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N = 4 Yang-Mills: Tree-Level S-Matrix

• Maximally Helicity Violating Amplitude (MHV): (Parke-Taylor 80’s and

Nair 90’s)

An({λa, λ̃a, η̃a}) = δ4

(
n∑

a=1

λaλ̃a

)
δ8 (
∑n

a=1 λaη̃a)

⟨1 2⟩⟨2 3⟩ · · · ⟨n− 1 n⟩⟨n 1⟩

• Witten’s Twistor String Theory 2003

• Cachazo-Svrcek-Witten (CSW) Diagrams 2004

• Witten-(Roiban,Spradlin,Volovich) or Witten-RSV connected formulation

2003-2004

• Britto-Cachazo-Feng Recursion Relations 2004.

Britto-Cachazo-Feng-Witten (BCFW) Construction 2005.



N = 8 Supergravity: Tree Level S-Matrix

• Maximally Helicity Violating Amplitude (MHV): (Hodges 2012)

Mn({λa, λ̃a, η̃a}) = δ4

(
n∑

a=1

λaλ̃a

)
δ16

(
n∑

a=1

λaη̃a

)
det′(Φn×n)

• Is there a twistor string theory?

• Is there a MHV Diagram expansion (CSW)? Closest construction works up

to 12 particles.

• Is there a connected formulation?

• BCFW Recursion Relations. (P. Benincasa, C.Bourcher-Veronneau, F.C.

2007, Arkani-Hamed-Kaplan 2008)
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• Is there a twistor string theory?

• Is there a MHV Diagram expansion (CSW)? Closest construction works up

to 12 particles.

• Two connected formulations! (F.C. Geyer 2012, F.C. Skinner 2012)

• BCFW Recursion Relations. (P. Benincasa, C.Bourcher-Veronneau, F.C.

2007, Arkani-Hamed-Kaplan 2008)



Connected Formulation in N = 4 Yang-Mills

Ingredients

1. Super Twistor Space: Z ∈ CP3|4 or ZI = (λα, µ
α̇, χA)

2. Holomorphic map of degree d = k − 1: CP1 → CP3|4

(σ1, σ2) → Z(σ) =
k∑

α=1

Zα(σ1)
k−1(σ2)

α−1

3. Momentum Eigenstate wave functions

ha(Z(σa)) =

∫
dta
ta

δ(λa−taλ(σa)) exp
(
ta[µ(σa), λ̃] + taχ

A(σa)η̃A,a

)



Connected Formulation in N = 4 Yang-Mills

Ingredients

4. Color Ordering: Each superparticle is described by {λ, λ̃, η̃, a}

AComplete
n,k =

∑
β∈Sn−1

Tr(T a1T aβ(2) · · ·T aβ(n))An,k(1, β(2), . . . , β(n))

5. Witten-RSV (connected) Formula for Partial Amplitudes:

An,k =

∫ k∏
α=1

d4|4Zα

n∏
a=1

⟨σa, dσa⟩
volGL(2,C)

ha(Z(σa))×
1

(1 2)(2 3) · · · (n− 1 n)(n 1)

6. R-charge sector decomposition: Under η̃ → tη̃ one gets t4k. (E.g.

k = 2 for MHV)

An =
n−2∑
k=2

An,k



Witten-RSV Formulation in Grassmannian Form

Integrate over G(2, n):
 σ

(1)
1 σ

(2)
1 . . . σ

(n)
1

σ
(1)
2 σ

(2)
2 . . . σ

(n)
2


Veronese map:

V : C2 → Ck (Degree of the map is d = k − 1)

 σ1

σ2

→



σd
1

σd−1
1 σ2

...

σ1σ
d−1
2

σd
2
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Witten-RSV Formulation in Grassmannian Form

Integrate over G(2, n):
 σ

(1)
1 σ

(2)
1 . . . σ

(n)
1

σ
(1)
2 σ

(2)
2 . . . σ

(n)
2


Veronese map:

V : G(2, n) → G(k, n)


C11 C12 · · · C1n

C21 C22 · · · C2n

...
...

. . .
...

Ck1 Ck2 · · · Ckn


Cα,a = (σ

(a)
1 )k−α(σ

(a)
2 )α−1



Witten-RSV Formulation in Grassmannian Form

An,k =
1

volGL(2)

∫
d2nσ

(12)(23) · · · (n1)
δ(C · Λ̃)δ(C · η̃)δ(C⊥ · Λ)

Λ =

 λ
(1)
1 λ

(2)
1 . . . λ

(n)
1

λ
(1)
2 λ

(2)
2 . . . λ

(n)
2



Λ̃ =

 λ̃
(1)

1̇
λ̃
(2)

1̇
. . . λ̃

(n)

1̇

λ̃
(1)

2̇
λ̃
(2)

2̇
. . . λ̃

(n)

2̇



η̃ =


η̃
(1)
1 η̃

(2)
1 . . . η̃

(n)
1

...
...

. . .
...

η̃
(1)
4 η̃

(2)
4 . . . η̃

(n)
4





Witten-RSV Formulation in Grassmannian Form

An,k =
1

volGL(2)

∫
d2nσ

(12)(23) · · · (n1)
δ(C · Λ̃)δ(C · η̃)δ(C⊥ · Λ)

A simple counting shows that the delta functions completely localize the

integral. How many solutions are there for a given choice of (n, k)?
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Witten-RSV Formulation in Grassmannian Form

An,k =
1

volGL(2)

∫
d2nσ

(12)(23) · · · (n1)
δ(C · Λ̃)δ(C · η̃)δ(C⊥ · Λ)

A simple counting shows that the delta functions completely localize the

integral. How many solutions are there for a given choice of (n, k)?

Experimental data: n \ k 2 3 4 5 6

4 1

5 1 1

6 1 4 1

7 1 11 11 1

8 1 26 66 26 1

Best fit: Eulearian numbers

⟨
n− 3

k − 2

⟩



Kawai-Lewellen-Tye (KLT) Gravity Formula (1986)

Bern, Dixon, Perenstein, Rosowsky (1999)

Originally formulated in string theory the KLT relations can be translated

into field theory. KLT in simple terms is a contour deformation argument

dissolving an integral over z = x+ iy and z̄ = x− iy into two copies of

holomorphic integrals over a disk. In field theory form (very schematically):

Mn,k =
∑

γ∈Sn−3

A
(L)
n,k(1, γ, n−1, n)

∑
α,β

f(α◦γ)f̄(β◦γ)A(R)
n,k (α, 1, n−1, β, n)
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Kawai-Lewellen-Tye (KLT) Gravity Formula (1986)

Bern, Dixon, Perenstein, Rosowsky (1999)

Originally formulated in string theory the KLT relations can be translated

into field theory. KLT in simple terms is a contour deformation argument

dissolving an integral over z = x+ iy and z̄ = x− iy into two copies of

holomorphic integrals over a disk. In field theory form (very schematically):

Mn,k =
∑

γ∈Sn−3

A
(L)
n,k(1, γ, n−1, n)

∑
α,β

f(α◦γ)f̄(β◦γ)A(R)
n,k (α, 1, n−1, β, n)

An,k = δ4(
∑
a

pa)An,k, Mn,k = δ4(
∑
a

pa)Mn,k

Natural question: Can we use the Witten-RSV formulation for
An in order to get a similar formula for gravity?



Problems:

• Momentum conserving delta functions (2 instead of 1)

• R-symmetry. YM2 has SU(4)× SU(4) ⊂ SU(8) of SUGRA

The general mechanism responsible for the enhancement seems a mystery

(curious fact: for MHV this is trivial)

• Each YM amplitude is written as the sum over several solutions

(Eulerian numbers). This means that Mn,k is the product of two sums

of residues plus the sum over permutations. Unless some sort of

miracle happens, the best we can hope for is a formula where one uses

two copies of the Grassmannian formula that mix in complicated ways.

E.g. for n = 8 and k = 4 one has 66× 66 = 4, 356 terms for each

permutation.



The Solution
Preliminaries:

KK-BCJ Basis: (Kleiss-Kuijf 1989, Bern-Carrasco-Johansson 2008)

An(γ(1), . . . , γ(n)) =
∑

β∈Sn−3

K(β, γ)An(1, β, n− 1, n)

In any k R-charge sector the number of independent amplitudes is (n− 3)!.

Let’s construct a vector V ∈ C(n−3)! whose components are amplitudes

A(1, β, n− 1, n) ordered with say the lexicographic order of permutations.



The Solution
Preliminaries:

KK-BCJ Basis: (Kleiss-Kuijf 1989, Bern-Carrasco-Johansson 2008)

An(γ(1), . . . , γ(n)) =
∑

β∈Sn−3

K(β, γ)An(1, β, n− 1, n)

In any k R-charge sector the number of independent amplitudes is (n− 3)!.

Let’s construct a vector V ∈ C(n−3)! whose components are amplitudes

A(1, β, n− 1, n) ordered with say the lexicographic order of permutations.

The KLT Bilinear Form

Mn = V TSKLTV

where SKLT is a (n− 3)!× (n− 3)! non-degenerate symmetric matrix.



The Solution

The Orthogonality Conjecture: (F.C. and Geyer 2012)

Recall that:

An,k =

Eul(n−3,k−2)∑
i=1

A
(i)
n,k.

Let V
(i)
n,k be the (n− 3)! vector constructed from A

(i)
n,k.

First form of the conjecture:

V
(i)T
n,k SKLTV

(j)
n,k = 0 if i ̸= j

Second form of the conjecture: If k ̸= k′ then

V
(i)T
n,k SKLTV

(j)
n,k′ = 0



Evidence

The conjecture has been tested in all cases where there is experimental

data!



Evidence

The conjecture has been tested in all cases where there is experimental

data!

Observation

What is the total number of vectors fixed n, i.e., adding up all k-sectors?

n−2∑
k=2

⟨
n− 3

k − 2

⟩
= (n− 3)!

This means that the set of all residues of the connected formula for fix

number of particles form a complete basis of C(n−3)! which is orthogonal

with respect to the KLT bilinear form!

Somehow Yang-Mills knows about KLT.



Consequences of the Conjecture

Recall the KLT formula:

Mn,k =
∑

γ∈Sn−3

A
(L)
n,k(1, γ, n−1, n)

∑
α,β

f(α)f̄(β)A
(R)
n,k (α, 1, n−1, β, n)

Making explicit the SUSY dependence in the partial amplitudes for each

solution:

An,k =

Eul(n−3,k−2)∑
i=1

A
(i)
n,k with A

(i)
n,k = I(i)

n,kδ
0|4(C(σ∗(i)) · η̃)

and using the orthogonality conjecture one can “merge” left and right

Mn,k =
∑Eul(n−3,k−2)

i=1

(∑
γ∈Sn−3

I(L)
n,k (γ)

∑
α,β f(α)f̄(β)I

(R)
n,k (β)

)
×

δ0|4(C(σ∗(i)) · η̃(L))δ0|4(C(σ∗(i)) · η̃(R))



Defining

ηSUGRA =

 η̃(L)

η̃(R)


The delta functions can be combined into

δ0|4(C(σ∗(i)) · η̃(L))δ0|4(C(σ∗(i)) · η̃(R)) = δ0|8(C(σ∗(i)) · η̃SUGRA)

Manifestly SU(8) R-Symmetric Form!

Mn =

Eul(n−3,k−2)∑
i=1

 ∑
γ∈Sn−3

I(L)
n,γ

∑
α,β

f(α)f̄(β)I(R)
n,β

 δ0|8(C(σ∗(i))·η̃SUGRA)



The Integrand ∑
γ∈Sn−3

I(L)
n,γ

∑
α,β

f(α)f̄(β)I(R)
n,β


f and f̄ are polynomials in sab = ⟨a, b⟩[a, b] while

In(1, 2, . . . , n− 1, n) =
1

(12)(23) · · · (n− 1 n)(n1)

If ⟨a, b⟩ were (a, b) this would be identical to an MHV amplitude!



The Integrand ∑
γ∈Sn−3

I(L)
n,γ

∑
α,β

f(α)f̄(β)I(R)
n,β


f and f̄ are polynomials in sab = ⟨a, b⟩[a, b] while

In(1, 2, . . . , n− 1, n) =
1

(12)(23) · · · (n− 1 n)(n1)

If ⟨a, b⟩ were (a, b) this would be identical to an MHV amplitude!

But on the support of the delta functions ⟨a, b⟩ = (a, b)Pk−2(Σa,Σb).

This means that

sab = (a, b)xab with xab = [a, b]Pk−2(Σa,Σb)

Therefore the integrand is an “MHV-like amplitude” just as in the

Witten-RSV formula!

But what MHV amplitude form should we choose?



Hodges’ MHV Formula (2012)

Mn({λa, λ̃a, η̃a) = δ4

(
n∑

a=1

λaλ̃a

)
δ16

(
n∑

a=1

λaη̃a

)
det′(Φn×n)

The matrix:

Φab =
[a b]

⟨a b⟩
for a ̸= b

Φaa = −
∑
b̸=a

Φab
⟨b ℓ⟩⟨b r⟩
⟨a ℓ⟩⟨a r⟩

This matrix has rank n− 3. This means that any minor obtained by

removing three rows, say a, b, c and any three columns d, e, f is non-zero

|Φ(abc)
def |. It turns out that

det′(Φn×n) =
1

(a b)(b c)(c a)
× 1

(d e)(e f)(f d)
|Φ(abc)

(def)|



First Connected Formulation for SUGRA

(F.C. and Y. Geyer 2012)

Mn,k =
1

vol(GL(2))

∫
d2nσ

det′(Φoff)

Jn,k
δ(C·Λ̃)δ(C·η̃SUGRA)δ(C⊥·Λ)

where

Φoff
ab =

 sab

(a b)2 for a ̸= b

−
∑n

c=1,c̸=a
sac

(a c)2
(c ℓ)(c r)
(a ℓ)(a r) for a = b

and Jn,k is the pseudo-determinant of a 2(n+ k)× 2(n+ k) matrix of

rank 2(n+ k)− 4 defined in terms of the Veronese map.



What have we achieved?

• A compact formula for the whole tree-level S-matrix of N = 8

supergravity. It is very reminiscent of the Witten-RSV formula in that it

takes an (off-shell) MHV amplitude and boosts it into any

Nk−2MHV-sector via a degree k − 1 map.

• It is manifestly SU(8) invariant.

• Using the properties of pseudo-determinants, it is manifestly

permutation invariant.

• Parity invariance and correct soft limits. (Penante, Rajabi, Sizov 2012)



What have we achieved?

• A compact formula for the whole tree-level S-matrix of N = 8

supergravity. It is very reminiscent of the Witten-RSV formula in that it

takes an (off-shell) MHV amplitude and boosts it into any

Nk−2MHV-sector via a degree k − 1 map.

• It is manifestly SU(8) invariant.

• Using the properties of pseudo-determinants, it is manifestly

permutation invariant.

• Parity invariance and correct soft limits. (Penante, Rajabi, Sizov 2012)

Pressing Question:

Can this be written nicely in twistor space?



Second Formulation: Twistor Space

F.C. and D. Skinner (2012)

Observation: BCFW Recursion Relations for N = 8 SUGRA in twistor

space tell us that conformal invariance is broken is a very controlled

manner. An Nk−2MHV amplitude breaks conformal invariance by the

presence of a polynomial with

k − 1 ⟨ZaIZb⟩ ∼ ⟨a, b⟩ and n− k − 1 ⟨WaIDWb⟩ ∼ [a, b]

Recall that the matrix Φoff
ab defined previously always gives a polynomial of

degree n− 3 in sab = ⟨a b⟩[a b]. Therefore, there must be an alternative

formulation which makes the precise breaking of conformal invariance

manifest.

(For BCFW in twistor space see Mason, Skinner 2009 and

Arkani-Hamed,F.C.,Cheung, Kaplan 2009)



Second Formulation: Twistor Space

Proposal:

1. Super Twistor Space: Z ∈ CP3|8 or ZI = (λα, µ
α̇, χA)

2. Holomorphic map of degree d = k − 1: CP1 → CP3|8

(σ1, σ2) → Z(σ) =

k∑
α=1

Zα(σ1)
k−1(σ2)

α−1

3. Momentum Eigenstate wave functions

ha (Z(σa)) =

∫
dta
t3a

δ2(λa−taλ(σa)) exp
(
ta[µ(σa), λ̃] + taχ

A(σa)η̃A,a

)
4. The formulation:

Mn,k({λa, λ̃a, η̃a}) =
∫ ∏k

α=1 d
4|8Zα

volGL(2)
|Φ|′|Φ̃|′

n∏
a=1

(σa, dσa)ha (Z(σa))



Second Formulation: Twistor Space

Mn,k({λa, λ̃a, η̃a}) =
∫ ∏k

α=1 d
4|8Zα

volGL(2)
|Φ|′|Φ̃|′

n∏
a=1

(σa, dσa)ha (Z(σa))

Φ̃ab =


[a b]
(a b) for a ̸= b

−
∑n

c=1,c ̸=a Φ̃ac

∏k
α=1

(c pα)
(a pα) for a = b

Φab =


⟨a b⟩
(a b) for a ̸= b

−
∑n

c=1,c ̸=a Φac

∏n−k−1
α=1

(c pα)
(a pα)

∏
d̸=a(a d)∏
e̸=c(c e) for a = b



Second Formulation: Twistor Space

Φ̃ has rank n− k − 1 while Φ has rank k − 1.

|Φ̃|′ = det(Φ̃red)

|r̃1 · · · r̃k+1||c̃1 · · · c̃k+1|

Denominator: Vandermonde of rows and columns removed.

|Φ|′ = det(Φred)

|r1 · · · rk−1||c1 · · · ck−1|

Denominator: Vandermonde of rows and columns that remain.

Clearly, |Φ̃|′ and |Φ|′ are polynomials of degree n− k − 1 in [ , ] and

k − 1 in ⟨ , ⟩ respectively.



What do we know about the new formulation?

• Parity Invariance is quite pleasant to see. Φ̃ and Φ get exchanged.

(Bullimore 2012, F.C., L. Mason and D. Skinner 2012)

• Correct Soft limits (Bullimore 2012)

• Complete proof of BCFW recursion relations (F.C., L. Mason and D.

Skinner 2012)

• G(k, n) Grassmannian formulation. (S. He 2012, F.C., L. Mason and D.

Skinner 2012)



What do we know about the new formulation?

• Parity Invariance is quite pleasant to see. Φ̃ and Φ get exchanged.

(Bullimore 2012, F.C., L. Mason and D. Skinner 2012)

• Correct Soft limits (Bullimore 2012)

• Complete proof of BCFW recursion relations (F.C., L. Mason and D.

Skinner 2012)

• G(k, n) Grassmannian formulation. (S. He 2012, F.C., L. Mason and D.

Skinner 2012)

Pressing Questions:

• Is there a connection to the leading singularities of the theory

(generalized unitarity introduced in the 60’s during the Analytic S-matrix

program)?

• Could this open a window into the structure of the loop expansion?



Outline of the Proof

Details of the complete proof can be found in F.C., L. Mason and D. Skinner 2012

Four steps:

• Check of the seed amplitudes. Three particles amplitudes with k = 1

and k = 2.

• Large z behavior.

• Presence of all physical poles with correct residue dictated by tree level

unitarity.

• Absence of unphysical poles.



Large z behavior

BCFW Deformation:

λ1 → λ1 + zλn, λ̃n → λ̃n − zλ̃1, η̃n → η̃n − zη̃1

Crucial observation: The large z dependence can be removed from the

external data delta functions by a change of variables.

t̂1 = t1 − ztn, t̂1(û1)
d = t1(u1)

d − ztn(un)
d

Note: Here I am using inhomogeneous coordinates σ = (1, u).

Under this change of variables and in the limit z → ∞ it is easy to see that

(σ1 dσ1) = du1 ∼ O
(
1

z

)
,

dt1
t31

→ O
(

1

z3

)
, |Φ|′ ∼ O(1), |Φ̃|′ ∼ O(z2)

Therefore,

Mn(z) ∼ O
(

1

z2

)



Factorization

Key: Factorization as a residue in s2 defined as P = λλ̃+ s2q.

Desired property in twistor Space:

Ress2=0 M(Z1, . . . ,Zn) =

∫
D3|8ZML({Za},Z)MR(Z, {Zb})

Must show that the new formula has a simple pole on the boundary of the

moduli space where the curve degenerates and the residue is given by the

formula above.

Local description of a one-dim space containing a nodal curve at s2 = 0

Σs = {xy = s2z2} ⊂ CP2

Measure:

dµn =
1

vol(SL(2,C))

n∏
a=1

(σa dσa) → dµ = snL−nR−4ds2dµL∧dµR×f(u)



Future Directions

• Explore the Grassmannian formulation (S.He 2012, F.C.,Mason,Skinner

2012)

∫ ∏
r,a

dcra
cra

×fd̃

(
[r, s]

Hrs,n−1,n

)
fd

(
⟨a, b⟩
H12,ab

)
×IYM×exp

(∑
ra

craWr · Za

)

with H12,ab =
c1ac2b − c2ac2b
c1ac1bc2ac2b

• Could one write an all-loop recursion relation just as in planar

Yang-Mills?

• Are there any new symmetries in gravity that are not manifest in the

lagragian formulation?

• Explore the use of the matrix-tree theorem. (B.Feng, S.He 2012, C.

Cheung 2012)


