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Class R:
A certain set of 3d N=2 gauge theories [TD-Gaiotto-Gukov]

more precisely, IR SCFT's

*constructed axiomatically; always have UV Lagrangian
  that's an abelian CS-matter thy

- superpotential possibly contains NP (monopole) ops.

*probably have nonabelian UV descriptions as well
 (possibly a very large class!)

*main interest for us: 
Class R contains the theories       of M5 branes
 wrapped on 3-manifolds.

T (K )
M
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Class R:

Class R contains the theories       of M5 branes
 wrapped on 3-manifolds.

T (K )
M

K M5's on !! R3 T (K )
M (3d N=2 thy)

M

- Construction of Class-R theories mimics construction
 of             connections on    , starting from             
 connections on ideal tetrahedron     building blocks.

SL(K, C)
!

M SL(K, C)

(Roughly)

[Thurston '80s, Neumann-Zagier '85, TD '11,...]
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M (3d N=2 thy)

M

- Construction of Class-R theories mimics construction
 of             connections on    , starting from             
 connections on ideal tetrahedron     building blocks.

SL(K, C)
!

M SL(K, C)

(Roughly)

! Can study a host of new relations
geometry physics

[Thurston '80s, Neumann-Zagier '85, TD '11,...]

Friday, July 27, 12



Class R:

K M5's on !! R3 T (K )
M (3d N=2 thy)

M

! Can study a host of new relations
geometry physics

I'll highlight some of the past year's progress,
   and preview a few new things to come...
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To deÞne a thy of Class R:
Follow and repeat a few simple steps.
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To deÞne a thy of Class R:
Follow and repeat a few simple steps.

1. Form a product of free chiral theories T!

T! 1 ! á á á ! T! N
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w/ level     backgd. CS coupling

To deÞne a thy of Class R:
Follow and repeat a few simple steps.

1. Form a product of free chiral theories

T! 1 ! á á á ! T! N

free chiral multiplet ! i

U(1)i ßavor symmetry
! 1

2

(cancel parity anomaly)

U(1)N! sym.

T!

T! i :
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To deÞne a thy of Class R:
Follow and repeat a few simple steps.

1. Form a product of free chiral theories

T! 1 ! á á á ! T! N U(1)N! sym.

T!

2a. Rotate ßavor sym's (redeÞne ßavor currents)
w/

b. Add background CS couplings
1
2

kij Ai dAj

!
d4!

1
2

kij ! i Vj

!
d4! ! J Vgauge

c. Gauge a U(1)i ! gain new "topological" ßavor U(1)J

w/ FI term

U ! GL(N, Z)
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To deÞne a thy of Class R:
Follow and repeat a few simple steps.

1. Form a product of free chiral theories

T! 1 ! á á á ! T! N U(1)N! sym.

T!

2a. Rotate ßavor sym's (redeÞne ßavor currents)

b. Add background CS couplings
!

d4!
1
2

kij ! i Vj
!

d4! ! J Vgauge

U ! GL(N, Z)

c. Gauge a U(1)i w/ FI term

preserve rank of ßavor group
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- might be nonperturbative
- must check (carefully) that desired     existOi
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1. Form a product of free chiral theories

T! 1 ! á á á ! T! N U(1)N! sym.

T!

2a. Rotate ßavor sym's (redeÞne ßavor currents)

b. Add background CS couplings
!

d4!
1
2

kij ! i Vj
!

d4! ! J Vgauge

U ! GL(N, Z)

c. Gauge a U(1)i w/ FI term

3. Add operators    to the superpot'l to break some       'sU(1)iOi

- might be nonperturbative
- must check (carefully) that desired     existOi

Useful observation: these are symplectic actions on      !R2N
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1. Product of    'sT!

Useful observation: these are symplectic actions on      !R2N

R2N
N!

i=1

dX i ! dPiw/
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1. Product of    'sT!

Useful observation: these are symplectic actions on      !R2N

R2N
N!

i=1

dX i ! dPiw/

2. Symplectic transformations

a. U ! GL(N, Z)

b.

c. gauge+

!
d4!

1
2

kij ! i Vj

!
d4! ! J Vgauge
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1. Product of    'sT!

Useful observation: these are symplectic actions on      !R2N

R2N
N!

i=1

dX i ! dPiw/

2. Symplectic transformations

a. U ! GL(N, Z)
!

U 0
0 U! 1 T

"
! Sp(2N ; Z)

!
I 0
k I

"

!

"
"
"
"
"
"
"
"
#

1
0 ! 1

. . .
1

1 0
. . .

$

%
%
%
%
%
%
%
%
&

!P ! !P + k !X

(X i , Pi ) ! (" Pi , X i )

!X ! U !X
!P ! U! 1T !P

b.

c. gauge+

! Sp(2N ; Z)
!

d4!
1
2

kij ! i Vj

!
d4! ! J Vgauge ! Sp(2N ; Z)
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1. Product of    'sT!

Useful observation: these are symplectic actions on      !R2N

R2N
N!

i=1

dX i ! dPiw/

2. Symplectic transformations
a. U ! GL(N, Z)

!P ! !P + k !X

(X i , Pi ) ! (" Pi , X i )

b.

c. gauge+

!
d4!

1
2

kij ! i Vj

!
d4! ! J Vgauge

!X ! U !X
!P ! U! 1T !P

In fact, 2(a,b,c) is Witten's symplectic action on 3d CFT's.
[Witten '03]
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1. Product of    'sT!

Useful observation: these are symplectic actions on      !R2N

R2N
N!

i=1

dX i ! dPiw/

2. Symplectic transformations
a. U ! GL(N, Z)

!P ! !P + k !X

(X i , Pi ) ! (" Pi , X i )

b.

c. gauge+

!
d4!

1
2

kij ! i Vj

!
d4! ! J Vgauge

!X ! U !X
!P ! U! 1T !P

3. Breaking U (1)i symplectic reduction

R2N !
Pi ! Pi + t Xi = 0

� !
! R2(N ! 1)

!
!

[Witten '03]
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Therefore: we can encode the data of a Class-R thy
  in a single symplectic matrix (w/ marked rows).

Useful observation: these are symplectic actions on      !R2N

T gT 2 Sp(2N ;Z)
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Therefore: we can encode the data of a Class-R thy
  in a single symplectic matrix (w/ marked rows).

Useful observation: these are symplectic actions on      !R2N

T gT 2 Sp(2N ;Z)

# chirals

which      's to break/reduceU(1)
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Therefore: we can encode the data of a Class-R thy
  in a single symplectic matrix (w/ marked rows).

Useful observation: these are symplectic actions on      !R2N

T gT 2 Sp(2N ;Z)

E.g.
!
�1 �1
1 0

"
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Therefore: we can encode the data of a Class-R thy
  in a single symplectic matrix (w/ marked rows).

Useful observation: these are symplectic actions on      !R2N

T gT 2 Sp(2N ;Z)

E.g. =

!
0 ! 1
1 0

"!
1 0
1 1

"!
�1 �1
1 0

"

S T
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Therefore: we can encode the data of a Class-R thy
  in a single symplectic matrix (w/ marked rows).

Useful observation: these are symplectic actions on      !R2N

T gT 2 Sp(2N ;Z)

E.g.

- Start with
- Add bkgd. CS level +1
- Gauge the ßavor sym.

T!

=

!
0 ! 1
1 0

"!
1 0
1 1

"!
�1 �1
1 0

"

S T

(T )
(S)
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Therefore: we can encode the data of a Class-R thy
  in a single symplectic matrix (w/ marked rows).

Useful observation: these are symplectic actions on      !R2N

T gT 2 Sp(2N ;Z)

E.g.

- Start with
- Add bkgd. CS level +1
- Gauge the ßavor sym.

T!
!

dynamical       thy
chiral    of charge +1
    dynamical CS level

!T! :
U(1)

!
+ 1

2

=

!
0 ! 1
1 0

"!
1 0
1 1

"!
�1 �1
1 0

"

U(1)J(       topological sym.)

S T

(T )
(S)
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Mirror symmetry

- Start with
- Add bkgd. CS level +1
- Gauge the ßavor sym.

T! dynamical       thy
chiral    of charge +1
    dynamical CS level

!T! :
U(1)

!
+ 1

2
U(1)J(       topological sym.)

In 3d, there can be many equivalent Lag. descriptions
 of the same IR SCFT -- related by 3d mirror symmetry.

[Aharony-Hanany-Intriligator-Seiberg-Strassler '97; deBoer-Hori-Oz '97]

!(T )
(S)
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Mirror symmetry

T!
dynamical       thy
chiral    of charge +1

!T! : U(1)
!

In 3d, there can be many equivalent Lag. descriptions
 of the same IR SCFT -- related by 3d mirror symmetry.

[Aharony-Hanany-Intriligator-Seiberg-Strassler '97; deBoer-Hori-Oz '97]

E.g. !
(free chiral)

MS
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Mirror symmetry

T!
dynamical       thy
chiral    of charge +1

!T! :
!

In 3d, there can be many equivalent Lag. descriptions
 of the same IR SCFT -- related by 3d mirror symmetry.

[Aharony-Hanany-Intriligator-Seiberg-Strassler '97; deBoer-Hori-Oz '97]

E.g. !
(free chiral)

also: Nf = 1 SQEDXYZ model !

W = ! X ! Y ! Z

3 chirals, U(1)dynamical       gauge thy.,
 2 chirals w/ charge (+,-)

MS

MS

U(1)
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Mirror symmetry

T!
dynamical       thy
chiral    of charge +1

!T! :
!

In 3d, there can be many equivalent Lag. descriptions
 of the same IR SCFT -- related by 3d mirror symmetry.

[Aharony-Hanany-Intriligator-Seiberg-Strassler '97; de Boer-Hori-Oz '97]

E.g. !
(free chiral)

Nf = 1 SQEDXYZ model !

*We impose MS as an equivalence relation in Class R

MS

MS

U(1)
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Mirror symmetry

T!
dynamical       thy
chiral    of charge +1

!T! :
!

In 3d, there can be many equivalent Lag. descriptions
 of the same IR SCFT -- related by 3d mirror symmetry.

E.g. !
(free chiral)

Nf = 1 SQEDXYZ model !

*We impose MS as an equivalence relation in Class R

MS

MS

*Conjecture: the two simple relations here are enough!
 (They generate all mirror equivalences of abelian
  UV Lagrangians.)

[+their          images] Sp(! , Z)

[Aharony-Hanany-Intriligator-Seiberg-Strassler '97; de Boer-Hori-Oz '97]

U(1)
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SQEDXYZ !
So: Class R = thy's constructed by applying Steps 1-3,
                 modulo            and                 . T! ! !T�
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SQEDXYZ !
So: Class R = thy's constructed by applying Steps 1-3,
                 modulo            and                 . 

*N.B.: There are lots of abelian-nonabelian MS's.
Class R could contain lots of nonabelian gauge thy's,
     e.g.         SU(2) gauge thy + adj. matter

We don't know how big Class R really is!

T! ! [Jafferis-Yin '11]

T! ! !T�
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SQEDXYZ !
So: Class R = thy's constructed by applying Steps 1-3,
                 modulo            and                 . T! ! !T�

*N.B.: There are lots of abelian-nonabelian MS's.
Class R could contain lots of nonabelian gauge thy's,
     e.g.         SU(2) gauge thy + adj. matter

We don't know how big Class R really is!

T! ! [Jafferis-Yin '11]

Why do we care about Class R?
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Why do we care about Class R?

Purely gauge-theory perspective...

*suggests systematic construction of partition fn's
 on SUSY-preserving curved backgrounds

Steps 1-3 actions on part'n fn's
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Why do we care about Class R?

Purely gauge-theory perspective...

*suggests systematic construction of partition fn's
 on SUSY-preserving curved backgrounds

new interpretation of

Z [S3
b ]

Z [S2 ! qS1]

Steps 1-3 actions on part'n fn's

"ellipsoid"

N=2 index

[Kapustin-Willett-Yaakov '09; Hama-Hosomichi-Lee '11]

[Imamura-Yokoyama '11; Kapustin-Willett '11]

e.g.
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Why do we care about Class R?

Purely gauge-theory perspective...

*suggests systematic construction of partition fn's
 on SUSY-preserving curved backgrounds

new interpretation of

Z [S3
b ]

Z [S2 ! qS1]

Steps 1-3 actions on part'n fn's

"ellipsoid"

N=2 index

[Kapustin-Willett-Yaakov '09; Hama-Hosomichi-Lee '11]

[Imamura-Yokoyama '11; Kapustin-Willett '11]

new construction of

Z [D 2 ! qS1] [Beem-TD-Pasquetti: to appear]

e.g.

"holomorphic block"

*fundamental: other partition functions
  are the "norm squared" of this!
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Why do we care about Class R?

Purely gauge-theory perspective...

*suggests systematic construction of partition fn's
 on SUSY-preserving curved backgrounds

Steps 1-3 actions on part'n fn's

*systematic construction of Ward id's (for line ops)
 satisÞed by the partition fn's.
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Why do we care about Class R?

Purely gauge-theory perspective...

*suggests systematic construction of partition fn's
 on SUSY-preserving curved backgrounds

Steps 1-3 actions on part'n fn's

*but the initial reason it was invented:

Class R contains theories of M5 branes wrapping 3-man'ds

*systematic construction of Ward id's (for line ops)
 satisÞed by the partition fn's.
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Class R contains theories of M5 branes wrapping 3-man'ds

More precisely:

-          on M ⇥ R3 ! T ⇤M ! R ! R3K M5's
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Class R contains theories of M5 branes wrapping 3-man'ds

More precisely:

-          on

- or        (2,0) thy on           w/ partial top. twist

M ⇥ R3 ! T ⇤M ! R ! R3

AK ! 1

N = 2 T(K )
M on

M ⇥ R3

K M5's

R3effective 3d thy
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Class R contains theories of M5 branes wrapping 3-man'ds

N = 2 T(K )
M3d thyK M5's

To understand this:

1. Low-energy behavior of       is (roughly) governed by
   ßat complex            connections on   . M

T(K )
M

[TD-Gukov-Hollands '10; Cecotti-Cordova-Vafa '11; cf. Witten '11]

SL(K, C)
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Class R contains theories of M5 branes wrapping 3-man'ds

N = 2 T(K )
M3d thyK M5's

To understand this:

SL(K, C)2. Given an "ideal triangulation" of    ,             conn's
   are glued together from tetrahedra using the same
   symplectic combinatorics as Class-R thy's.

[TD-Gukov-Hollands '10; Cecotti-Cordova-Vafa '11; cf. Witten '11]

M

[Thurston '80's; Neumann-Zagier '85; TD '10...]

Sp(! , Z)
triang'n(K, M, )

gM !
Class RT(K )

M !
(w/ distinguished rows)

1. Low-energy behavior of       is (roughly) governed by
   ßat complex            connections on   . M

T(K )
M

SL(K, C)
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Sp(! , Z)
triang'n(K, M, )

gM !
Class RT(K )

M !
(w/ distinguished rows)

SL(2): [TD-Gaiotto-Gukov '11]

X
X

! X ! PP

! X ! P P

! T!
free chiral
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Sp(! , Z)
triang'n(K, M, )

gM !
Class RT(K )

M !
(w/ distinguished rows)

SL(2): [TD-Gaiotto-Gukov '11]

X
X

! X ! PP

! X ! P P

! T!
free chiral

X

! X ! PP

! X ! P P

X

!�
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Sp(! , Z)
triang'n(K, M, )

gM !
Class RT(K )

M !
(w/ distinguished rows)

SL(2): [TD-Gaiotto-Gukov '11]

X
X

! X ! PP

! X ! P P

! T!
free chiral

X
! X ! P

P

! X ! P
P X

!� eT!

dyn. U(1) + chiral1
2

'
MS
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Sp(! , Z)
triang'n(K, M, )

gM !
Class RT(K )

M !
(w/ distinguished rows)

SL(2): [TD-Gaiotto-Gukov '11]

{�i}Ni=1

M

X1 X2

X3
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Sp(! , Z)
triang'n(K, M, )

gM !
Class RT(K )

M !
(w/ distinguished rows)

SL(2): [TD-Gaiotto-Gukov '11]

{�i}Ni=1

M

X1 X2

X3

The gluing deÞnes an              matrix:

0

BBBBBBBB@

X1
...

XN

P1
...

PN

1

CCCCCCCCA

0

BBBBBB@

1 1 1 · · ·

· · ·

1

CCCCCCA

gM

0

BBBBBBBB@

X1+X2+X3
...

...

1

CCCCCCCCA

=

Sp(2N,Z)
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Sp(! , Z)
triang'n(K, M, )

gM !
Class RT(K )

M !
(w/ distinguished rows)

SL(2): [TD-Gaiotto-Gukov '11]

{�i}Ni=1

M

X1 X2

X3

0

BBBBBBBB@

X1
...

XN

P1
...

PN

1

CCCCCCCCA

0

BBBBBB@

1 1 1 · · ·

· · ·

1

CCCCCCA

0

BBBBBBBB@

X1+X2+X3
...

...

1

CCCCCCCCA

=gM

glued (internal) edges
U(1)'s broken w/ superpot'ls}

The gluing deÞnes an              matrix:Sp(2N,Z)

U(1)
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Sp(! , Z)
triang'n(K, M, )

gM !
Class RT(K )

M !
(w/ distinguished rows)

SL(2): [TD-Gaiotto-Gukov '11]

{�i}Ni=1

M

X1 X2

X3

0

BBBBBBBB@

X1
...

XN

P1
...

PN

1

CCCCCCCCA

0

BBBBBB@

1 1 1 · · ·

· · ·

1

CCCCCCA

0

BBBBBBBB@

X1+X2+X3
...

...

1

CCCCCCCCA

=gM

glued (internal) edges
U(1)'s broken w/ superpot'ls}

The gluing deÞnes an              matrix:Sp(2N,Z)

U(1)

remaining bdy's/defects in
unbroken ßavor U(1)'s

}

U(1)
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Sp(! , Z)
triang'n(K, M, )

gM !
Class RT(K )

M !

(w/ distinguished rows)

SL(2): [TD-Gaiotto-Gukov '11]

{�i}Ni=1

M

X1 X2

X3

0

BBBBBBBB@

X1
...

XN

P1
...

PN

1

CCCCCCCCA

0

BBBBBB@

1 1 1 · · ·

· · ·

1

CCCCCCA

0

BBBBBBBB@

X1+X2+X3
...

...

1

CCCCCCCCA

=gM

glued (internal) edges
U(1)'s broken w/ superpot'ls

remaining bdy's/defects in
unbroken ßavor U(1)'s

}
}

M

The gluing deÞnes an              matrix:Sp(2N,Z)

U(1)

U(1)
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SL(2): [TD-Gaiotto-Gukov '11]

{�i}Ni=1

M

X1 X2

X3

N.B. changes of triangulation are generated by 2-3 moves:
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SL(2): [TD-Gaiotto-Gukov '11]

{�i}Ni=1

M

X1 X2

X3

N.B. changes of triangulation are generated by 2-3 moves:
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SL(2): [TD-Gaiotto-Gukov '11]

{�i}Ni=1

M

X1 X2

X3

Nf =1 SQEDXYZ !MS

N.B. changes of triangulation are generated by 2-3 moves:
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SL(2): [TD-Gaiotto-Gukov '11]

Nf =1 SQEDXYZ !MS

! is triangulation-independent!TM

N.B. changes of triangulation are generated by 2-3 moves:
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SL(K): [TD-Gabella-Goncharov-Yamazaki-Xie (to appear)]

One fact
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SL(K): [TD-Gabella-Goncharov-Yamazaki-Xie (to appear)]

One fact

SL(K )
1
6

K (K 2 ! 1) SL(2)tetrahedron
tetrahedra

!
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SL(K): [TD-Gabella-Goncharov-Yamazaki-Xie (to appear)]

One fact

SL(K )

1
6

K (K 2 ! 1) SL(2)
tetrahedron tetrahedra

!
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abelian w/

SL(K): [TD-Gabella-Goncharov-Yamazaki-Xie (to appear)]

One fact

SL(K )

1
6

K (K 2 ! 1) SL(2)
tetrahedron tetrahedra

!

chirals
+ superpotential, gaugings...

Looks naively like d.o.f. scale       , cf. SUGRA

T(K )
! : ! K 3

! K 3
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Two physics      geometry correspondences
MT(K )

M
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Two physics      geometry correspondences

Vacua    of

M

R2⇥S1
A

!↵ Flat            conn's     onSL(K, C) M

T(K )
M

T (K)
M

on
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Two physics      geometry correspondences

Vacua    of

M
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S3
b

S2 ! qS
1

D 2 ! qS1

(ish)

(full)

ellipsoid

index

holomorphic blocks most fundamental
[TD-Gukov-Hollands '10;
  Beem-TD-Pasquetti '12]

SL(K,R)

[Gukov '03, Witten '10-'11]
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MT(K )

M

Partition functions on
 various curved bkgd's

Various analytic continuations
 of          Chern-Simons thySU(K )

D 2 ! qS1 holomorphic blocks most fundamental
(building blocks for all other
 analytic continuations)

Z
!
CS

Cf. 4d         thy        2d UV curveN = 2
T [C] C

Equivariant part'n fn's      Liouville/Toda CFT

[Gaiotto '09; Gaiotto-Moore-Neitzke '09]

[Alday-Gaiotto-Tachikawa '09]
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