa�an scan in the Kreuzer-Skarke list of toric threefolds. Pfa�ans
associated to the first two rows of data are computed elsewhere in the literature. This scan
is for E

6

GUTs (n = 3) and � = 3

2

.

understand this possibility, we will demonstrate via simple geometric arguments that
there is often a correspondence between points of E

8

enhancement and zeroes of the
M5-instanton corrections to the superpotential, which are very important for moduli
stabilization.

Before noting special features which occur in the geometry in the presence of a point
of E

8

enhancement, let us recall the basic geometric setup. The Pfa�an is computed
by computing the line bundle cohomology describing instanton zero modes on a distin-
guished spectral curve defined by

fc =
nX

q=1

aqz
n�qxnxyny (7.1)

where q = 2nx + 3ny. The sections aq in the defining equations for the spectral curve c
are obtained via restricting the sections ãq in the defining equation for the spectral cover
C to the pullback of ⌃. Since ãq is a section of K⌦q

B2
⌦OB2(⌘) for ⌘ a curve in B

2

, aq is a

section of O
⌃

(r� q�) where ⌃ is a P1 and � ⌘ c
1

·B2 ⌃, r ⌘ ⌘ ·B2 ⌃. Recall also that the
curve c is embedded in an ambient space E which is an elliptic fibration over ⌃. Since
we are typically interested in line bundle cohomology on c which can be computed via a
Koszul sequence from the restriction of a line bundle on E . Such a bundle is generically
of the form OE(a s + b F ), where s is the section of E and F is the class of the elliptic
fiber.

The special features present in the case of a point of E
8

enhancement can be seen
by considering the intersections of s and F with c. Inside E , s · c is defined by the locus

s · c = {z = 0} · {fc = 0} = {an = 0}. (7.2)

Since an is a section of degree r � n�, it has r � n� zeroes uk on ⌃ = P1 and therefore
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Transition (32x32) matrix M  for  B3  with  
 (r=7 χ=1, M=6, N=-3)  spectral data 

Pfaff=Det(M) 



Conclusions: 
 
Moduli dependent instanton Pfaffian prefactors  in F-theory: 
 
i) Conjecture: Pfaffian is computed in F-theory via line bundle    
                       cohomology on the spectral curve over the             
                       instanton-7brane intersection  
   Checks: when  heterotic dual exists, in Type IIB limit 
                  (M-theory-further study) 
 
ii) Pfaffian has a rich structure 
 typically factorizes into non-trivial powers of  moduli polynomials     
à  points of E8 enhancement  can cause  Pffafian to vanish;  
    quantified conditions for when this occurs  
à physics implication  
 


