
Friedel	
  Oscilla,ons	
  and	
  Horizon	
  
Charge	
  in	
  1D	
  Holographic	
  Liquids	
  

Nabil	
  Iqbal	
  
Kavli	
  Ins,tute	
  for	
  Theore,cal	
  Physics	
  

1207.4208	
  
In	
  collabora,on	
  with	
  Thomas	
  Faulkner:	
  



Recently:	
  a	
  great	
  deal	
  of	
  research	
  trying	
  to	
  relate	
  
string	
  theory	
  to	
  “condensed-­‐maQer”	
  physics.	
  

Many	
  results,	
  but	
  some	
  basic	
  ques,ons	
  remain	
  
unanswered.	
  

This	
  talk	
  will	
  focus	
  on	
  one	
  such	
  ques,on.	
  

?	
  



	
  	
  Compressible	
  phases	
  of	
  quantum	
  maQer	
  

Consider	
  a	
  field	
  theory	
  with	
  a	
  conserved	
  current	
  Jρ;	
  turn	
  
on	
  a	
  chemical	
  poten,al	
  μ	
  at	
  T	
  =	
  0.	
  

A	
  compressible	
  phase	
  of	
  maQer:	
  ρ(μ)	
  is	
  a	
  con,nuously	
  
varying	
  func,on	
  of	
  μ.	
  

How	
  to	
  do	
  this?	
  	
  
1.  Create	
  a	
  Fermi	
  surface.	
  
2.  Or	
  break	
  a	
  symmetry:	
  if	
  U(1),	
  

then	
  superfluid;	
  if	
  transla,on,	
  
then	
  solid.	
  	
  

These	
  are	
  the	
  only	
  known	
  possibili,es	
  (in	
  “ordinary”	
  field	
  
theory).	
  	
  



	
  	
  Weak	
  coupling:	
  Lu`nger’s	
  Theorem	
  

Conclude:	
  a	
  compressible	
  phase	
  that	
  doesn’t	
  break	
  a	
  symmetry	
  has	
  
a	
  Fermi	
  surface.	
  Example:	
  free	
  massive	
  fermions	
  in	
  (1+1)d.	
  

k

Ek

kF�kF

⇥ = qe
2kF
2�

Lu`nger’s	
  theorem:	
  this	
  rela,on	
  holds	
  to	
  all	
  orders	
  in	
  perturba,on	
  
theory.	
  

How	
  do	
  we	
  probe	
  kF	
  ?	
  	
  



	
  	
  Probing	
  the	
  Fermi	
  Surface:	
  

Correla,on	
  func,ons:	
   h�†(k)�(�k)i …or:	
  

h�(k)�(�k)i ⇠ 1

(k � 2kF )#

Friedel	
  oscilla,ons	
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Direct	
  probe	
  of	
  underlying	
  
Fermi	
  surface.	
  	
  

Loca,on	
  fixed	
  by	
  
Lu`nger’s	
  theorem.	
  	
  



	
  Strong	
  coupling:	
  Holography	
  

A	
  great	
  deal	
  of	
  research	
  (“AdS/CMT”)	
  has	
  discussed	
  strongly	
  coupled	
  
compressible	
  phases	
  arising	
  from	
  holography.	
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Charged	
  black	
  hole	
  horizon	
  in	
  the	
  
interior,	
  e.g.	
  Reissner-­‐Nordstrom-­‐
AdS	
  black	
  hole.	
  Very	
  well-­‐studied.	
  

In	
  the	
  field	
  theory,	
  what	
  degrees	
  of	
  freedom	
  carry	
  this	
  charge?	
  
Compressible,	
  can	
  be	
  cooled	
  to	
  zero	
  T	
  -­‐-­‐	
  	
  Fermi	
  surface?	
  

(Note:	
  extensive	
  study	
  of	
  fermions	
  living	
  outside	
  the	
  black	
  hole	
  (Lee;	
  Liu,	
  McGreevy,	
  

Vegh,	
  Faulkner;	
  Cubrovic,	
  Zaanen,	
  Shalm;	
  etc.);	
  these	
  fermions	
  are	
  gauge-­‐invariant	
  and	
  we	
  will	
  
not	
  discuss	
  them	
  here,	
  because	
  they	
  already	
  make	
  sense).	
  	
  



	
  Holographic	
  Probes?	
  

+	
  +	
  +	
  +	
  +	
  +	
  +	
  +	
  
(Edala,,	
  JoQar,	
  Leigh;	
  Hartnoll,	
  Shaghoulian)	
  

Can	
  easily	
  compute	
  density-­‐density	
  correla,on;	
  linear	
  response	
  
problem	
  in	
  AdS/CFT:	
  	
  
	
  

h�(k)�(�k)i =

No	
  Friedel	
  oscilla,ons;	
  indeed,	
  no	
  obvious	
  structure	
  in	
  momentum	
  
space	
  at	
  all.	
  	
  

This	
  is	
  a	
  puzzle.	
  



	
  Why?	
  
Recall	
  Lu`nger’s	
  theorem:	
  

2kF =
2�⇥

qe
If	
  you	
  were	
  to	
  take	
  it	
  seriously:	
  Friedel	
  oscilla,on	
  loca,on	
  depends	
  
on	
  qe	
  ,	
  the	
  charge	
  of	
  a	
  single	
  quantum	
  excita,on	
  in	
  the	
  field	
  
theory.	
  	
  
Black	
  hole	
  (and	
  linearized	
  perturba,ons)	
  do	
  not	
  know	
  about	
  qe	
  ;	
  so	
  
they	
  will	
  miss	
  this	
  physics.	
  	
  

Note	
  however:	
  bulk	
  gauge	
  symmetry	
  is	
  compact,	
  so	
  it	
  does	
  have	
  a	
  
qe;	
  we	
  need	
  to	
  include	
  an	
  ingredient	
  that	
  sees	
  it.	
  	
  



	
  1d	
  Holographic	
  Liquids	
  

From	
  now	
  on,	
  specialize:	
  study	
  2d	
  field	
  theory	
  dual	
  to	
  compact	
  
Maxwell	
  EM	
  in	
  AdS3.	
  

Finite	
  density	
  state:	
  charged	
  BTZ	
  
black	
  hole.	
  	
  	
  

(Theory	
  is	
  not	
  quite	
  conformal;	
  logarithmic	
  
running,	
  will	
  break	
  down	
  in	
  the	
  UV	
  and	
  
requires	
  cutoff	
  radius	
  rΛ)	
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  Magne,c	
  Monopoles	
  

If	
  bulk	
  gauge	
  theory	
  is	
  compact,	
  we	
  can	
  have	
  magne,c	
  monopoles	
  
in	
  the	
  bulk.	
  	
  

Various	
  ways	
  to	
  get	
  them.	
  We	
  will	
  not	
  worry	
  about	
  where	
  they	
  
come	
  from:	
  just	
  assume	
  they	
  are	
  very	
  heavy:	
  Sm	
  >>	
  1.	
  	
  	
  

+	
  
dF = qm�(3)(x� xm)

Localized	
  instantons	
  in	
  3d	
  Euclidean	
  space,me.	
  	
  

We	
  will	
  compute	
  their	
  effect	
  on	
  a	
  holographic	
  two-­‐point	
  func,on.	
  



	
  Working	
  with	
  monopoles	
  

To	
  work	
  with	
  monopoles:	
  dualize	
  bulk	
  photon,	
  get	
  a	
  scalar.	
  	
  

dA = ⇥d�

+	
  

Equa,on	
  of	
  mo,on:	
  

S =

Z
d3x

p
g(d�)2 + iqm�(xm)

Monopoles	
  are	
  point	
  sources:	
  

r2⇥ = qm�(3)(x� xm)



	
  Monopoles	
  and	
  Berry	
  phases	
  
Note:	
  this	
  coupling	
  means	
  monopoles	
  events	
  feel	
  a	
  phase	
  in	
  a	
  
background	
  field	
  (analogous	
  to	
  Aharonov-­‐Bohm	
  phase)	
  

F rt
0 ⇠ �

�0 = ⇥X+	
  +	
  +	
  +	
  +	
  +	
  +	
  +	
  
X

r
+	
  

Thus,	
  on	
  the	
  charged	
  black	
  hole	
  each	
  monopole	
  knows	
  where	
  it	
  is	
  
along	
  the	
  horizon.	
  	
  

SB = iqm�Xm

SB = iqm�(xm)



	
  Monopole	
  correc,ons	
  to	
  correlators	
  
Usual	
  AdS/CFT	
  prescrip,on:	
  evaluate	
  gravita,onal	
  path	
  integral	
  via	
  
saddle	
  point.	
  Subleading	
  saddles	
  contribute	
  via	
  WiQen	
  diagrams:	
  

h�(k)�(�k)i =

+ V (x1, x2)

K1
K2

i�qm(X1 �X2)

Z
d3x1,2K1K2 exp (�2Sm � V (x1, x2)� i�qm(X1 �X2))



	
  Correla,ons	
  between	
  monopoles	
  I	
  
Need	
  to	
  determine	
  ac,on	
  cost	
  of	
  two	
  well-­‐separated	
  monopoles.	
  
Depends	
  on	
  geometry.	
  	
  At	
  high	
  temperature:	
  

x1
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X
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V ⇠ T (X1 �X2)Effec,vely	
  a	
  1d	
  problem:	
  	
  

Found	
  Friedel	
  oscilla,ons	
  from	
  holography!	
  	
  

h�(k)�(�k)i ⇠ e�2Sm
1

(k � �qm)2 + (TK 0)2



	
  Correla,ons	
  between	
  monopoles	
  II	
  
At	
  zero	
  temperature:	
  monopole	
  fields	
  mix	
  with	
  gravity.	
  
Complicated.	
  Charged	
  BTZ	
  black	
  hole	
  has	
  a	
  gapless	
  sound	
  mode,	
  
disperses	
  with	
  velocity	
  vs.	
  Creates	
  long-­‐range	
  fields.	
  	
  	
  	
  

V ⇠ log((X1 �X2)
2
+ v2s(�1 � �2)

2
)

Effec,vely	
  a	
  2d	
  problem:	
  	
  

Found	
  Friedel	
  oscilla,ons	
  from	
  holography	
  (…at	
  zero	
  T)	
  	
  

h�(k)�(�k)i ⇠ e�2Sm(v2s(k � qm�)2 + ⇥2
E)

K



	
  Holographic	
  Friedel	
  Oscilla,ons	
  
Z

d3x1,2K1K2 exp (�2Sm � V (x1, x2)� i�qm(X1 �X2))

e�2Sm(v2s(k � qm�)2 + ⇥2
E)

K

e�2Sm
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h�(k)�(�k)i ⇠

Found	
  Friedel	
  oscilla,ons	
  from	
  holography.	
  	
  

Results	
  in	
  rough	
  agreement	
  with	
  exis,ng	
  field	
  theory	
  of	
  interac,ng	
  1d	
  liquids	
  (Lu`nger	
  
liquids);	
  fine	
  details	
  disagree,	
  probably	
  due	
  to	
  lack	
  of	
  conformality.	
  



	
  Holography	
  and	
  Lu`nger’s	
  Theorem	
  

Loca,on	
  of	
  singularity	
  fixed	
  by	
  Berry	
  phase:	
  	
  

k� = qm�

What	
  is	
  qm?	
  Take	
  it	
  to	
  saturate	
  bulk	
  Dirac	
  quan,za,on	
  condi,on:	
  
(expected	
  in	
  gravita,onal	
  theory;	
  see	
  e.g.	
  Banks,	
  Seiberg).	
  	
  

qeqm = 2�

= “2kF ”k� =
2�⇥

qe

Precisely	
  at	
  the	
  loca,on	
  predicted	
  by	
  Lu`nger’s	
  theorem.	
  	
  

Note	
  no	
  fermions	
  in	
  sight.	
  	
  



	
  Some	
  thoughts	
  

(Any)	
  3d	
  charged	
  black	
  hole	
  has	
  a	
  Fermi	
  surface!	
  

=	
  
?	
  

We	
  have	
  found	
  a	
  Fermi	
  momentum	
  without	
  fermions.	
  Related	
  to	
  
nonperturba,ve	
  proofs	
  of	
  Lu`nger’s	
  theorem	
  (Oshikawa,	
  Yamanaka,	
  

Affleck).	
  	
  It	
  is	
  not	
  clear	
  whether	
  we	
  should	
  associate	
  this	
  momentum	
  
with	
  “the	
  boundary	
  of	
  occupied	
  single-­‐par,cle	
  states”.	
  	
  	
  

Note	
  that	
  in	
  (1+1)	
  dimensions	
  we	
  already	
  have	
  a	
  robust	
  field	
  
theory	
  of	
  interac,ng	
  liquids.	
  It	
  would	
  thus	
  be	
  fascina,ng	
  to	
  know	
  
if	
  holographic	
  mechanism	
  extends	
  to	
  higher	
  dimensions.	
  



	
  Summary	
  

•  Including	
  nonperturba,ve	
  effects,	
  found	
  Friedel	
  oscilla,ons	
  in	
  
simple	
  holographic	
  model	
  in	
  one	
  dimension.	
  	
  

•  Indicate	
  some	
  robust	
  structure	
  in	
  momentum	
  space	
  at	
  
momentum	
  related	
  to	
  charge	
  density	
  by	
  Lu`nger’s	
  theorem.	
  

•  Mechanism	
  will	
  work	
  for	
  any	
  charged	
  horizon	
  in	
  3d.	
  	
  
•  Perhaps	
  a	
  small	
  step	
  towards	
  connec,ng	
  AdS-­‐described	
  

phases	
  of	
  maQer	
  with	
  those	
  of	
  the	
  real	
  world.	
  	
  

The	
  End	
  



Some	
  other	
  things…	
  



	
  Confinement	
  in	
  the	
  bulk?	
  

Confinement	
  in	
  the	
  bulk	
  is	
  dual	
  to	
  a	
  charge	
  gap	
  in	
  the	
  boundary	
  
theory.	
  

In	
  our	
  model,	
  the	
  Berry	
  phase	
  tends	
  to	
  wipe	
  out	
  a	
  coherent	
  
condensa,on	
  of	
  monopoles:	
  no	
  confinement.	
  	
  

This	
  is	
  in	
  agreement	
  with	
  cond-­‐mat:	
  no	
  MoQ	
  insulators	
  in	
  one	
  
dimension	
  unless	
  explicit	
  (commensurate)	
  la`ce.	
  	
  

qe

Suggests	
  a	
  way	
  to	
  holographically	
  model	
  insula,ng	
  phases.	
  	
  	
  



	
  Rela,on	
  to	
  Chern-­‐Simons	
  Theory?	
  

Usually	
  in	
  3d	
  one	
  considers	
  Chern-­‐Simons	
  theories	
  in	
  the	
  bulk.	
  
These	
  are	
  dual	
  to	
  2d	
  CFTs	
  with	
  a	
  current	
  algebra	
  and	
  so	
  are	
  rather	
  
constrained.	
  	
  

However,	
  Higgsing	
  L-­‐R	
  with	
  a	
  scalar	
  results	
  in	
  the	
  Maxwell	
  bulk	
  
theory	
  described	
  here	
  (see	
  e.g.	
  Mukhi).	
  	
  

Detailed	
  connec,ons	
  remain	
  to	
  be	
  worked	
  out.	
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In	
  par,cular,	
  monopoles	
  in	
  Chern-­‐Simons	
  theories	
  are	
  confined	
  
(Affleck	
  et.	
  al;	
  Fradkin,	
  Schaposnik).	
  	
  


