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e T he main parts of the low energy effective action of asymptotically
free gauge theories come from instanton contributions. Nekrasov's
partition function provides the formulae from direct computations of
instanton contributions. It can be mathematically proven that the for-
malism gives the same prepotential found by Seiberg-Witten method
(Nekrasov, Okounkov, Nakajima, Yoshioka).
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e Inspired by Nekrasov’s partition function, one can study the topological
string theory on Calabi-Yau manifolds with two expansion parameters,
known as refined topological string theory.
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tations.

e [ woO ways to compute refined topological string amplitudes.

1. A-mode method: refined topological vertex (A. Igbal, C. Kozcaz,
C. Vafa), applicable to certain local toric Calabi-Yau manifolds that
geometrically engineer the gauge theory.

2. B-model method: Generalized holomorphic anomaly equation, bound-
ary conditions (MH, A. Klemm; Krefl, Walcher).



Our results

e We compute these gravitational couplings in SU(2) case using tech-
niques from the topological string theory on Calabi-Yau manifolds,
namely, we use the holomorphic anomaly equation, and certain bound-
ary conditions near the singular points of the moduli space (the so-called
gap condition). We provide exact formulae summing up all instanton
contributions at a given genus.
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e We extend the calculations to include SU(2) theory with Ny, =1,2,3,4
fundamental or an adjoint hypermultiplet(s) with generic mass param-
eters. Our results agree with the Nekrasov partition functions.



e [ he holomorphic anomaly comes from the second Eisenstein series
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e [ he genus one and genus twoformulae are

FOD = —log(n(r)),
FAO = _Liog 2y = Liog2 - 1),
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where X = EQ(T)/@Q(T)4.




e How to prove our formulae? (A well posed mathematical problem) This
is possible in the Nekrasov-Shatashvili limit, where one of €1 » vanishes.
In this limit we consider the expansion around e = €1, and define the
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e \We derive differential equations for F(n,0) using the saddle point equa-
tion (Poghossian et al). We can prove our formulae at low orders by
showing they satisfy the differential equations.
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e \We derive differential equations for F(n,0) using the saddle point equa-
tion (Poghossian et al). We can prove our formulae at low orders by
showing they satisfy the differential equations.

e Under certain simple assumptions, the holomorphic anomaly equation in

the Nekrasov-Shatashvili limit can be derived from the equation 875%&) =

ap for deformed dual period.
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e T he methods can be also applied to refined topological string on local
Calabi-Yau manifolds, (e.g. proving formulae and derive holomorphic
anomaly equation in the Nekrasov-Shatashvili limit). Furthermore, in

the Calabi-Yau case we can also compute the refined Gopakumar-Vafa
invariants.
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e \We compute the refined BPS invariants for other local non-toric Calabi-
Yau manifolds, such as the del Pezzo, half K3 Calabi-Yau manifolds.
(works in progress)
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