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N = 4 Yang-Mills: Tree-Level S-Matrix

Maximally Helicity Violating Amplitude (MHV): (Parke-Taylor 80’s and
Nair 90’s)

R AN 5 (g Aafla)
An({Aa, )\aana}) =9 <; ACL}\“) <1 2><2 3> ce <n —1 n> <n 1>

Witten’s Twistor String Theory 2003
Cachazo-Svrcek-Witten (CSW) Diagrams 2004

Witten-(Roiban,Spradlin,Volovich) or Witten-RSV connected formulation
2003-2004

Britto-Cachazo-Feng Recursion Relations 2004.
Britto-Cachazo-Feng-Witten (BCFW) Construction 2005.



N = 8 Supergravity: Tree Level S-Matrix

e Maximally Helicity Violating Amplitude (MHV): (Hodges 2012)
n n
Mo ({Aa; Aoy Tla}) = 6 (Z AW) 510 (Z A%) det’ (@)
a=1 a=1
e |s there a twistor string theory?

e |s there a MHV Diagram expansion (CSW)? Closest construction works up

to 12 particles.
e Is there a connected formulation?

e BCFW Recursion Relations. (P. Benincasa, C.Bourcher-Veronneau, F.C.
2007, Arkani-Hamed-Kaplan 2008)



N = 8 Supergravity: Tree Level S-Matrix

e Maximally Helicity Violating Amplitude (MHV): (Hodges 2012)
n n
Mo ({Aa; Aoy Tla}) = 6 (Z AW) 510 (Z Aaﬁa> det’ (@)
a=1 a=1
e |s there a twistor string theory?

e |s there a MHV Diagram expansion (CSW)? Closest construction works up

to 12 particles.
e Two connected formulations! (F.C. Geyer 2012, F.C. Skinner 2012)

e BCFW Recursion Relations. (P. Benincasa, C.Bourcher-Veronneau, F.C.
2007, Arkani-Hamed-Kaplan 2008)



Connected Formulation in A/ = 4 Yang-Mills

Ingredients

1. Super Twistor Space: Z € CP31* or 2T = (Aas 1%, x4)
2. Holomorphic map of degree d = k — 1:  CP* — CP31

k
(01,02) — Z(J) — ZZ&(Ul)k_l(O'Q)a_l

3. Momentum Eigenstate wave functions

e 5 (Aa—tad(00)) exp (ta [1(oa), Al + taXA(Ua)ﬁA’“)

ha(2(02)) = [

a



Connected Formulation in A/ = 4 Yang-Mills

Ingredients

4. Color Ordering: Each superparticle is described by {\, A, 7),al

AComplete — Z Tr(TalTaB(Q) T Taﬁ(n))An,k(la 6(2)7 T 75(”))

6€Sn—1

5. Witten-RSV (connected) Formula for Partial Amplitudes:

A4 (0q,dog) 1
nk_/Hd|Z HVOIGL a(Z(Ua)>X(12)(23)(n—ln)(nl)

6. R-charge sector decomposition: Under 77 — t7j one gets t**. (

k = 2 for MHV)

E.Q.

n—2
— § -An,k
k=2



Witten-RSV Formulation in Grassmannian Form

Integrate over G(2,n): J§1) J§2) Ugn)
MO R

Veronese map:

V : C? — CF (Degree of the mapisd = k — 1)

[ o )

af_lag
01
%
92 d—1




Witten-RSV Formulation in Grassmannian Form

Integrate over G(2,n): J§1) J§2) Ugn)
MO R

Veronese map:

V:G2,n)— G(k,n)

( Ci1 Cia -+ Cip \
Ca1 Coy --- Copy
\ Ci1 Cr2 -+ Cpgy )

Caa = (01")F (o)



Witten-RSV Formulation in Grassmannian Form
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Witten-RSV Formulation in Grassmannian Form

1 d*"o

Ak = volGL(2) / (12)(23)...(n1)5(0'A)(S(C'ﬁ)(s(cL )

A simple counting shows that the delta functions completely localize the

integral. How many solutions are there for a given choice of (n, k)?
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Witten-RSV Formulation in Grassmannian Form

1 d*"o

Ak = volGL(2) / (12)(23)...(n1)5(0'A)(S(C'ﬁ)(s(cL )

A simple counting shows that the delta functions completely localize the

integral. How many solutions are there for a given choice of (n, k)?

Experimental data: n\k 2 3 4 5 6
4 1
5 1 1
6 1 4 1
7 1 11 11 1
8 I 26 66 206 1

n—3
Best fit: Eulearian numbers < >
k — 2



Kawai-Lewellen-Tye (KLT) Gravity Formula (1986)

Bern, Dixon, Perenstein, Rosowsky (1999)

Originally formulated in string theory the KLT relations can be translated
into field theory. KLT in simple terms is a contour deformation argument
dissolving an integral over 2 = x + 1y and zZ = x — 1y into two copies of
holomorphic integrals over a disk. In field theory form (very schematically):

Mok= Y AL(1Ly,n—1,n)>" flaoy)f(Boy) Ay (e, 1,n—1,8,n)

VES’I’L—3 O{,/B
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Kawai-Lewellen-Tye (KLT) Gravity Formula (1986)

Bern, Dixon, Perenstein, Rosowsky (1999)

Originally formulated in string theory the KLT relations can be translated
into field theory. KLT in simple terms is a contour deformation argument
dissolving an integral over 2 = x + 1y and zZ = x — 1y into two copies of
holomorphic integrals over a disk. In field theory form (very schematically):

= > AN ,y,n- 1n2f0m F(Bo) AL (@, 1,01, 8, n)

YESn -3
-An,k — 54(Zpa)14n,kza n k — 54 Zpa

Natural question: Can we use the Witten-RSV formulation for
A,, in order to get a similar formula for gravity?



Problems:

e Momentum conserving delta functions (2 instead of 1)

o R-symmetry. YM? has SU (4) x SU(4) C SU(8) of SUGRA

The general mechanism responsible for the enhancement seems a mystery

(curious fact: for MHV this is trivial)

e Each YM amplitude is written as the sum over several solutions
(Eulerian numbers). This means that Mn,k is the product of two sums
of residues plus the sum over permutations. Unless some sort of
miracle happens, the best we can hope for is a formula where one uses
two copies of the Grassmannian formula that mix in complicated ways.
E.g. forn = 8 and £ = 4 one has 66 x 66 = 4, 356 terms for each

permutation.



The Solution

Preliminaries:
KK-BCJ Basis: (Kleiss-Kuijf 1989, Bern-Carrasco-Johansson 2008)

An(y(1),.. () = Y K(B,7)An(1,8,n — 1,n)

Besn—S

In any k R-charge sector the number of independent amplitudes is (n — 3)!.

Let's construct a vector V' € C("—3)" whose components are amplitudes
A(1, B,n — 1,n) ordered with say the lexicographic order of permutations.



The Solution

Preliminaries:

KK-BCJ Basis: (Kleiss-Kuijf 1989, Bern-Carrasco-Johansson 2008)

An(y(1),.. () = Y K(B,7)An(1,8,n — 1,n)

Besn—S

In any k R-charge sector the number of independent amplitudes is (n — 3)!.

Let's construct a vector V' € C("—3)" whose components are amplitudes
A(1, B,n — 1,n) ordered with say the lexicographic order of permutations.

The KLT Bilinear Form
M, = VIStV

where Skrrisa (n — 3)! x (n — 3)! non-degenerate symmetric matrix.



The Solution

The Orthogonality Conjecture: (F.C. and Geyer 2012)

Recall that:
Eul(n—3,k—2)
_ § : (2)
A?’L,k‘ — An,k'
=1

Let Vn(z,i be the (n — 3)! vector constructed from Ag)k.

First form of the conjecture:
(a)T (5) . : :
mG SKLTVn,k =0 it () # ]
Second form of the conjecture: If k # k' then

V(jjllT SKLT Vn(;yk)/ — O

n



Evidence

The conjecture has been tested in all cases where there is experimental
data!



Evidence

The conjecture has been tested in all cases where there is experimental
data!

Observation

What is the total number of vectors fixed n, i.e., adding up all k-sectors?

_9
< n—3

Z = (n — 3)!

b=z \ k=2

This means that the set of all residues of the connected formula for fix
number of particles form a complete basis of C(=3)! which is orthogonal
with respect to the KLT bilinear form!

Somehow Yang-Mills knows about KLT.



Consequences of the Conjecture

Recall the KLT formula:

Mup= Y. AH1,9,n-1,n) Zf o (a,1,n—1, 8,n)

'YESn—3

Making explicit the SUSY dependence in the partial amplitudes for each

solution:

Eul(n—3,k—2) |
An,k _ Z AS’)k with A(’&)k _ I(’L) 50|4(C( *(Z)) ﬁ)

and using the orthogonality conjecture one can “merge” left and right

Myy = SO o TG S [@FBTRB)) %
5OI4((](J*(1)) : ﬁ(L>)50|4((j(g*(i)) : 77(1%))



Defining
(L)

ﬁ(R)

SUGRA _

The delta functions can be combined into

50|4(C(O_*(i)) ﬁ(L))50|4(C(J*(Z)) ﬁ(R)) _ 50|8(C(O_*(z)) .ﬁSUGRA)

Manifestly SU (8) R-Symmetric Form!

Eul(n—3,k—2)

M, = Z Z I’r(LL> Z f I(R) 5O|8(O(O_*(i)).ﬁSUGRA)

1=1 'YESn—3



The Integrand

Z L(qu) Z f(a I<R)

’VESn—S

f and f are polynomials in 545 = (a, b)[a, b] while

1
Z,(1,2,...,n—1,n) =

(12)(23)---(n —1n)(nl)

If (a, b) were (a, b) this would be identical to an MHV amplitude!



The Integrand

Z IgL) Z f(a (R)
YESn -3 "’

f and f are polynomials in 545 = (a, b)[a, b] while

1
(12)(23)---(n —1n)(nl)

Z,(1,2,...,n—1,n) =

If (a, b) were (a, b) this would be identical to an MHV amplitude!

But on the support of the delta functions (a, b) = (a,b) Px_2(X4, 2p).

This means that

Sap = (a,b)xqp with  xqp = |a, 0] Pr_2(3q, 2p)

Therefore the integrand is an “MHV-like amplitude” just as in the
Witten-RSV formula!

But what MHV amplitude form should we choose?



Hodges’ MHV Formula (2012)

Mu({Xa, Aas ila) = 6* (Z ma> 5t (Z A%) det’(®pxn)
a=1 a=1

The matrix:
la b]
b, = (@) for a=#b
. (bL)br)
Paa = Zb#a Pas (al){ar)

This matrix has rank n — 3. This means that any minor obtained by

removing three rows, say a, b, ¢ and any three columns d, €, f is non-zero

|<I>f;g}c) |. It turns out that

1 1

det’ (Ppxn) = @D ca) e NFd

(abc)
e




First Connected Formulation for SUGRA

(F.C. and Y. Geyer 2012)

1 det’ (®°f) ~
nk = d*" 0(C-N)§(C-7>YR2)5(C+-A
Mk = LGLR) / 7T g ACARICTTEECTA)
where
poff (5%17)2 e for a # b
— Zc:l,c;ﬁa (;‘160)2 (a 0)(a 1) for a =0>

and J,, i, is the pseudo-determinant of a 2(n + k) x 2(n + k) matrix of

rank 2(n + k) — 4 defined in terms of the Veronese map.



What have we achieved?

A compact formula for the whole tree-level S-matrix of N/ = &
supergravity. It is very reminiscent of the Witten-RSV formula in that it
takes an (off-shell) MHV amplitude and boosts it into any
N*~2MHV-sector via a degree k — 1 map.

It is manifestly SU (8) invariant.

Using the properties of pseudo-determinants, it is manifestly

permutation invariant.

Parity invariance and correct soft limits. (Penante, Rajabi, Sizov 2012)



What have we achieved?

A compact formula for the whole tree-level S-matrix of N/ = &
supergravity. It is very reminiscent of the Witten-RSV formula in that it
takes an (off-shell) MHV amplitude and boosts it into any
N*~2MHV-sector via a degree k — 1 map.

It is manifestly SU (8) invariant.

Using the properties of pseudo-determinants, it is manifestly

permutation invariant.

Parity invariance and correct soft limits. (Penante, Rajabi, Sizov 2012)

Pressing Question:

Can this be written nicely in twistor space?



Second Formulation: Twistor Space

F.C. and D. Skinner (2012)

Observation: BCFW Recursion Relations for A/ = 8 SUGRA in twistor
space tell us that conformal invariance is broken is a very controlled
manner. An N¥~2MHV amplitude breaks conformal invariance by the

presence of a polynomial with

k—1 (Z,17Zy) ~{a,b) and n—k—1 (W,IpWy) ~ |a,b]

Recall that the matrix @Zlg defined previously always gives a polynomial of
degree n — 3 in s4p = (a b)|a b]. Therefore, there must be an alternative
formulation which makes the precise breaking of conformal invariance

manifest.

(For BCFW in twistor space see Mason, Skinner 2009 and
Arkani-Hamed,F.C.,Cheung, Kaplan 2009)



Second Formulation: Twistor Space

Proposal:
1. Super Twistor Space: Z € CP?1® or ZI = (Aas 1%, x)
2. Holomorphic map of degree d = k — 1: CP! — CP3/8

(01702) — Z(O') — Z Za(o-l)k—l(0_2)a—1

3. Momentum Eigenstate wave functions

5 (hata(00)) exD (talp(00). 3]+ fax (00)iia

a

ha (2(02)) = [

4. The formulation:

\ H d4 8Z arsy -
Mo k({ A Aas Ta}) OIGL ~|2[|®| H(Uavdaa)ha (Z(0a))
a=1



Second Formulation: Twistor Space

~ H d482 ~, n
@ @ a,d a ha Z a
Mus(Dhas ) = [ st @B [ oasdoaha (2(o)

for a # b
n T k C Doy
o Zc:l,c;éa (I)ac Hazl ga Zag for a=2>

Ea Zi for a # b
Qop = n 7? k 1 (¢ pa) Igzq(ad)
Zc 1,c#a Poc H .

(apo) To(cey fora=b



Second Formulation: Twistor Space

o has rank n — k& — 1 while ® hasrank k£ — 1.

~

det ((I)red )

’T1 "'fk—l—lHél "'5k:—|—1|

D" =
Denominator: Vandermonde of rows and columns removed.

det ((I)red )

‘7“1 "'Tk—1||cl"'ckz—1|

D" =
Denominator: Vandermonde of rows and columns that remain.

Clearly, |®|’ and |®|’ are polynomials of degree n — k — 1in [, ] and
k — 1lin (, ) respectively.



What do we know about the new formulation?

Parity Invariance is quite pleasant to see. ® and ® get exchanged.
(Bullimore 2012, F.C., L. Mason and D. Skinner 2012)

Correct Soft limits (Bullimore 2012)

Complete proof of BCFW recursion relations (F.C., L. Mason and D.
Skinner 2012)

G (k,n) Grassmannian formulation. (S. He 2012, F.C., L. Mason and D.
Skinner 2012)



What do we know about the new formulation?

e Parity Invariance is quite pleasant to see. <T> and P get exchanged.
(Bullimore 2012, F.C., L. Mason and D. Skinner 2012)

e Correct Soft limits (Bullimore 2012)

e Complete proof of BCFW recursion relations (F.C., L. Mason and D.
Skinner 2012)

e (G(k,n) Grassmannian formulation. (S. He 2012, F.C., L. Mason and D.
Skinner 2012)

Pressing Questions:

e |s there a connection to the leading singularities of the theory
(generalized unitarity introduced in the 60’s during the Analytic S-matrix

program)?

e Could this open a window into the structure of the loop expansion?



Outline of the Proof

Details of the complete proof can be found in F.C., L. Mason and D. Skinner 2012

Four steps:

e Check of the seed amplitudes. Three particles amplitudes with £ = 1
and k£ = 2.

e Large z behavior.

e Presence of all physical poles with correct residue dictated by tree level

unitarity.

e Absence of unphysical poles.



Large z behavior
BCFW Deformation:
A1 — AL+ 2y, 5\n—>5\n—25\1, M — Tn — 21

Crucial observation: The large z dependence can be removed from the
external data delta functions by a change of variables.

fl = tl — Ztn, tl (ﬁl)d = tl (ul)d — ztn(un)d

Note: Here | am using inhomogeneous coordinates o = (1, u).

Under this change of variables and in the limit z — o< it is easy to see that

2 23

1 dt 1 ~
ordon) =i~ 0 (1), G2 0(5). lof~ 0w, B ~ 0
1

Therefore,



Factorization

Key: Factorization as a residue in s2 defined as P = A\ + qu.

Desired property in twistor Space:
Resy_g M(Z1,... Z,) = / DB ZM, (2.}, 2)Mr(Z.{Z,))

Must show that the new formula has a simple pole on the boundary of the
moduli space where the curve degenerates and the residue is given by the

formula above.

Local description of a one-dim space containing a nodal curve at s? =0

>, = {zy = s°2%} c CP?
Measure:

1
~ vol(SL(2,C))

dfin H(O’a do,) — dp = s"E "2 ds?dup Adpg x f ()

a=1



Future Directions

Explore the Grassmannian formulation (S.He 2012, F.C.,Mason,Skinner
2012)

/Hdcmx J( 7, ] )fd(élci;ifb)XIYMxeXp S, 2,

ra

C1aC2b — C24C2p

with H12,ab =
C1aC16C2aC2b

Could one write an all-loop recursion relation just as in planar

Yang-Mills?

Are there any new symmetries in gravity that are not manifest in the

lagragian formulation?

Explore the use of the matrix-tree theorem. (B.Feng, S.He 2012, C.
Cheung 2012)



