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A dense neutrino gas exhibiting angular crossings in the electron lepton number is unstable and
develops fast flavor conversions. Instead of assuming an unstable configuration from the onset, we
imagine that the system is externally driven toward instability. We use the simplest model of two
neutrino beams initially of different flavor that either suddenly appear or one or both slowly build
up. Flavor conversions commence well before the putative unstable state is fully attained, and the
final outcome depends on how the system is driven. The system generally sticks to the closest
state that is linearly stable, a conclusion that we prove for the first time using quasi-linear theory.
Our results suggest that in an astrophysical setting, one should focus less on flavor instabilities in
the neutrino radiation field and more on the external dynamics that leads to the formation of the
unstable state.

Introduction.—In dense neutrino environments, re-
fractive flavor exchange can occur on timescales much
faster than vacuum oscillations. These fast flavor con-
versions (FFCs) [1–7] have received widespread atten-
tion for their potential impact on the evolution of sources
such as core-collapse supernovae (CCSNe) and neutron-
star mergers (NSMs) [8–12]. A concrete evaluation of
their role is challenging, because FFCs happen on very
short length and time scales. One strategy simply relies
on consistency; one starts with a putative state obtained
in the simulation without FFCs and investigates its sub-
sequent behavior. If the system is stable, it was justified
to ignore FFCs.

However, the very interest in this subject derives from
the opposite finding, i.e., FFC instabilities seem to be
generic in numerical CCSN and NSM simulations [13–19].
Many recent studies try to understand what would be
the self-consistent solution in that they follow the post-
instability evolution of a simplified system of “neutrinos
in a box,” i.e., the temporal evolution of a homogeneous
neutrino gas with an FFC instability as initial condi-
tion [20–34]. However, the realism of such exercises is
unclear in the sense that the unstable state would not
form in the first place, as also discussed in Ref. [35]. A
more realistic formulation of the problem might be to
start with a stable configuration and slowly drive it to-
wards instability by some external agent. Presumably, as
soon as a weak instability first appears, FFCs will prevent
its full development. This formulation begs the question:
does the evolution toward the putative instability affect
the final outcome?

We here perform the first study to address this ques-
tion in the form of the simplest conceivable toy model.
It consists of two neutrino beams moving in opposite di-
rections with different flavor content, specifically one of
them initially consisting of νe and the other of νµ. The
final outcome is expected to be some space-time varying
mixture, representing some sort of flavor equipartition

under the constraints of conserved quantities, at least
in the sense of an ensemble average for different initial
seeds for the unstable modes. The conventional approach
to the problem amounts to the sudden appearance of the
unstable configuration. We compare this with the more
realistic setting where one or both of the beams are built
by external feeding over timescales much slower than the
instability growth rate.

Our results show that in this second scenario the evolu-
tion is relatively simple to understand within the frame-
work of quasi-linear theory of the instability [36–38], in
which the small transverse oscillations of the polarization
vectors are treated linearly, but their non-linear feedback
on the space-averaged configuration is accounted for. If
slowly driven, the system on average tends to stick to the
closest stable configuration along its entire evolution. In
turn, this implies that the final outcome can systemati-
cally differ from the conventional sudden approach, and
may depend on the driving mechanism of the instability.

Two-beam model.—A simple system allowing for fast
flavor exchange consists of two counter-moving beams,
which we describe as a right-moving (R) beam with veloc-
ity v = +1 and a left-moving (L) one with v = −1. The
particle and flavor content is represented by the density
matrices ρi (i = L or R), normalized to a fiducial neutrino
density n0 such that the individual number densities are
ni = n0 Tr ρi. These are taken to be homogeneous and
therefore conserved when neutrinos stream freely. To be
specific, we always use n0 = nR and nL ≤ nR. More-
over, we express the two-flavor content in terms of the
usual polarization vectors as ρi = 1

2

(
P 0
i 1 + P⃗i · σ⃗

)
. We

also use the traditional angular moments P⃗n =
∑

v v
nP⃗v

that here reduce to the polarization vector for the den-
sity, P⃗0 = P⃗R + P⃗L, and one for flux P⃗1 = P⃗R − P⃗L. The
equations of motion (EOMs) are

∂tP⃗R + ∂rP⃗R =
(
P⃗0 − P⃗1

)
× P⃗R, (1a)

∂tP⃗L − ∂rP⃗L =
(
P⃗0 + P⃗1

)
× P⃗L, (1b)
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where all variables depend on t and r. (Notice that
we denote the spatial variable along the beam with r,
whereas x, y, and z denote directions in flavor space.)
The neutrino-neutrino interaction strength was absorbed
in the units of space and time, leaving the equations with-
out dimensionful scale. In terms of global properties,
the space-averaged density ⟨P⃗0⟩ is conserved, whereas the

space-averaged flux ⟨P⃗1⟩ evolves nontrivially.
This setup is identical to the one for our recent study of

energy nonconservation [34] and once more, we consider
FFC between two flavors νe and νµ, completely avoiding
antineutrinos in the discussion. As initial condition we
use P z

R = ζR = +1 (meaning νe) and P z
L = ζL < 0

(meaning νµ) and vanishing x–y components except for
small initial seeds. The homogeneous mode of a two-
beam setup is always stable, and even for multiple beams,
a purely homogeneous mode evolves in a simple periodic
way due to many nontrivial conserved quantities [39–41].
Thus, the instability necessarily entails a spontaneous
breaking of homogeneity.

Numerical solution for the sudden case.—The
traditional approach was to assume an unstable config-
uration as an initial condition, i.e., the beams appear
suddenly and then evolve. As a first example we con-
sider this sudden case for a symmetric initial setup with
ζR = 1 and ζL = −1. We solve the EOMs numerically in
a periodic box of length L = 300, implying Fourier modes
kn = 2πn/L, and we provide small Gaussian seeds for
the modes with n ≤ 100 [34]. The nearly homogeneous
initial system becomes inhomogeneous with disturbances
cascading to ever smaller scales. However, the amplitude
appearing at large k is exponentially suppressed, allow-
ing one to use a numerical scheme that damps small-scale
perturbations and thus reaching larger overall integration
times. We use a pseudo-spectral approach where the ad-
vection term in Eq. (S13) is solved in Fourier space, the
nonlinear term in coordinate space with a resolution of
2500 grid points. At each step we suppress all modes with
|k| > kmax = 17 to avoid numerical small-scale instabil-
ities to develop. We have tested that different values of
the cutoff, even with kmax = 40, do not change the large-
scale behavior of the solution.

As expected, the two beams quickly exchange flavor as
measured by the box-averaged ⟨P z

L⟩ and ⟨P z
R⟩ shown as

dashed and solid gray lines in the right panel of Fig. 1.
Because ⟨P z

L⟩+⟨P z
R⟩ is conserved, these curves are identi-

cal up to a sign. The curves keep oscillating without ap-
parent further damping, i.e., their oscillatory power does
not dissipate to ever smaller scales as mentioned earlier.
Moreover, the asymptotic behavior does not approach
complete equipartition—each beam retains a small ex-
cess of its original flavor.

Our second generic case is that of asymmetric beams
with ζR = 1 and ζL = −1/2. The solution for the sudden
case is shown as dashed and solid gray lines in the left
panel of Fig. 1. Once more, flavor exchange is fast and

at late times, the solutions oscillate around ⟨P z
R⟩ ≃ 1/2

and ⟨P z
L⟩ ≃ 0, with no apparent offset from these ex-

pected equilibration values. The general lesson is that
the weaker beam reaches equipartition, which mirrors the
conclusions obtained for continuous angular distributions
in periodic boxes, namely that the nonlinear evolution
entails a removal of the crossing [21–23, 33, 42]. The use
of periodic conditions may directly impact this conclu-
sion [33, 43], although in our case the times over which
the distributions relax are much shorter than the light-
crossing time of the box. Thus, the periodicity is not
affecting our results, while of course the choice of a quasi-
homogeneous initial condition is relevant in determining
the final outcome.

Slow appearance.—Our main interest concerns the
possible changes if one or both of the beams appear
slowly. To this end we assume, e.g., that initially
P⃗L(0, r) = 0 and we include on the right-hand side of
Eq. (S13b) a homogeneous source term Ṗ z

L = ζL/tmax for
the period 0 ≤ t ≤ tmax and zero for larger t when the
beam would have reached the equivalent sudden value;
specifically we use tmax = 240. With this feeding pro-
cedure, the spatial average ⟨P z

0 ⟩ is unaffected by flavor
exchange and simply grows with the rate ζL/tmax. We
consider three different cases: (SL) the L beam grows
slowly, the R beam is present from the start. (SR) The
opposite case. (SB) Both beams grow slowly over the
same time scale tmax to their final densities ζL,R.

The evolution is quite different when the instability is
slowly driven. Generally, as soon as the system leaves
the stability region even slightly, the polarization vec-
tors quickly saturate to the closest configuration that is
linearly stable while conserving ⟨P z

0 ⟩. For asymmetric
beams (left panels of Fig. 1) this is most easily seen for
the SL case (red lines), where the L beam is slowly fed
muon neutrinos, but P z

L never actually grows, oscillat-
ing around 0 with small oscillation amplitudes (solid red
line). The average properties of the final state after the
feeding has stopped are similar to the sudden case, ex-
cept that the asymptotic oscillations around the mean
are of much smaller amplitude.

For SB, the situation is quite similar. Even though
both beams are fed simultaneously, R is always stronger
than L because of faster growth, and therefore, L always
sticks on average to equipartition (green lines). The final
configuration is similar to the SL case.

The most intriguing case is SR, where initially the R
beam is empty, so it is the one that is brought on average
to equipartition. When the feeding reaches a point where
R would have become stronger than L, were it not for the
fast conversions, the system sticks to the closest stable
configuration where ⟨P z

L⟩ ≃ ⟨P z
R⟩ and grow together. Af-

ter feeding stops, this leads to a completely different final
configuration with ⟨P z

L⟩ ≃ ⟨P z
R⟩ ≃ 0.25. We reach the in-

triguing conclusion that the final outcome depends not
only on the putative unstable configuration, but also on
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FIG. 1. Evolution of box-averaged quantities, for the asymmetric (left panels) and symmetric (right panels) beam configuration,
dashed lines for the R beam, solid ones for L. The sudden case in gray, the slow feeding cases SL, SR and SB in the indicated
colors. The main panels show the flavor evolution in the form of the box-averaged ⟨P z

i ⟩, the top panels the average squared

length ⟨P⃗ 2
i ⟩, not shown for the sudden case where it is conserved. The blue lines in the asymmetric case show that a different

asymptotic result obtains in the SR case relative to SL and SB.

the history with which that configuration is realized. This
is our main conclusion.

For symmetric beams, the SL and SR cases are analo-
gous and in all cases, equipartition is reached except for
a small offset in analogy to the sudden case.

The EOMs of Eq. (S13) conserve |P⃗i(r, t)| along tra-
jectories, implying that for each beam, the spatial aver-
age ⟨P⃗ 2

i ⟩ is conserved. In contrast, when one of the two
beams is slowly driven, ⟨P⃗ 2

i ⟩ never grows to the value it
would have reached if FFC would not happen during in-
jection. This behavior highlights that the density matrix
for each beam represents a large ensemble of individual
neutrinos with different energies and slightly different di-
rections that decohere relative to each other while FFCs
happen. We show the evolution of ⟨P⃗ 2

i ⟩ in the upper
panels of Fig. 1 and conclude that for the slowly growing
beams, the average length remains very small, explain-
ing the smaller amplitude of the final-state oscillations.
In the sudden case, FFC only consists of the polarization
vectors attaining random directions, whereas their length
remains conserved on a trajectory.

Quasi-linear analysis.—Our numerical examples
suggest that the system always sticks to the closest lin-
early stable configuration, except in the special case of
symmetric beams where ⟨P z

0 ⟩ = 0 and small deviations
from this rule are seen in that the final state shows a
small offset from flavor equilibration. Here we show that
this simple conclusion actually descends directly from a
quasi-linear treatment of the instability [36–38, 44]; see

our Supplemental Material [45] for an introductory ex-
position of this framework in plasma physics.

Since in all our examples the feeding is much slower
than FFC, and the numerical results suggest that it al-
ways stays close to a stable configuration, we consider
our system initially in a slightly unstable configuration
with no feeding. It will be convenient to frame the dis-
cussion in terms of the moments P⃗0 and P⃗1; initially,
P z
0,1(t = 0, z) = ζ0,1 = ζR ± ζL. If |ζ1| ≳ |ζ0|, the system

exhibits some unstable eigenmodes. A k mode is unsta-
ble if k1 < k < k2, where k1,2 = ζL−ζR∓2

√−ζLζR. The
corresponding eigenfrequencies are ωk = ω0 ± iγk, where
the precession frequency ω0 = −ζL− ζR does not depend
on k and the growth rate is γk =

√
(k − k1)(k2 − k).

In particular, the maximum growth rate is attained for
k = ζL − ζR = (k1 + k2)/2 and is γ = 2

√−ζLζR =
(k2 − k1)/2 [34]. This frequency, complete with its
real part and expressed in terms of ζ0 and ζ1, reads
ω = ω0 + iγ = −ζ0 + i

√
ζ21 − ζ20 as mentioned earlier.

Thus if
√
ζ21 − ζ20 ≪ |ζ0|, we can consider the growth

very slow and the system nearly stable. Under this con-
dition, we may study the evolution by separating it into
a background which changes slowly, over times of order
γ−1, and a fluctuating part changing rapidly, over times
of order ω−1

0 . The tenet of the quasi-linear approxima-
tion we propose here is that the fluctuating part remains
much smaller than the background.

In practice, we perform the separation by defining the
background as the spatial average P0,1(t) = ⟨P z

0,1(t, r)⟩.
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In principle, one could rather define it as an ensemble
average over initial conditions; if the latter are randomly
sampled as in our numerical examples, such an average
will be homogeneous, leading to identical results. Fur-
thermore, the symmetry of the initial conditions ensures
that the background solution has all polarization vectors
aligned with the z axis. In linear theory, P0,1(t) would be
assumed to be constant; here we account for their slow
change induced by the fluctuating part.

The latter is described by the transverse components
ψ0,1(t, r) = P x

0,1 + iP y
0,1; small fluctuations could also

affect the z component, but they appear at higher order
and are therefore neglected in quasi-linear theory. It is
more convenient to use the Fourier transform ψ̃0,1(t, k) =∫ L

0
dr ψ0,1(t, r)e−ikr. The fluctuating part evolves with

the linear EOM

∂tψ̃0 + ikψ̃1 = 0, (2a)

∂tψ̃1 + ikψ̃0 = 2i
[
P0ψ̃1 − P1ψ̃0

]
. (2b)

Differently from conventional linear theory, here P0,1(t)
evolve according to the quasi-linear equation

∂tP0 = 0, (3a)

∂tP1 = i
∑
k

[
ψ̃0(t, k)ψ̃∗

1(t, k) − ψ̃∗
0(t, k)ψ̃1(t, k)

]
. (3b)

A more detailed derivation of these equations is given
in the Supplemental Material [45]. This approximation
is in a sense reminiscent of the slow-dynamics equation
we derived elsewhere [46] (see also Refs. [47, 48]), where
the fast dynamics admits some solution; in that case the
slow dynamics was driven by collisions, whereas here it
is driven by the growth of the instability.

The exact solution for ψ̃0,1 is nontrivial, because the
background evolves. However, since the growth rate is
very slow, we can use the WKB approximation that each
eigenmode of linear stability analysis evolve in time with
the factor e−i

∫ t
0
ωk(t

′)dt′ , where ωk(t) = ω0(t) + iγk(t) is
the frequency of the eigenmode. We can keep only the
unstable eigenmodes with γk > 0, which are the only
ones that grow to a considerable level. From Eq. (S14),
for these eigenmodes we have ψ̃1 = ωkψ̃0/k. Substituting
in the equation for P1, we find

∂tP1 = 2
∑
k

γkPk

k
, (4)

where Pk(t) = |ψ̃0(t, k)|2 measures the power in the un-
stable eigenmode. Its evolution is then determined by
the WKB approximation as

∂tPk = 2γkPk. (5)

These EOM completely determine the quasi-linear evo-
lution. However, to get a qualitative feeling about their

predictions, we can simplify them even further assum-
ing that only the most unstable eigenstate contributes.
As mentioned earlier and following Ref. [34], this corre-
sponds to k = −P1 with γk = 2

√
P 2
1 − P 2

0 . Denoting by
P = Pk, we find the two coupled equations

∂tP1 = −4
√
P 2
1 − P 2

0 P
P1

, ∂tP = 4
√
P 2
1 − P 2

0 P. (6)

While this approximation has no pretense of a detailed
description, given the neglect of many unstable states, it
clearly shows the qualitative trend: the only fixed point
is |P1| = |P0|. Thus, quasi-linear theory predicts that
after initialization, the system evolves towards the closest
state that is linearly stable, exactly as in the numerical
experiments.

The predicted quasi-linear evolution would be quan-
titatively accurate in those cases where the amplitude
of the fluctuations ψ0,1 remains small, i.e., when the in-
stability is very weak and a small change is enough to
remove it. However, even when the amplitude does grow
large, quasi-linear theory correctly predicts the qualita-
tive trend, a feature well known from its application in
plasma physics (see, e.g., Ref. [49]). Indeed, in all of our
models, both sudden and slow, the prediction |P1| = |P0|
is correctly verified, with the only exception of the asym-
metric model SR. The reason is that for this model the
evolution passes through a point where P0 ≃ 0. In this
case, the real part of the eigenfrequency ω0 = −P0 ≃ 0,
so there is a breaking of adiabaticity where the eigen-
modes grow faster than they oscillate. The WKB approx-
imation cannot be applied, and therefore the predictions
of quasi-linear theory cannot be trusted, and indeed they
fail for this special case.

Discussion.—The present work was prompted by the
large hierarchy of timescales between the mechanisms
that drive a system towards an unstable state, and the
much more rapid relaxation induced by FFC. Thus, start-
ing from a strongly unstable configuration is never rep-
resentative for a real physical system. Our numerical
experiments have shown that, indeed, if the mechanism
inducing the instability is slow, the asymptotic final state
can differ significantly compared to the “sudden” appear-
ance of the instability, a more conventional scenario in the
literature. In both cases, the system tends to stick to the
closest configuration which is stable in linear analysis;
qualitatively, for our two-beam setup this corresponds to
equipartition for one of the beams. However, the am-
plitudes of the oscillations around this state are much
smaller for the more physical slow approach to the insta-
bility. Most importantly, the history of how the instabil-
ity develops influences even the average properties of the
final state if there is a crossing of a configuration with
P z
0 = 0, as in our SR model.

The idea of the instability as driven by a slowly-varying
external agent was previously discussed in Refs. [35, 50]



5

in the context of miscidynamics, a thermodynamical the-
ory of the neutrino final state. The main assumption of
this theory is that the space-average of the neutrino den-
sity matrix would relax to a thermal form. Under this
assumption, the external change was proposed to act as
an adiabatic transformation on the neutrino flavor con-
figuration. Our treatment is independent of this assump-
tion, which at present remains speculative, and looks at
the practical evolution of the system in the slowly vary-
ing setup. The separation of the neutrino flavor field into
a spatially slowly-varying and a rapidly-varying part is
common both to our quasi-linear approach and to the
miscidynamics one, but the two approaches differ in the
properties of the slowly-varying part, which we do not
predict or assume to be thermalized.

In numerical simulations, the role of a slow driving
mechanism is sometimes implicit in the collisional term
slowly forging the neutrino angular distribution, see e.g.
Refs. [51, 52]. Here we reduce the driving mechanism
to its most schematic features, to obtain a clean setup
where its role comes out the clearest. Our conclusion is
that the system always stays close to linear stability.

This simple conclusion is consistent with previous find-
ings that the conversions tend to remove the angular
crossing [21–23, 33, 42, 53, 54], which in our language
corresponds to one of the two beams reaching equipar-
tition. However, at this stage this statement should be
regarded as empirical; despite sounding natural, it is ac-
tually highly nontrivial, since the system tends towards
a linearly stable state after entering nonlinear dynam-
ics. For the first time, we provide an analytical explana-
tion of this phenomenon, using quasi-linear theory typ-
ically applied to plasma systems [36–38]. For the cases
where P z

0 = 0, quasi-linear theory cannot be applied, be-
cause the unstable eigenmodes are not precessing at all,
and indeed our numerical experiments show that for this
case full equipartition is not obtained in either of the two
beams. For the two-beam case, the outcome of this the-
ory is nontrivial but very simple, since the stable angular
distribution always corresponds to one of the two beams
in equipartition.

An extension of this theory for a continuous distribu-
tion of neutrino velocities would be of great practical use,
describing the nonlinear evolution of the systems close to
stability in an essentially analytical way. We leave this
challenging question for future work, which could poten-
tially shed light on what is the exact final state driven
by fast conversions in these simple systems.
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Supplemental Material for the Letter
Fast flavor conversions at the edge of instability in a two-beam model

We briefly introduce quasi-linear methods in plasma physics, where they were first applied, and we provide more
details on the derivation of the quasi-linear equations of motion used in the main text.

A. Quasi-linear saturation of plasma instabilities.

In this section, we review the historical derivation
of the quasi-linear treatment of plasma instabilities to
provide some introductory background. The physical
origin of this instability is the spontaneous emission
of Cherenkov waves from resonant electrons moving in
phase with the wave, as we have reviewed in Refs. [55, 56].
The system is thus described by the coupled equations
of motion for the electron distribution function and the
electric field self-consistently generated by the electrons.
We write the phase-space distribution function for the
electrons F (t, r,v); its evolution is ruled by the Vlasov
equation

∂tF + v · ∂rF +
eE[F ]

me
· ∂vF = 0, (S1)

where e and me are the electron charge and mass respec-
tively, and E[F ] is the electric field associated with the
distribution function, to be obtained from the Poisson
equation

∂r ·E[F ] = e

∫
d3vF (r, r,v) − eni, (S2)

where the last term on the right is the charge density of
the ions, exactly canceling the total charge of the elec-
trons.

The quasi-linear scheme consists of a separation in the
distribution function F (t, r,v) = ne [f0(t,v) + f(t, r,v)],
similar to the linearized analysis we reviewed in Ref. [55].
However, the physical nature of the separation is now
different; the space-dependent part f is not necessarily
small – although it needs to be if the quasi-linear ap-
proximation is to be accurate – but is separated by spa-
tial averaging, such that the average over small distances
⟨F ⟩ = nef0. The separation operator using the spatial
average depends on the assumption of homogeneity of
the initial unperturbed condition, but may more gener-
ally be realized as an average over the ensemble of the
initial perturbations seeding the instability; the results
are identical in this case. Notice that the electric field
is produced only from the fluctuation, i.e. E[nf0] = 0,
since the charge of the homogeneous electron distribu-
tion is exactly canceled by the ion charge density.

After replacing this expansion in the Vlasov equation,
we can now separate the terms slowly varying in space,
and the ones rapidly varying. Among the former, we
must include the spatial average of the non-linear term,

so that we may write

∂tf0 +
ene

me
∂v · ⟨E[f ]f⟩ = 0. (S3)

In the rapidly-varying terms, we are going to keep only
the terms linear in f , in agreement with the assumptions
of quasi-linear theory. Therefore, we recover the linear
equations also obtained in Ref. [55]

∂tf + v · ∂rf +
ene

me
∂vf0 ·E[f ] = 0. (S4)

We expand this in spatial Fourier components as f =∑
k fke

ik·r, and introduce the notation E[fk] = Ek, so
that

∂tfv + ik · vfk +
ene

me
∂vf0 ·Ek = 0. (S5)

In the quasi-linear framework, the function f0 changes
in time. However, we now assume that this temporal
evolution is much slower than the characteristic frequen-
cies of the fluctuating part f . Therefore, at every instant
we can treat f0 as approximately constant, and use the
results reviewed in Ref. [55]. The asymptotic temporal
fk evolution is then determined by the characteristic fre-
quencies ωk that solve the dispersion relation

1 = −ω
2
P

k2

∫
d3v

k · ∂vf0(v)

ωk − v · k , (S6)

where ωP is the plasma frequency and ωk = ω0
k + iγk

is generally complex. These frequencies determine the
asymptotic temporal evolution. From Eq. (S5), we find

fk = − iene

me(ωk − k · v + iϵ)
Ek · ∂vf0, (S7)

where the iϵ prescription is introduced explicitly to main-
tain causality. We now replace this solution in Eq. (S3)
and perform the spatial average. Assuming isotropy, we
may use

⟨Ei
kE

j
k′⟩ = E2

kδijδk,k′ , (S8)

where i is the spatial component of the vector Ek. There-
fore, we find

∂tf0 − ∂v · [D(v)∂vf0] = 0, (S9)

where we have introduced the diffusion coefficient

D(v) =
ie2n2e
m2

e

∑
k

E2
k

ωk − k · v + iϵ
. (S10)
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In the sum, we can keep only the unstable eigenmodes,
which are the ones that grow in time to a sizable degree;
furthermore, since the result must be real, we can write

D(v) =
D(v) +D∗(v)

2

=
e2n2e
m2

e

∑
k

E2
k

γk
(ω0

k − k · v)2 + γ2k
. (S11)

This equation must be complemented by a corresponding
one for the time evolution of the fluctuating electric field

∂tE
2
k = 2γkE

2
k. (S12)

Together, these equations provide a complete description
of the saturation of the instability in the quasi-linear ap-
proximation. We do not review here the application of
these equations to a concrete problem, e.g. the historical
solution of the bump-on-tail instability [36–38]; we refer
to textbook references, e.g. Ref. [44], for a more detailed
treatment of these topics.

B. Detailed derivation of the quasi-linear equations

We now provide more details on the derivation of the
quasi-linear equations discussed in the main text. We
start from the exact equations of motion (EOMs) for the
polarization vectors introduced in the main text and here
reproduced for convenience

∂tP⃗R + ∂rP⃗R =
(
P⃗0 − P⃗1

)
× P⃗R, (S13a)

∂tP⃗L − ∂rP⃗L =
(
P⃗0 + P⃗1

)
× P⃗L. (S13b)

These equations can be spelled out in components, sep-
arating the longitudinal ones P z

L,R and the transverse
ones, the latter conveniently packed into a single com-
plex variable ψL,R = P x

L,R + iP y
L,R. As in the main text,

we introduce the two moments of the distributions as
P⃗0,1 = P⃗L ± P⃗R, and analogously for the separate com-
ponents P z and ψ, finding

∂tψ0 + ∂rψ1 = 0, (S14a)

∂tψ1 + ∂rψ0 = 2i (P z
0 ψ1 − P z

1 ψ0) , (S14b)

and

∂tP
z
0 + ∂rP

z
1 = 0, (S15a)

∂tP
z
1 + ∂rP

z
0 = i (ψ0ψ

∗
1 − ψ1ψ

∗
0) . (S15b)

The Fourier components
˜⃗
PL,R =

∫ L

0
drP⃗L,R(t, r)e−ikr

then obey the equations

∂tψ̃0 + ikψ̃1 = 0, (S16a)

∂tψ̃1 + ikψ̃0 = 2i
∑
k′

[
P z
0 (t, k′)ψ̃1(t, k − k′)

− P z
1 (t, k′)ψ̃0(t, k − k′)

]
, (S16b)

and

∂tP
z
0 + ikP z

1 = 0, (S17a)

∂tP
z
1 + ikP z

0 = i
∑
k′

[
ψ̃∗
1(t, k′)ψ̃0(t, k′ − k)

− ψ̃∗
0(t, k′)ψ̃1(t, k′ − k)

]
. (S17b)

These equations are exact. The crux of quasi-linear the-
ory is the separation of the solution into a slowly-varying
background and a fluctuating part. In our problem, given
the symmetries of the initial condition, the background
solution can be obtained directly as the spatial average
of the z component of the polarization vectors, so we in-
troduce P0,1(t) = ⟨P z

0,1(t, r)⟩, which coincides with the
Fourier component with k = 0. The fluctuating part of
the solution, in quasi-linear theory, is taken to be small
enough that it can be linearized. Therefore, it coincides
with the transverse components ψ0,1(t, r) only, since the
fluctuating part of the z components is of higher order.

After performing this separation, we can now write
the EOM for P0,1 as the k = 0 component of Eqs. (S17),
obtaining the equations reported in the main text

∂tP0 = 0, (S18a)

∂tP1 = i
∑
k

[
ψ̃0(t, k)ψ̃∗

1(t, k) − ψ̃∗
0(t, k)ψ̃1(t, k)

]
.(S18b)

For the fluctuating part, we only need to replace in
Eq. (S16) the z components P z

0,1(t, r) with their back-
ground value P0,1, obtaining

∂tψ̃0 + ikψ̃1 = 0, (S19a)

∂tψ̃1 + ikψ̃0 = 2i
[
P0ψ̃1 − P1ψ̃0

]
. (S19b)

This finally leads to the quasi-linear EOM reported in
the main text, where we detail our approximate method
of solution following the same strategy traditionally ap-
plied in plasma physics and reviewed in Sect. A.

[1] R. F. Sawyer, Neutrino cloud instabilities just above the
neutrino sphere of a supernova, Phys. Rev. Lett. 116
(2016) 081101 [1509.03323].

[2] S. Chakraborty, R. S. Hansen, I. Izaguirre and
G. Raffelt, Self-induced neutrino flavor conversion
without flavor mixing, JCAP 03 (2016) 042
[1602.00698].

[3] I. Izaguirre, G. Raffelt and I. Tamborra, Fast Pairwise
Conversion of Supernova Neutrinos: A
Dispersion-Relation Approach, Phys. Rev. Lett. 118
(2017) 021101 [1610.01612].

[4] I. Tamborra and S. Shalgar, New Developments in
Flavor Evolution of a Dense Neutrino Gas, Ann. Rev.
Nucl. Part. Sci. 71 (2021) 165 [2011.01948].

[5] D. F. G. Fiorillo, G. G. Raffelt and G. Sigl, Collective
neutrino-antineutrino oscillations in dense neutrino

https://doi.org/10.1103/PhysRevLett.116.081101
https://doi.org/10.1103/PhysRevLett.116.081101
https://arxiv.org/abs/1509.03323
https://doi.org/10.1088/1475-7516/2016/03/042
https://arxiv.org/abs/1602.00698
https://doi.org/10.1103/PhysRevLett.118.021101
https://doi.org/10.1103/PhysRevLett.118.021101
https://arxiv.org/abs/1610.01612
https://doi.org/10.1146/annurev-nucl-102920-050505
https://doi.org/10.1146/annurev-nucl-102920-050505
https://arxiv.org/abs/2011.01948


S3

environments?, Phys. Rev. D 109 (2024) 043031
[2401.02478].

[6] S. Richers and M. Sen, Fast Flavor Transformations,
Handbook of Nuclear Physics (2022) 1 [2207.03561].

[7] A. V. Patwardhan, M. J. Cervia, E. Rrapaj, P. Siwach
and A. B. Balantekin, Many-Body Collective Neutrino
Oscillations: Recent Developments, Handbook of
Nuclear Physics (2022) 1 [2301.00342].

[8] J. Ehring, S. Abbar, H.-T. Janka, G. Raffelt and
I. Tamborra, Fast neutrino flavor conversion in
core-collapse supernovae: A parametric study in 1D
models, Phys. Rev. D 107 (2023) 103034 [2301.11938].

[9] J. Ehring, S. Abbar, H.-T. Janka, G. Raffelt and
I. Tamborra, Fast Neutrino Flavor Conversions Can
Help and Hinder Neutrino-Driven Explosions, Phys.
Rev. Lett. 131 (2023) 061401 [2305.11207].

[10] H. Nagakura, Roles of Fast Neutrino-Flavor Conversion
on the Neutrino-Heating Mechanism of Core-Collapse
Supernova, Phys. Rev. Lett. 130 (2023) 211401
[2301.10785].

[11] M.-R. Wu, I. Tamborra, O. Just and H.-T. Janka,
Imprints of neutrino-pair flavor conversions on
nucleosynthesis in ejecta from neutron-star merger
remnants, Phys. Rev. D 96 (2017) 123015 [1711.00477].

[12] M. C. Volpe, Neutrinos from dense environments:
Flavor mechanisms, theoretical approaches,
observations, and new directions, Rev. Mod. Phys. 96
(2024) 025004 [2301.11814].

[13] S. Abbar, H. Duan, K. Sumiyoshi, T. Takiwaki and
M. C. Volpe, On the occurrence of fast neutrino flavor
conversions in multidimensional supernova models,
Phys. Rev. D 100 (2019) 043004 [1812.06883].

[14] X. Li and D. M. Siegel, Neutrino Fast Flavor
Conversions in Neutron-Star Postmerger Accretion
Disks, Phys. Rev. Lett. 126 (2021) 251101 [2103.02616].

[15] S. Abbar, H. Duan, K. Sumiyoshi, T. Takiwaki and
M. C. Volpe, Fast Neutrino Flavor Conversion Modes
in Multidimensional Core-collapse Supernova Models:
the Role of the Asymmetric Neutrino Distributions,
Phys. Rev. D 101 (2020) 043016 [1911.01983].

[16] H. Nagakura, T. Morinaga, C. Kato and S. Yamada,
Fast-pairwise collective neutrino oscillations associated
with asymmetric neutrino emissions in core-collapse
supernova, Astrophys. J. 886 (2019) 139 [1910.04288].

[17] S. Abbar, F. Capozzi, R. Glas, H. T. Janka and
I. Tamborra, On the characteristics of fast neutrino
flavor instabilities in three-dimensional core-collapse
supernova models, Phys. Rev. D 103 (2021) 063033
[2012.06594].

[18] H. Nagakura, L. Johns, A. Burrows and G. M. Fuller,
Where, when, and why: Occurrence of fast-pairwise
collective neutrino oscillation in three-dimensional
core-collapse supernova models, Phys. Rev. D 104
(2021) 083025 [2108.07281].

[19] M.-R. Wu and I. Tamborra, Fast neutrino conversions:
Ubiquitous in compact binary merger remnants, Phys.
Rev. D 95 (2017) 103007 [1701.06580].

[20] J. D. Martin, J. Carlson, V. Cirigliano and H. Duan,
Fast flavor oscillations in dense neutrino media with
collisions, Phys. Rev. D 103 (2021) 063001
[2101.01278].

[21] M. Zaizen and H. Nagakura, Characterizing quasisteady
states of fast neutrino-flavor conversion by stability and
conservation laws, Phys. Rev. D 107 (2023) 123021

[2304.05044].
[22] M. Zaizen and H. Nagakura, Simple method for

determining asymptotic states of fast neutrino-flavor
conversion, Phys. Rev. D 107 (2023) 103022
[2211.09343].

[23] Z. Xiong, M.-R. Wu, S. Abbar, S. Bhattacharyya,
M. George and C.-Y. Lin, Evaluating approximate
asymptotic distributions for fast neutrino flavor
conversions in a periodic 1D box, Phys. Rev. D 108
(2023) 063003 [2307.11129].

[24] E. Grohs, S. Richers, S. M. Couch, F. Foucart, J. P.
Kneller and G. C. McLaughlin, Neutrino fast flavor
instability in three dimensions for a neutron star
merger, Phys. Lett. B 846 (2023) 138210 [2207.02214].

[25] S. Richers, D. Willcox and N. Ford, Neutrino fast flavor
instability in three dimensions, Phys. Rev. D 104
(2021) 103023 [2109.08631].

[26] S. Richers, H. Duan, M.-R. Wu, S. Bhattacharyya,
M. Zaizen, M. George, C.-Y. Lin and Z. Xiong, Code
comparison for fast flavor instability simulations, Phys.
Rev. D 106 (2022) 043011 [2205.06282].

[27] S. Bhattacharyya and B. Dasgupta, Fast Flavor
Depolarization of Supernova Neutrinos, Phys. Rev. Lett.
126 (2021) 061302 [2009.03337].

[28] S. Bhattacharyya and B. Dasgupta, Elaborating the
ultimate fate of fast collective neutrino flavor
oscillations, Phys. Rev. D 106 (2022) 103039
[2205.05129].

[29] M.-R. Wu, M. George, C.-Y. Lin and Z. Xiong,
Collective fast neutrino flavor conversions in a 1D box:
Initial conditions and long-term evolution, Phys. Rev. D
104 (2021) 103003 [2108.09886].

[30] J. D. Martin, C. Yi and H. Duan, Dynamic fast flavor
oscillation waves in dense neutrino gases, Phys. Lett. B
800 (2020) 135088 [1909.05225].

[31] S. Abbar and F. Capozzi, Suppression of fast neutrino
flavor conversions occurring at large distances in
core-collapse supernovae, JCAP 03 (2022) 051
[2111.14880].

[32] H. Duan, J. D. Martin and S. Omanakuttan, Flavor
isospin waves in one-dimensional axisymmetric neutrino
gases, Phys. Rev. D 104 (2021) 123026 [2110.02286].

[33] M. Cornelius, S. Shalgar and I. Tamborra, Perturbing
fast neutrino flavor conversion, JCAP 02 (2024) 038
[2312.03839].

[34] D. F. G. Fiorillo, G. G. Raffelt and G. Sigl,
Inhomogeneous Kinetic Equation for Mixed Neutrinos:
Tracing the Missing Energy, Phys. Rev. Lett. 133
(2024) 021002 [2401.05278].

[35] L. Johns, Subgrid modeling of neutrino oscillations in
astrophysics, 2401.15247.

[36] A. A. Vedenov, E. P. Velikhov and R. Z. Sagdeev,
Quasi-linear theory of plasma oscillations, 1962. Tech.
Rep., Kurchatov Inst. of Atomic Energy, Moscow Link.

[37] W. E. Drummond and D. Pines, Non-linear stability of
plasma oscillation, 1961. Tech. Rep., General Atomic
Div., General Dynamics Corp., San Diego, CA. Link.

[38] W. E. Drummond and D. Pines, Non-linear plasma
oscillation, Ann. Phys. 28 (1964) 478.

[39] L. Johns, H. Nagakura, G. M. Fuller and A. Burrows,
Neutrino oscillations in supernovae: angular moments
and fast instabilities, Phys. Rev. D 101 (2020) 043009
[1910.05682].

[40] D. F. G. Fiorillo and G. G. Raffelt, Slow and fast

https://doi.org/10.1103/PhysRevD.109.043031
https://arxiv.org/abs/2401.02478
https://doi.org/10.1007/978-981-15-8818-1_125-1
https://arxiv.org/abs/2207.03561
https://doi.org/10.1007/978-981-15-8818-1_126-1
https://doi.org/10.1007/978-981-15-8818-1_126-1
https://arxiv.org/abs/2301.00342
https://doi.org/10.1103/PhysRevD.107.103034
https://arxiv.org/abs/2301.11938
https://doi.org/10.1103/PhysRevLett.131.061401
https://doi.org/10.1103/PhysRevLett.131.061401
https://arxiv.org/abs/2305.11207
https://doi.org/10.1103/PhysRevLett.130.211401
https://arxiv.org/abs/2301.10785
https://doi.org/10.1103/PhysRevD.96.123015
https://arxiv.org/abs/1711.00477
https://doi.org/10.1103/RevModPhys.96.025004
https://doi.org/10.1103/RevModPhys.96.025004
https://arxiv.org/abs/2301.11814
https://doi.org/10.1103/PhysRevD.100.043004
https://arxiv.org/abs/1812.06883
https://doi.org/10.1103/PhysRevLett.126.251101
https://arxiv.org/abs/2103.02616
https://doi.org/10.1103/PhysRevD.101.043016
https://arxiv.org/abs/1911.01983
https://doi.org/10.3847/1538-4357/ab4cf2
https://arxiv.org/abs/1910.04288
https://doi.org/10.1103/PhysRevD.103.063033
https://arxiv.org/abs/2012.06594
https://doi.org/10.1103/PhysRevD.104.083025
https://doi.org/10.1103/PhysRevD.104.083025
https://arxiv.org/abs/2108.07281
https://doi.org/10.1103/PhysRevD.95.103007
https://doi.org/10.1103/PhysRevD.95.103007
https://arxiv.org/abs/1701.06580
https://doi.org/10.1103/PhysRevD.103.063001
https://arxiv.org/abs/2101.01278
https://doi.org/10.1103/PhysRevD.107.123021
https://arxiv.org/abs/2304.05044
https://doi.org/10.1103/PhysRevD.107.103022
https://arxiv.org/abs/2211.09343
https://doi.org/10.1103/PhysRevD.108.063003
https://doi.org/10.1103/PhysRevD.108.063003
https://arxiv.org/abs/2307.11129
https://doi.org/10.1016/j.physletb.2023.138210
https://arxiv.org/abs/2207.02214
https://doi.org/10.1103/PhysRevD.104.103023
https://doi.org/10.1103/PhysRevD.104.103023
https://arxiv.org/abs/2109.08631
https://doi.org/10.1103/PhysRevD.106.043011
https://doi.org/10.1103/PhysRevD.106.043011
https://arxiv.org/abs/2205.06282
https://doi.org/10.1103/PhysRevLett.126.061302
https://doi.org/10.1103/PhysRevLett.126.061302
https://arxiv.org/abs/2009.03337
https://doi.org/10.1103/PhysRevD.106.103039
https://arxiv.org/abs/2205.05129
https://doi.org/10.1103/PhysRevD.104.103003
https://doi.org/10.1103/PhysRevD.104.103003
https://arxiv.org/abs/2108.09886
https://doi.org/10.1016/j.physletb.2019.135088
https://doi.org/10.1016/j.physletb.2019.135088
https://arxiv.org/abs/1909.05225
https://doi.org/10.1088/1475-7516/2022/03/051
https://arxiv.org/abs/2111.14880
https://doi.org/10.1103/PhysRevD.104.123026
https://arxiv.org/abs/2110.02286
https://doi.org/10.1088/1475-7516/2024/02/038
https://arxiv.org/abs/2312.03839
https://doi.org/10.1103/PhysRevLett.133.021002
https://doi.org/10.1103/PhysRevLett.133.021002
https://arxiv.org/abs/2401.05278
https://arxiv.org/abs/2401.15247
https://ia600702.us.archive.org/30/items/nasa_techdoc_19650027161/19650027161.pdf
https://www-thphys.physics.ox.ac.uk/people/AlexanderSchekochihin/notes/PlasmaClassics/drummond_pines62.pdf
https://doi.org/10.1016/0003-4916(64)90205-2
https://doi.org/10.1103/PhysRevD.101.043009
https://arxiv.org/abs/1910.05682


S4

collective neutrino oscillations: Invariants and
reciprocity, Phys. Rev. D 107 (2023) 043024
[2301.09650].

[41] D. F. G. Fiorillo and G. G. Raffelt, Flavor solitons in
dense neutrino gases, Phys. Rev. D 107 (2023) 123024
[2303.12143].

[42] H. Nagakura, L. Johns and M. Zaizen,
Bhatnagar-Gross-Krook subgrid model for neutrino
quantum kinetics, Phys. Rev. D 109 (2024) 083013
[2312.16285].

[43] M. Zaizen and H. Nagakura, Fast neutrino-flavor swap
in high-energy astrophysical environments, Phys. Rev. D
109 (2024) 083031 [2311.13842].

[44] A. A. Schekochihin, Lectures on Kinetic Theory and
Magnetohydrodynamics of Plasmas. Lecture Notes for
the Oxford MMathPhys/MScMTP programme; URL:
http://www-thphys.physics.ox.ac.uk/people/

AlexanderSchekochihin/KT/2015/KTLectureNotes.

pdf, 2024.
[45] https://journals.aps.org/prl/supplemental/10.

1103/PhysRevLett.133.221004/SM.pdf. See
Supplemental Material for an introduction to the
quasi-linear approach in plasma physics, and a more
detailed derivation of the quasi-linear equations of
motion used in the main text. It includes Refs. [55, 56].

[46] D. F. G. Fiorillo, I. Padilla-Gay and G. G. Raffelt,
Collisions and collective flavor conversion: Integrating
out the fast dynamics, Phys. Rev. D 109 (2024) 063021
[2312.07612].

[47] J. Froustey, C. Pitrou and M. C. Volpe, Neutrino
decoupling including flavour oscillations and primordial
nucleosynthesis, JCAP 12 (2020) 015 [2008.01074].

[48] J. Froustey and C. Pitrou, Primordial neutrino
asymmetry evolution with full mean-field effects and
collisions, JCAP 03 (2022) 065 [2110.11889].

[49] P. H. Diamond, S.-I. Itoh and K. Itoh, Modern Plasma
Physics: Volume 1, Physical Kinetics of Turbulent
Plasmas. Cambridge University Press, 2010.

[50] L. Johns, Thermodynamics of oscillating neutrinos,
2306.14982.

[51] F. Capozzi, B. Dasgupta, A. Mirizzi, M. Sen and
G. Sigl, Collisional triggering of fast flavor conversions
of supernova neutrinos, Phys. Rev. Lett. 122 (2019)
091101 [1808.06618].

[52] Z. Xiong, M.-R. Wu, M. George, C.-Y. Lin, N. K.
Largani, T. Fischer and G. Mart́ınez-Pinedo, Fast
neutrino flavor conversions in a supernova: Emergence,
evolution, and effects, Phys. Rev. D 109 (2024) 123008
[2402.19252].

[53] H. Nagakura and M. Zaizen, Connecting small-scale to
large-scale structures of fast neutrino-flavor conversion,
Phys. Rev. D 107 (2023) 063033 [2211.01398].

[54] H. Nagakura and M. Zaizen, Time-Dependent and
Quasisteady Features of Fast Neutrino-Flavor
Conversion, Phys. Rev. Lett. 129 (2022) 261101
[2206.04097].

[55] D. F. G. Fiorillo and G. G. Raffelt, Theory of neutrino
fast flavor evolution. Part I. Linear response theory and
stability conditions., JHEP 08 (2024) 225 [2406.06708].

[56] D. F. G. Fiorillo and G. G. Raffelt, Theory of neutrino
fast flavor evolution. Part II. Solutions at the edge of
instability, 2409.17232.

https://doi.org/10.1103/PhysRevD.107.043024
https://arxiv.org/abs/2301.09650
https://doi.org/10.1103/PhysRevD.107.123024
https://arxiv.org/abs/2303.12143
https://doi.org/10.1103/PhysRevD.109.083013
https://arxiv.org/abs/2312.16285
https://doi.org/10.1103/PhysRevD.109.083031
https://doi.org/10.1103/PhysRevD.109.083031
https://arxiv.org/abs/2311.13842
http://www-thphys.physics.ox.ac.uk/people/AlexanderSchekochihin/KT/2015/KTLectureNotes.pdf
http://www-thphys.physics.ox.ac.uk/people/AlexanderSchekochihin/KT/2015/KTLectureNotes.pdf
http://www-thphys.physics.ox.ac.uk/people/AlexanderSchekochihin/KT/2015/KTLectureNotes.pdf
https://journals.aps.org/prl/supplemental/10.1103/PhysRevLett.133.221004/SM.pdf
https://journals.aps.org/prl/supplemental/10.1103/PhysRevLett.133.221004/SM.pdf
https://doi.org/10.1103/PhysRevD.109.063021
https://arxiv.org/abs/2312.07612
https://doi.org/10.1088/1475-7516/2020/12/015
https://arxiv.org/abs/2008.01074
https://doi.org/10.1088/1475-7516/2022/03/065
https://arxiv.org/abs/2110.11889
https://arxiv.org/abs/2306.14982
https://doi.org/10.1103/PhysRevLett.122.091101
https://doi.org/10.1103/PhysRevLett.122.091101
https://arxiv.org/abs/1808.06618
https://doi.org/10.1103/PhysRevD.109.123008
https://arxiv.org/abs/2402.19252
https://doi.org/10.1103/PhysRevD.107.063033
https://arxiv.org/abs/2211.01398
https://doi.org/10.1103/PhysRevLett.129.261101
https://arxiv.org/abs/2206.04097
https://doi.org/10.1007/JHEP08(2024)225
https://arxiv.org/abs/2406.06708
https://arxiv.org/abs/2409.17232

	Fast flavor conversions at the edge of instability in a two-beam model
	Abstract
	A. Quasi-linear saturation of plasma instabilities.
	B. Detailed derivation of the quasi-linear equations
	References


