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Fast flavor conversions at the edge of instability in a two-beam model
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A dense neutrino gas exhibiting angular crossings in the electron lepton number is unstable and
develops fast flavor conversions. Instead of assuming an unstable configuration from the onset, we
imagine that the system is externally driven toward instability. We use the simplest model of two
neutrino beams initially of different flavor that either suddenly appear or one or both slowly build
up. Flavor conversions commence well before the putative unstable state is fully attained, and the
final outcome depends on how the system is driven. The system generally sticks to the closest
state that is linearly stable, a conclusion that we prove for the first time using quasi-linear theory.
Our results suggest that in an astrophysical setting, one should focus less on flavor instabilities in
the neutrino radiation field and more on the external dynamics that leads to the formation of the

unstable state.

Introduction.—In dense neutrino environments, re-
fractive flavor exchange can occur on timescales much
faster than vacuum oscillations. These fast flavor con-
versions (FFCs) [1-7] have received widespread atten-
tion for their potential impact on the evolution of sources
such as core-collapse supernovae (CCSNe) and neutron-
star mergers (NSMs) [8-12]. A concrete evaluation of
their role is challenging, because FFCs happen on very
short length and time scales. One strategy simply relies
on consistency; one starts with a putative state obtained
in the simulation without FFCs and investigates its sub-
sequent behavior. If the system is stable, it was justified
to ignore FFCs.

However, the very interest in this subject derives from
the opposite finding, i.e., FFC instabilities seem to be
generic in numerical CCSN and NSM simulations [13-19].
Many recent studies try to understand what would be
the self-consistent solution in that they follow the post-
instability evolution of a simplified system of “neutrinos
in a box,” i.e., the temporal evolution of a homogeneous
neutrino gas with an FFC instability as initial condi-
tion [20-34]. However, the realism of such exercises is
unclear in the sense that the unstable state would not
form in the first place, as also discussed in Ref. [35]. A
more realistic formulation of the problem might be to
start with a stable configuration and slowly drive it to-
wards instability by some external agent. Presumably, as
soon as a weak instability first appears, FFCs will prevent
its full development. This formulation begs the question:
does the evolution toward the putative instability affect
the final outcome?

We here perform the first study to address this ques-
tion in the form of the simplest conceivable toy model.
It consists of two neutrino beams moving in opposite di-
rections with different flavor content, specifically one of
them initially consisting of v, and the other of v,. The
final outcome is expected to be some space-time varying
mixture, representing some sort of flavor equipartition

under the constraints of conserved quantities, at least
in the sense of an ensemble average for different initial
seeds for the unstable modes. The conventional approach
to the problem amounts to the sudden appearance of the
unstable configuration. We compare this with the more
realistic setting where one or both of the beams are built
by external feeding over timescales much slower than the
instability growth rate.

Our results show that in this second scenario the evolu-
tion is relatively simple to understand within the frame-
work of quasi-linear theory of the instability [36-38], in
which the small transverse oscillations of the polarization
vectors are treated linearly, but their non-linear feedback
on the space-averaged configuration is accounted for. If
slowly driven, the system on average tends to stick to the
closest stable configuration along its entire evolution. In
turn, this implies that the final outcome can systemati-
cally differ from the conventional sudden approach, and
may depend on the driving mechanism of the instability.

Two-beam model.—A simple system allowing for fast
flavor exchange consists of two counter-moving beams,
which we describe as a right-moving (R) beam with veloc-
ity v = +1 and a left-moving (L) one with v = —1. The
particle and flavor content is represented by the density
matrices p; (i = L or R), normalized to a fiducial neutrino
density ng such that the individual number densities are
n; = ng Tr p;. These are taken to be homogeneous and
therefore conserved when neutrinos stream freely. To be
specific, we always use ng = nr and n;, < ng. More-
over, we express the two-flavor content in terms of the
usual polarization vectors as p; = %(Pio 1+ E . 6’). We
also use the traditional angular moments P, = > v"P,
that here reduce to the polarization vector for the den-
sity, ]30 = ﬁR + ]3L, and one for flux P, = ﬁR — P.. The
equations of motion (EOMs) are

8tﬁR =+ 8T]3R = (ﬁo — ﬁl) X ﬁR, (18,)

6‘t}3L — 8rﬁL (ﬁo -+ ﬁl) X ﬁL, (1b)
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where all variables depend on ¢ and r. (Notice that
we denote the spatial variable along the beam with 7,
whereas x, y, and z denote directions in flavor space.)
The neutrino-neutrino interaction strength was absorbed
in the units of space and time, leaving the equations with-
out dimensionful scale. In terms of global properties,
the space-averaged density (ﬁ()) is conserved, whereas the
space-averaged flux (P;) evolves nontrivially.

This setup is identical to the one for our recent study of
energy nonconservation [34] and once more, we consider
FFC between two flavors v, and v,,, completely avoiding
antineutrinos in the discussion. As initial condition we
use P{ = (g = +1 (meaning v.) and Pf = (;, < 0
(meaning v,,) and vanishing -y components except for
small initial seeds. The homogeneous mode of a two-
beam setup is always stable, and even for multiple beams,
a purely homogeneous mode evolves in a simple periodic
way due to many nontrivial conserved quantities [39-41].
Thus, the instability necessarily entails a spontaneous
breaking of homogeneity.

Numerical solution for the sudden case.—The
traditional approach was to assume an unstable config-
uration as an initial condition, i.e., the beams appear
suddenly and then evolve. As a first example we con-
sider this sudden case for a symmetric initial setup with
(r =1 and (1, = —1. We solve the EOMs numerically in
a periodic box of length L = 300, implying Fourier modes
kn, = 27n/L, and we provide small Gaussian seeds for
the modes with n < 100 [34]. The nearly homogeneous
initial system becomes inhomogeneous with disturbances
cascading to ever smaller scales. However, the amplitude
appearing at large k is exponentially suppressed, allow-
ing one to use a numerical scheme that damps small-scale
perturbations and thus reaching larger overall integration
times. We use a pseudo-spectral approach where the ad-
vection term in Eq. (S13) is solved in Fourier space, the
nonlinear term in coordinate space with a resolution of
2500 grid points. At each step we suppress all modes with
|k| > Emax = 17 to avoid numerical small-scale instabil-
ities to develop. We have tested that different values of
the cutoff, even with ky.x = 40, do not change the large-
scale behavior of the solution.

As expected, the two beams quickly exchange flavor as
measured by the box-averaged (P7) and (Pf§) shown as
dashed and solid gray lines in the right panel of Fig. 1.
Because (Pf)+(Pg) is conserved, these curves are identi-
cal up to a sign. The curves keep oscillating without ap-
parent further damping, i.e., their oscillatory power does
not dissipate to ever smaller scales as mentioned earlier.
Moreover, the asymptotic behavior does not approach
complete equipartition—each beam retains a small ex-
cess of its original flavor.

Our second generic case is that of asymmetric beams
with (g = 1 and ¢, = —1/2. The solution for the sudden
case is shown as dashed and solid gray lines in the left
panel of Fig. 1. Once more, flavor exchange is fast and

at late times, the solutions oscillate around (Pg) ~ 1/2
and (Pf) ~ 0, with no apparent offset from these ex-
pected equilibration values. The general lesson is that
the weaker beam reaches equipartition, which mirrors the
conclusions obtained for continuous angular distributions
in periodic boxes, namely that the nonlinear evolution
entails a removal of the crossing [21-23, 33, 42]. The use
of periodic conditions may directly impact this conclu-
sion [33, 43], although in our case the times over which
the distributions relax are much shorter than the light-
crossing time of the box. Thus, the periodicity is not
affecting our results, while of course the choice of a quasi-
homogeneous initial condition is relevant in determining
the final outcome.

Slow appearance.—Our main interest concerns the
possible changes if one or both of the beams appear
slowly. To this end we assume, e.g., that initially
PL(0,7) = 0 and we include on the right-hand side of
Eq. (S13b) a homogeneous source term P7 = CL/tmax for
the period 0 < ¢ < tyax and zero for larger ¢ when the
beam would have reached the equivalent sudden value;
specifically we use tp.x = 240. With this feeding pro-
cedure, the spatial average (FP§) is unaffected by flavor
exchange and simply grows with the rate (r,/tmax. We
consider three different cases: (SL) the L beam grows
slowly, the R beam is present from the start. (SR) The
opposite case. (SB) Both beams grow slowly over the
same time scale ¢y, to their final densities (1, r.

The evolution is quite different when the instability is
slowly driven. Generally, as soon as the system leaves
the stability region even slightly, the polarization vec-
tors quickly saturate to the closest configuration that is
linearly stable while conserving (P§). For asymmetric
beams (left panels of Fig. 1) this is most easily seen for
the SL case (red lines), where the L beam is slowly fed
muon neutrinos, but P7 never actually grows, oscillat-
ing around 0 with small oscillation amplitudes (solid red
line). The average properties of the final state after the
feeding has stopped are similar to the sudden case, ex-
cept that the asymptotic oscillations around the mean
are of much smaller amplitude.

For SB, the situation is quite similar. Even though
both beams are fed simultaneously, R is always stronger
than L because of faster growth, and therefore, L always
sticks on average to equipartition (green lines). The final
configuration is similar to the SL case.

The most intriguing case is SR, where initially the R
beam is empty, so it is the one that is brought on average
to equipartition. When the feeding reaches a point where
R would have become stronger than L, were it not for the
fast conversions, the system sticks to the closest stable
configuration where (Pf) ~ (P%) and grow together. Af-
ter feeding stops, this leads to a completely different final
configuration with (P7) ~ (Pf) ~ 0.25. We reach the in-
triguing conclusion that the final outcome depends mot
only on the putative unstable configuration, but also on
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FIG. 1. Evolution of box-averaged quantities, for the asymmetric (left panels) and symmetric (right panels) beam configuration,
dashed lines for the R beam, solid ones for L. The sudden case in gray, the slow feeding cases SL, SR and SB in the indicated
colors. The main panels show the flavor evolution in the form of the box-averaged (Pf), the top panels the average squared

length (]5;-2>, not shown for the sudden case where it is conserved. The blue lines in the asymmetric case show that a different

asymptotic result obtains in the SR case relative to SL and SB.

the history with which that configuration is realized. This
is our main conclusion.

For symmetric beams, the SL and SR cases are analo-
gous and in all cases, equipartition is reached except for
a small offset in analogy to the sudden case.

The EOMs of Eq. (S13) conserve |P;(r,t)| along tra-
Jectories, implying that for each beam, the spatial aver-
age (Pf) is conserved. In contrast, when one of the two
beams is slowly driven, (P2) never grows to the value it
would have reached if FFC would not happen during in-
jection. This behavior highlights that the density matrix
for each beam represents a large ensemble of individual
neutrinos with different energies and slightly different di-
rections that decohere relative to each other while FFCs
happen. We show the evolution of (P2) in the upper
panels of Fig. 1 and conclude that for the slowly growing
beams, the average length remains very small, explain-
ing the smaller amplitude of the final-state oscillations.
In the sudden case, FFC only consists of the polarization
vectors attaining random directions, whereas their length
remains conserved on a trajectory.

Quasi-linear analysis.—Our numerical examples
suggest that the system always sticks to the closest lin-
early stable configuration, except in the special case of
symmetric beams where (P§) = 0 and small deviations
from this rule are seen in that the final state shows a
small offset from flavor equilibration. Here we show that
this simple conclusion actually descends directly from a
quasi-linear treatment of the instability [36-38, 44]; see

our Supplemental Material [45] for an introductory ex-
position of this framework in plasma physics.

Since in all our examples the feeding is much slower
than FFC, and the numerical results suggest that it al-
ways stays close to a stable configuration, we consider
our system initially in a slightly unstable configuration
with no feeding. It will be convenient to frame the dis-
cussion in terms of the moments B, and Pl, initially,
Pii(t=0,2) = (o1 = (r £ - H[G] 2 [Col, the system
exhibits some unstable eigenmodes. A k mode is unsta-
bleif k1 < k < ko, where k1 2 = (r, — (R F2v/—(r.(r. The
corresponding eigenfrequencies are wy = wg + iy, where
the precession frequency wg = —(r, — (g does not depend
on k and the growth rate is v = +/(k — k1)(k2 — k).
In particular, the maximum growth rate is attained for
k= —C( = (kl + kz)/2 and is ¥ = 2v/—(L(gr =
(k2 — k1)/2 [34]. This frequency, complete with its
real part and expressed in terms of (; and (7, reads
W=wy+ 1y = —Co+i\/(} — ¢} as mentioned earlier.
Thus if \/(? —(Z < |Co|, we can consider the growth
very slow and the system nearly stable. Under this con-
dition, we may study the evolution by separating it into
a background which changes slowly, over times of order
71, and a fluctuating part changing rapidly, over times
of order wy L. The tenet of the quasi-linear approxima-
tion we propose here is that the fluctuating part remains
much smaller than the background.

In practice, we perform the separation by defining the
background as the spatial average Py1(t) = (P (t,7)).



In principle, one could rather define it as an ensemble
average over initial conditions; if the latter are randomly
sampled as in our numerical examples, such an average
will be homogeneous, leading to identical results. Fur-
thermore, the symmetry of the initial conditions ensures
that the background solution has all polarization vectors
aligned with the z axis. In linear theory, Py 1(t) would be
assumed to be constant; here we account for their slow
change induced by the fluctuating part.

The latter is described by the transverse components
You(t,r) = P§y + iFg,; small fluctuations could also
affect the z component, but they appear at higher order
and are therefore neglected in quasi-linear theory. It is
more convenient to use the Fourier transform ¢ 1 (¢, k) =
fOL drpo1(t,r)e=*". The fluctuating part evolves with
the linear EOM

Ao + ikipy = 0, (2a)
Othy +ikio = 2i | Pothy — PN/NJO} . (2b)

Differently from conventional linear theory, here Py 1(%)
evolve according to the quasi-linear equation

atPO =0, (3&)
P = i) [do(t k)G (t k) = Uty (8, k)] (3b)
k

A more detailed derivation of these equations is given
in the Supplemental Material [45]. This approximation
is in a sense reminiscent of the slow-dynamics equation
we derived elsewhere [46] (see also Refs. [47, 48]), where
the fast dynamics admits some solution; in that case the
slow dynamics was driven by collisions, whereas here it
is driven by the growth of the instability.

The exact solution for 1@0,1 is nontrivial, because the
background evolves. However, since the growth rate is
very slow, we can use the WKB approximation that each
eigenmode of linear stability analysis evolve in time with
the factor e~ /o @) where wy,(t) = wo(t) + ive(t) is
the frequency of the eigenmode. We can keep only the
unstable eigenmodes with ~5 > 0, which are the only
ones that grow to a considerable level. From Eq. (S14),
for these eigenmodes we have ¢ = wi 1)y /k. Substituting
in the equation for P;, we find

Py =23 1P (4)
k

k

where Py (t) = |1ho(t, k)|*> measures the power in the un-
stable eigenmode. Its evolution is then determined by
the WKB approximation as

0sPr, = 271 Py (5)

These EOM completely determine the quasi-linear evo-
lution. However, to get a qualitative feeling about their

predictions, we can simplify them even further assum-
ing that only the most unstable eigenstate contributes.
As mentioned earlier and following Ref. [34], this corre-
sponds to k = —P; with 47 = 24/P2 — P2. Denoting by
P = Py, we find the two coupled equations

4,/P2% — P?
atplz—liop, 0P =44/ P} — P}P. (6)

Py

While this approximation has no pretense of a detailed
description, given the neglect of many unstable states, it
clearly shows the qualitative trend: the only fixed point
is |Py| = |Po|. Thus, quasi-linear theory predicts that
after initialization, the system evolves towards the closest
state that is linearly stable, exactly as in the numerical
experiments.

The predicted quasi-linear evolution would be quan-
titatively accurate in those cases where the amplitude
of the fluctuations 1)y ; remains small, i.e., when the in-
stability is very weak and a small change is enough to
remove it. However, even when the amplitude does grow
large, quasi-linear theory correctly predicts the qualita-
tive trend, a feature well known from its application in
plasma physics (see, e.g., Ref. [49]). Indeed, in all of our
models, both sudden and slow, the prediction |P;| = | Pp|
is correctly verified, with the only exception of the asym-
metric model SR. The reason is that for this model the
evolution passes through a point where Py ~ 0. In this
case, the real part of the eigenfrequency wy = —FPy ~ 0,
so there is a breaking of adiabaticity where the eigen-
modes grow faster than they oscillate. The WKB approx-
imation cannot be applied, and therefore the predictions
of quasi-linear theory cannot be trusted, and indeed they
fail for this special case.

Discussion.—The present work was prompted by the
large hierarchy of timescales between the mechanisms
that drive a system towards an unstable state, and the
much more rapid relaxation induced by FFC. Thus, start-
ing from a strongly unstable configuration is never rep-
resentative for a real physical system. Our numerical
experiments have shown that, indeed, if the mechanism
inducing the instability is slow, the asymptotic final state
can differ significantly compared to the “sudden” appear-
ance of the instability, a more conventional scenario in the
literature. In both cases, the system tends to stick to the
closest configuration which is stable in linear analysis;
qualitatively, for our two-beam setup this corresponds to
equipartition for one of the beams. However, the am-
plitudes of the oscillations around this state are much
smaller for the more physical slow approach to the insta-
bility. Most importantly, the history of how the instabil-
ity develops influences even the average properties of the
final state if there is a crossing of a configuration with
P§ =0, as in our SR model.

The idea of the instability as driven by a slowly-varying
external agent was previously discussed in Refs. [35, 50]



in the context of miscidynamics, a thermodynamical the-
ory of the neutrino final state. The main assumption of
this theory is that the space-average of the neutrino den-
sity matrix would relax to a thermal form. Under this
assumption, the external change was proposed to act as
an adiabatic transformation on the neutrino flavor con-
figuration. Our treatment is independent of this assump-
tion, which at present remains speculative, and looks at
the practical evolution of the system in the slowly vary-
ing setup. The separation of the neutrino flavor field into
a spatially slowly-varying and a rapidly-varying part is
common both to our quasi-linear approach and to the
miscidynamics one, but the two approaches differ in the
properties of the slowly-varying part, which we do not
predict or assume to be thermalized.

In numerical simulations, the role of a slow driving
mechanism is sometimes implicit in the collisional term
slowly forging the neutrino angular distribution, see e.g.
Refs. [51, 52]. Here we reduce the driving mechanism
to its most schematic features, to obtain a clean setup
where its role comes out the clearest. Our conclusion is
that the system always stays close to linear stability.

This simple conclusion is consistent with previous find-
ings that the conversions tend to remove the angular
crossing [21-23, 33, 42, 53, 54], which in our language
corresponds to one of the two beams reaching equipar-
tition. However, at this stage this statement should be
regarded as empirical; despite sounding natural, it is ac-
tually highly nontrivial, since the system tends towards
a linearly stable state after entering nonlinear dynam-
ics. For the first time, we provide an analytical explana-
tion of this phenomenon, using quasi-linear theory typ-
ically applied to plasma systems [36-38]. For the cases
where P§ = 0, quasi-linear theory cannot be applied, be-
cause the unstable eigenmodes are not precessing at all,
and indeed our numerical experiments show that for this
case full equipartition is not obtained in either of the two
beams. For the two-beam case, the outcome of this the-
ory is nontrivial but very simple, since the stable angular
distribution always corresponds to one of the two beams
in equipartition.

An extension of this theory for a continuous distribu-
tion of neutrino velocities would be of great practical use,
describing the nonlinear evolution of the systems close to
stability in an essentially analytical way. We leave this
challenging question for future work, which could poten-
tially shed light on what is the exact final state driven
by fast conversions in these simple systems.
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Supplemental Material for the Letter
Fast flavor conversions at the edge of instability in a two-beam model

We briefly introduce quasi-linear methods in plasma physics, where they were first applied, and we provide more
details on the derivation of the quasi-linear equations of motion used in the main text.

A. Quasi-linear saturation of plasma instabilities.

In this section, we review the historical derivation
of the quasi-linear treatment of plasma instabilities to
provide some introductory background. The physical
origin of this instability is the spontaneous emission
of Cherenkov waves from resonant electrons moving in
phase with the wave, as we have reviewed in Refs. [55, 56].
The system is thus described by the coupled equations
of motion for the electron distribution function and the
electric field self-consistently generated by the electrons.
We write the phase-space distribution function for the
electrons F'(t,r,v); its evolution is ruled by the Vlasov
equation

oF +v-o.7+ B 5 (S1)

Me

where e and m, are the electron charge and mass respec-
tively, and E[F] is the electric field associated with the
distribution function, to be obtained from the Poisson
equation

Oy - E[F] = e/d3v F(r,r,v) —en,, (S2)

where the last term on the right is the charge density of
the ions, exactly canceling the total charge of the elec-
trons.

The quasi-linear scheme consists of a separation in the
distribution function F(t,r,v) = ne [fo(t,v) + f(t,r, V)],
similar to the linearized analysis we reviewed in Ref. [55].
However, the physical nature of the separation is now
different; the space-dependent part f is not necessarily
small — although it needs to be if the quasi-linear ap-
proximation is to be accurate — but is separated by spa-
tial averaging, such that the average over small distances
(F) = nefo. The separation operator using the spatial
average depends on the assumption of homogeneity of
the initial unperturbed condition, but may more gener-
ally be realized as an average over the ensemble of the
initial perturbations seeding the instability; the results
are identical in this case. Notice that the electric field
is produced only from the fluctuation, i.e. E[nfy] = 0,
since the charge of the homogeneous electron distribu-
tion is exactly canceled by the ion charge density.

After replacing this expansion in the Vlasov equation,
we can now separate the terms slowly varying in space,
and the ones rapidly varying. Among the former, we
must include the spatial average of the non-linear term,

so that we may write

ene

O fo+ —0y - (E[f]f) = 0. (S3)

Me
In the rapidly-varying terms, we are going to keep only
the terms linear in f, in agreement with the assumptions
of quasi-linear theory. Therefore, we recover the linear
equations also obtained in Ref. [55]

Ouf +v-Ouf + %avfo “E[f] =0. (S4)

We expand this in spatial Fourier components as f =
>k fke™ T, and introduce the notation E[fi] = Ex, so
that

e B fo - Ex = 0. (S5)

Me

atfv + ik - vfx +

In the quasi-linear framework, the function fy changes
in time. However, we now assume that this temporal
evolution is much slower than the characteristic frequen-
cies of the fluctuating part f. Therefore, at every instant
we can treat fp as approximately constant, and use the
results reviewed in Ref. [55]. The asymptotic temporal
fx evolution is then determined by the characteristic fre-
quencies wy that solve the dispersion relation

7% dgvk‘avf()(v)

1:
k2 wx —v-k’

(S6)
where wp is the plasma frequency and wx = wf + ik
is generally complex. These frequencies determine the
asymptotic temporal evolution. From Eq. (S5), we find

1€Ne

f=

— Ey - Oy fo, S7

me(wk — k- v + ie) k- Ovfo (87)
where the ie prescription is introduced explicitly to main-
tain causality. We now replace this solution in Eq. (S3)
and perform the spatial average. Assuming isotropy, we
may use

(ELEL) = EL0ij0kx, (S8)

where i is the spatial component of the vector Ey. There-
fore, we find

Ocfo — Oy - [D(V)0y fo] =0, (S9)
where we have introduced the diffusion coefficient
ie?n? E?
D(v) = € k ) S10
) m2 wx —k-v+ie (510)

k



In the sum, we can keep only the unstable eigenmodes,
which are the ones that grow in time to a sizable degree;
furthermore, since the result must be real, we can write

D(v) + D*(v)

D(v) = 5
e2n2 e
= ¢\ Ef . (S11)
mZ 4 W) —k-v)2 492

This equation must be complemented by a corresponding
one for the time evolution of the fluctuating electric field

0 E} = 2 Ei. (S12)

Together, these equations provide a complete description
of the saturation of the instability in the quasi-linear ap-
proximation. We do not review here the application of
these equations to a concrete problem, e.g. the historical
solution of the bump-on-tail instability [36-38]; we refer
to textbook references, e.g. Ref. [44], for a more detailed
treatment of these topics.

B. Detailed derivation of the quasi-linear equations

We now provide more details on the derivation of the
quasi-linear equations discussed in the main text. We
start from the exact equations of motion (EOMs) for the
polarization vectors introduced in the main text and here
reproduced for convenience

(S13a)
(S13b)

8:Pr +0,.Pr = (Py— P,) x Pg,
8t13L78r13L = (ﬁo+ﬁ1) XﬁL.

These equations can be spelled out in components, sep-
arating the longitudinal ones Py p and the transverse
ones, the latter conveniently packed into a single com-
plex variable ¢, g = P’ + 4P 3. As in the main text,
we introduce the two moments of the distributions as
]3071 = I3L + ﬁR, and analogously for the separate com-
ponents P* and v, finding

0o + Oty = 0, (S14a)
1 + 0o = 2i (Fgapr — Pivho),  (S14b)
and

OP; +0,.Pf = 0, (S15a)
O Pf + 0.5 = i (o] —h1ig) . (S15b)
The Fourier components ]3L7R = fOL drPy g (t,r)e k"

then obey the equations
Ao + ik = 0, (S16a)

Ouy + ko = 20 30| Pt k) (t,k — k)
k/

- Plz(t7 kl)iO(t k — k/) ) (Sle)

S2

and
0P +ikPf = 0,
OP; +ikP; = i |Gt K)ot K — k)
k/

— gt k)P (t, k' — E)|. (S17b)

(S17a)

These equations are exact. The crux of quasi-linear the-
ory is the separation of the solution into a slowly-varying
background and a fluctuating part. In our problem, given
the symmetries of the initial condition, the background
solution can be obtained directly as the spatial average
of the z component of the polarization vectors, so we in-
troduce Py 1(t) = (Pg(t,7)), which coincides with the
Fourier component with & = 0. The fluctuating part of
the solution, in quasi-linear theory, is taken to be small
enough that it can be linearized. Therefore, it coincides
with the transverse components v 1 (¢, ) only, since the
fluctuating part of the z components is of higher order.
After performing this separation, we can now write
the EOM for Py as the k = 0 component of Egs. (S17),
obtaining the equations reported in the main text

0Py = 0, (S18a)

OPy = i [dolt k)DL (E ) — Gt K (¢, )| .(S18D)
k

For the fluctuating part, we only need to replace in

Eq. (S16) the z components F§,(t,r) with their back-
ground value Py i, obtaining

3#% + iki/zl
Ophy + ikiby

07 (5193)
2 | Py —Plz/io} . (S19b)

This finally leads to the quasi-linear EOM reported in
the main text, where we detail our approximate method
of solution following the same strategy traditionally ap-
plied in plasma physics and reviewed in Sect. A.
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