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Collective neutrino-antineutrino oscillations in dense neutrino environments?

Damiano F. G. Fiorillo®,' Georg G. Raffelt®,? and Giinter Sigl®®
'Niels Bohr International Academy, Niels Bohr Institute, University of Copenhagen,
2100 Copenhagen, Denmark
*Max-Planck-Institut fiir Physik (Werner-Heisenberg-Institut),
Boltzmannstr. 8, 85748 Garching, Germany
3Universitiit Hamburg, II. Institut fiir Theoretische Physik, 22761 Hamburg, Germany

® (Received 14 January 2024; accepted 30 January 2024; published 20 February 2024)

The paradigm-changing possibility of collective neutrino-antineutrino oscillations was recently
advanced in analogy to collective flavor oscillations. However, the amplitude for the backward scattering
process vy, Uy, p,Vp, 18 helicity suppressed and vanishes for massless neutrinos, implying that there is
no off-diagonal refractive index between v and v of a single flavor of massless neutrinos. For a
nonvanishing mass, collective helicity oscillations are possible, representing de facto v — v oscillations in
the Majorana case. However, such phenomena are suppressed by the smallness of neutrino masses as

—> U

discussed in the previous literature.
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I. INTRODUCTION

In a series of papers [1,2], Sawyer has advanced the
potentially paradigm-changing idea that dense neutrino
environments could spawn collective neutrino-antineutrino
oscillations. Ever since Pantaleone’s seminal paper [3] it
has been understood that neutrinos of different flavor can
evolve collectively, where the effect originates from a
flavor off-diagonal refractive effect that exists in a gas
consisting of neutrinos or antineutrinos that are coherent
superpositions of different flavors. If we substitute the
attribute flavor with the attribute lepton number, then one
may think that a similar effect could obtain in a single-
flavor gas of v and 7.

In the limit of massless neutrinos and concomitant
absence of flavor mixing, the phenomenon of fast flavor
conversion still opens the possibility of large flavor coher-
ence building up [4-6]. In particular, fast pair conversion of
the type v,U, — v, U, can obtain without flavor-lepton
number violation. The corresponding classical instability
(meaning an instability of the mean field) depends on a
nontrivial angle distribution, which is why it had been
overlooked for a long time until it was recognized by
Sawyer [4]. The simplest toy model is a homogeneous
system with a minimum of three beams [7-9] (see also
Ref. [10] for a four-beam model), which is easily
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understood. Two-flavor dynamics corresponds to flavor
isospin dynamics and flavor conservation to angular
momentum conservation. With only two beams, there are
only two flavor spins, total angular momentum is conserved,
thus leaving only one dynamical variable and only a simple
precession around the conserved angular momentum. With
three beams (now each thought of as spins), one retains the
possibility of pair-wise flips of the spins without changing
total angular momentum.

Many years ago, two of us have derived a kinetic equation
for flavor-mixed neutrinos [11]. (See Refs. [12,13] for other
early derivations.) These often-used equations allow for fast
flavor conversion, even if the fast flavor instability had not
yet been discovered. On the other hand, terms corresponding
to the possibility of v — U coherence were left out from the
start. Our argument was that such correlations would violate
lepton number and thus would not build up if there was no
lepton-number violation in the system and the initial state
had no such correlations. With hindsight, this argument was
incomplete because by the same token one might have
excluded flavor conversion without neutrino masses and
mixing. We ignored the possibility of a classical instability
that might build up such correlations even from a mini-
mal seed.

In this sense, a similar fast conversion effect could arise
in the single-flavor v — U system without violating global

1Sawyer finds an instability even for two beams, but this is
caused by an algebraic error. In Eq. (4) of Ref. [1], the right-hand
side of the third and fourth lines should carry a minus sign. For
any occupation of his beams, the eigenvalues are real and do not
show exponential growth.
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lepton-number conservation. If there was a classical insta-
bility, correlations could build up, and neutrinos and
antineutrinos could be shuffled between different energies
and directions with potentially important effects in neu-
trino-dense environments [1,2]. Such effects would require
off-diagonal refraction, i.e., a suitably prepared background
medium needs to mix v with 0. However, the left-handed-
ness of weak interactions implies that in the massless limit,
helicity plays the role of lepton number, which is why it is
so hard to distinguish Dirac from Majorana neutrinos—
observable differences disappear with vanishing neutrino
mass. By the same token, a v — v transition requires a
helicity flip. It is helicity playing the role of lepton number
that nixes the analogy to the flavor case as we will see.
Some of these questions were already addressed by
several groups a few years ago, framed as the question of
helicity oscillations, always finding that these effects are
suppressed by the smallness of neutrino mass [14-21]. For
the Majorana case, these studies correspond to the question
of v — D transitions in a polarized neutrino background. As
we will see, the same conclusion pertains to the Dirac case,
in the sense that, in the massless limit, no v — U transition
can be prompted by a polarized neutrino background.

II. OFF-DIAGONAL REFRACTION

To show this suppression in the most direct way, we are
inspired by Friedland and Lunardini [22] to frame the
question as illustrated in Fig. 1. We consider a test neutrino
with flavor a crossing a background beam and ask under
which circumstances it emerges in a different flavor state b?
If the background consists of a statistical mixture of
neutrinos with flavors a or b, it is possible that the test
neutrino collides with a v;, and they can exchange momen-
tum. This would happen with a rate proportional to G2
times the density of background neutrinos, which we call a
“hard collision.” For a coherent effect on the refractive
level, proportional to Gg, many such elementary events

Background
Va l Va
—_— —
] !
Va Vb
cos a v, + sina vy,

FIG. 1. Test neutrinos with attribute a crossing a background of
neutrinos with a statistical mixture of attributes a and b, or a
coherent superposition. (Setup and figure inspired by Friedland
and Lunardini [22]).

need to add coherently as explained by Friedland and
Lunardini. However, no refractive effect obtains if there is
no elementary hard scattering process that could produce
the same result of a v, emerging with the same momentum
as the original v,. In addition, the background neutrinos
need to be in a coherent superposition v, = cosav, +
sinav,,, producing a flavor off-diagonal refractive effect.
The test v, slowly develops a v, component and emerges as
a coherent v, — v, superposition. Whereas in the hard-
collision case, the modified flavor comes at the expense of
one specific background neutrino, it here derives from the
entire medium that changes its own coherent flavor state by
a small amount. The entire medium “recoils” in flavor
space, not a single neutrino of the medium.

To see this effect more explicitly we observe that the
refractive potential of a neutrino in a background of its own
flavor is twice that in a background of a different flavor,
owing to the final-state exchange amplitude that arises for
identical flavors. If the background is prepared in the
coherent superposition v, = cosav, + sinav, we may
expand the test neutrino v, in terms of v, and the
orthogonal flavor mixture vy, with v, feeling twice the
refractive effect of vy, so these two propagation eigenstates
develop a phase difference, leading to the appearance of a
v, component of the original v,.

If the background consists of antineutrinos and the test
particle is still a neutrino, then the outcome is analogous if
the background medium is in a coherent superposition
v, = cosav, + sinav,. Once more we can expand the test
v, in its v, and v, components. The forward-scattering
amplitude of a v in a ¥ bath of its own flavor is twice that of
a different flavor, although the factor of 2 here arises
not from an exchange amplitude, but from the option of
v — v proceeding through Z° exchange (¢ channel) or
through the s channel v — Z° — vi. The elementary
process that causes the refractive effect is the s channel
v v, = Z° = v, that allows a v, to emerge with the
momentum of the original v,,. The conclusion is the same as
for a background of neutrinos, due to the crossing sym-
metry which connects the s-channel process with the
u-channel vv — v process. For a coherent refractive effect
to appear, once more it is not enough for the background
medium to contain 7, but we need a coherent superposition
of both flavors.

If the background consists of neutrinos, the largest hard-
collision effect obtains if the background is purely v,
whereas if it consists of antineutrinos, the incoherent effect
is largest for a pure 7, background. In both cases, the
largest refractive effect obtains if the background is an
equal superposition of both flavors. All of this follows from
the usual equations or from the detailed microscopic
discussion of Friedland and Lunardini [22].

The situation is different if we consider active-sterile
conversion, where a stands for an active flavor and b for a
hypothetical sterile one. If the background is once more a
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statistical mixture, v, cannot emerge as v, because the
scattering cross section with a sterile neutrino vanishes.
Even if the background has been prepared in a coherent
superposition, there is no off-diagonal refractive effect, the
test neutrino cannot emerge in the sterile flavor by coherent
or incoherent interactions. Of course it could oscillate
driven by active-sterile vacuum mixing and a mass differ-
ence, but this is a different effect.

III. NEUTRINO-ANTINEUTRINO
BACKWARD SCATTERING

We now turn to our real question, what happens if the
attributes a and b stand for v and v of one flavor. Let us
again consider a statistical mixture of v and ¥ in the
background. Can v emerge as v after a hard collision?
Certainly v and 7 have a nonvanishing scattering cross
section. However, our question is narrower because we
want the participants to exchange momenta (effectively
backward scattering), so that o emerges with the momen-
tum of the original v. However, the cross section for such a
collision vanishes for massless neutrinos.

This is seen most easily if we observe that the interaction
v(py) + o(p2) = v(ps) + o(p;) can be viewed in the
center-of-mass (CM) frame instead of the lab frame, so
we may assume p; = —p, and the two particles collide
head on. For vanishing mass, helicity is invariant under
Lorentz transformations and so they must have opposite
helicity, meaning equal spin along the beam direction
(Fig. 2). After an exchange of momenta, their spins must
be flipped to recover left-chiral states. However, angular
momentum along the beam direction is conserved, so the
amplitude for this process must vanish.

The vanishing of this amplitude implies that there is no
elementary process to produce a ¥ moving in the same
direction as the original v and consequently, there is also no
refractive effect of this type. While our simple helicity
argument explains directly why this amplitude must vanish,
the same can be shown more formally in the lab frame (see
Appendix A).

v :~4':>va > Va

V=

>V Vphe > Vg

FIG. 2. CM-frame neutrino scattering with momentum ex-
change (backward scattering), with gray arrows indicating their
spin, initial state top, final state bottom. Left: v — U scattering,
which has vanishing amplitude because the total angular mo-
mentum would have to be flipped even though it is conserved.
Right: left-handed neutrinos of different flavor, which has non-
zero amplitude. The total angular momentum vanishes before and
after the collision.

IV. NEUTRINO-ANTINEUTRINO
REFRACTION

A test v in a bath of same-flavor v feels the usual weak
potential, whereas in a bath of 7 it feels the same potential
with opposite sign, all of which is the usual neutrino-
neutrino refractive effect. Therefore, if we prepare a test
beam in an equal coherent superposition of v and 7z, this
amounts to linear polarization because v and  correspond
to circular polarization, the usual helicity states. If this
linearly polarized test beam propagates in a medium of pure
v, then the two circular polarization components develop
different phases and hence the linear polarization turns
along the test beam in analogy to a linearly polarized
photon beam in a birefringent medium. This could be a
sugar solution which has handedness built into the
molecules, allowing the isotropic medium to distinguish
between the two photon helicities. The same happens here
for neutrinos. Therefore, the chirality of a neutrino medium
produces an analogous birefringence effect.

On the other hand, in the previous section we have
concluded that in the opposite situation of a v propagating
in a background beam of, say, linearly polarized neutrinos
(an equal coherent superposition of v and v) will propagate
as in vacuum. It is blind to the coherence of the linearly
polarized background and can only see the sum of the
potentials produced by the populations of background v
and o, irrespective of this being a statistical mixture or a
coherent superposition.

There is no contradiction in this seemingly asymmetric
behavior. Both neutrinos and antineutrinos have a non-
vanishing forward-scattering amplitude on the background
states, the amplitudes are different, and so the two compo-
nents develop a phase difference. In the opposite case of a v
propagating in a nontrivially polarized background, there is
no elementary amplitude that would allow it to flip its
helicity. We make the absence of such an off-diagonal
refractive component more formally explicit in Appendix B.

V. CONCLUSIONS

We have presented simple arguments to explain that
v — v coherence cannot build up, in contrast to fast flavor
oscillations, not because of lepton-number conservation,
but because of the helicity structure of the wu-channel
amplitude of v — U forward scattering. This conclusion is
opposite to the one reached by Sawyer [1,2], the difference
arising from an incorrect u spinor in his Dirac algebra (see
Appendix A).

As a more general comment, a neutrino gas initially
consisting of an equal mixture of v, and v, will chemically
equilibrate by normal collisions (at the order G2) to a three-
flavor mixture. For appropriate angular distributions that
engender a fast flavor instability, this process will be
accelerated on the refractive level (order Gpg), but the
phase-space restrictions of forward scattering will not
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easily allow for true equilibration, although some form of
flavor equipartition may obtain, see, e.g., Refs. [23-30]. If
the initial mixture consists of v, and v, with distinct energy
distributions and a suitable angle distribution, once more
fast flavor instabilities can accelerate the equipartition
among energies that eventually arises anyway on the
collisional level, i.e., fast flavor instabilities are not limited
to the simplest example of pair conversion.

Likewise, any energy and angle distribution of massless
v and U will preserve lepton number due to the left-
handedness of weak interactions where helicity plays the
role of lepton number. Collisions will equilibrate this
distribution among energies. The main difference to the
fast flavor case is that this process cannot be accelerated by
refractive effects.

For neutrinos with nonzero mass, collisions populate the
sterile neutrino helicities in the Dirac case, and equilibrate v
with 7 in the Majorana case. Both effects can also arise on the
refractive level, which in the Majorana case amounts to v —
oscillations. These questions were investigated a few years
ago by several groups [14-21], and it was found that they
involve a neutrino mass factor, in concordance with the pede-
strian arguments presented here. Therefore, a “fast flavor”
acceleration is not possible for either the Dirac or Majorana
case. The rate of collective neutrino-antineutrino oscillations
must always vanish with vanishing neutrino mass.
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APPENDIX A: AMPLITUDE
FOR v(py) +¥(p2) = v(p2) +¥(p1)

In the main text we have argued on elementary grounds
that the amplitude for the u-channel forward-scattering
process (exact backward scattering) v(p;) + o(p,) —
v(p,) + (p;) must vanish. The same result can be found

U, Py U,ps =Py

v, Py U,py =P A
VP v, P3 =P, :
v, Py V,P3 = P2
Time .
FIG. 3. s-channel (left) and t-channel (right) process for

neutrino-antineutrino scattering with momentum exchange.
The amplitude for both diagrams vanishes identically for any
values of p; and p, (see text).

more explicitly in the lab frame. The t-channel forward-
scattering amplitude (Fig. 3) has the structure

ﬁpzyﬂul’l T}szﬂvpl ’ (Al)
where u, is the spinor for a neutrino with momentum p and
negative helicity, v, the one for an antineutrino with
positive helicity. To simplify notation, we do not explicitly
show helicities because for our massless limit, it is
consistent to assume a fixed chirality for all participating
states. As the spinors are already taken for chiral neutrinos,
the left-handed projection is not needed in the matrix
element. In a field operator they would appear in the
combination

a, upe—iEpHip‘r + b:, UpeiEpt—ip‘r (A2)

with a, the annihilator of a helicity-minus neutrino of

P
physical momentum p and b;, the creator of a helicity-plus
antineutrino of physical momentum —p. Once more, we do
not explicitly show the helicities.
For neutrino-antineutrino scattering, in addition there is
an s-channel amplitude with the structure
ﬁPz )/” Up, Dszﬂ Up,- (A3)
For comparison, in the case of neutrino-neutrino interac-
tion, leading to the fast flavor instability, the forward
scattering amplitude corresponding to the ¢ channel is
IZPI yﬂ Up, al’zyﬂ Up,- (A4)
An amplitude with the same structure also describes v — v
scattering. This amplitude does not vanish, corresponding
to the right panel in Fig. 2.
A key observation, perhaps at first surprising, is that the
u spinor for a helicity-minus neutrino and the v spinor for a
helicity-plus antineutrino, both moving in the same direc-
tion, are the same, up to an arbitrary phase. It is less
surprising once we realize that, for zero mass, both spinors
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obey the same equation pu, _ = pv, , = 0 augmented by
the helicity condition (1 +ys)u,_ = (1+7ys)v,; =0,
and therefore are identical. (We here indicate explicitly
the helicity by the indices 4.) Notice that this equality
directly implies that the 7-channel and the s-channel spinor
amplitudes are identical; therefore, since the total amplitude
is the difference between them, where the minus sign arises
from the exchange of two fermions, one can already
conclude that the total amplitude vanishes. However, one
can prove the stronger result that both amplitudes vanish
separately.

A direct way is to use the Fierz identities, by which one
directly obtains

iy, 1" Up, Dp,¥yuVp, = ~lp, V" Vp, Dp, ¥y, - (AS)

Since the two amplitudes must also be equal to each other,
they must both vanish. The same argument applied to the 7-
channel exchange for two neutrinos does not lead to the
same conclusion, since the exchange of the two spinors
actually leads to the nontrivial result

ﬁplyﬂupz ﬁpzyﬂupl = _ﬁplyﬂupl ul’z}/ﬂul’z ==4py-pa. (A6)
which can be directly confirmed by the usual trace rules.

One can obtain the same result in a pedestrian way by
writing it out explicitly. The massless spinors in the Dirac
representation are found, for example, in Eq. (4.67) of the

textbook [31], where we include a factor 1/\@

—sinf
i [%
pI| € coss
Up—="Up+ =\/75 . 9 ; (A7)
sin5
i 0
—e' cos 3

showing the helicity indices explicitly. Here 6 and ¢ are the
polar coordinates of p in some chosen frame of reference.
One finds explicitly, for example, i,y u, = (|p|. p) or that
Eq. (A1) vanishes. If the particles move along the positive z
direction, these spinors are

0

p[| 1
Up—=Vpt =\ o | (A8)

-1

Notice that this is consistent with the fact that the helicity
operator for particles is diag(e,6)-p whereas for anti-
particles it is —diag(e,6) - p, where & are the Pauli
matrices. While for massless neutrinos it would make
more sense to use the chiral representation, we used the
Dirac representation to compare directly with the

unnumbered equation after Eq. (17) in Ref. [2] and see
that the expression for their u spinor is not correct.

That Sawyer’s expression for the u spinor must be wrong
is seen from his expression for the current, consisting of
ity’u = +1 and iy*u = —1, but the current for a particle
moving in the positive z direction must have a positive 3
component. His u spinor is for a particle moving in the
negative z direction.

APPENDIX B: REFRACTIVE INDEX FROM
NEUTRINO-ANTINEUTRINO COHERENCE

In the main text we have argued on elementary grounds
that a v propagating in a background beam which is
nontrivially polarized remains blind to this coherence
and does not see an off-diagonal refractive index, i.e.,
such a medium never mixes v with 0. To prove more
formally that there is actually no such off-diagonal refrac-
tive effect it is instructive to explicitly compute the
refractive energy shift felt by a neutrino in the background
with a coherent superposition of neutrinos and antineu-
trinos. To fully characterize the background, we introduce
an extended density operator

T T
DY = (aﬂpaap gpbap ) ’

B1
biva biob (BL)
ap“pp ap¥fip

where @ and f are flavor indices. The corresponding
density matrix is

af aff

af of np Sp
/)p = <Dp > = .

s;ﬂ* ,—l;ﬂ

To determine the refractive energy shift, we start from the
interaction Hamiltonian of neutrinos, which we write

(B2)

2G
V= \[ £ / &Y D (0)r v (r)Ds(r)y,wp(r).  (B3)
ap
Expanding the field operators as
dp g .
l/a(r) = (271')3 [a(zpup P + b apUp€ pr]’ (B4)

where the spinors are normalized by it,y%u, = 7,7 v, = 1,
we can obtain all the different terms of interaction among v
and ». For the purposes of v — 1o coherence, we are
interested in those terms that annihilate and create a particle
and an antiparticle. Extracting the relevant terms from the
expansion, we obtain
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By o - _
V¥ = V2Gr Z [bapsaapzaﬂplbﬂm Vp, Yty Uiy, 7,y Vp,
{p}a.p

¥ P -
+ dap, Aap, Dpp, by, Tip, V" hp, ”psyuvm} ’ (B5)
where (py denotes integration over the phase-space
of all four-momenta subject to momentum conservation
P1 + P> =P3 + P4 Using the equality of particle-antiparticle
spinors, and the Fierz identities, this can be rewritten as

V* = V2Gk Z lip, " Up, Vp,YuVp, (“lmaapzbﬁpsb;m
{plap

o
- bapzaapza/fpl b ﬁp4>' (B6)

Finally, using the anticommutation of different operators, we
can bring this term to the normal ordering, where the
destruction operators are on the right, obtaining

Vﬂy = \/EGF Z aplyﬂ Up, 17[’3 YuUp, (_a;pl Aap, b;m bﬁp3
{phap

T T
~ App, dap, bﬂm bap3> : (B7)

To obtain the refractive energy shift, we can now use the
Hartee-Fock procedure and expand Dy, ~ p,, + 6D,,, where
0D, is the operator fluctuation over the mean-field value.
The mean field, or Hartree-Fock, approximation corre-
sponds to neglecting the terms quadratic in the fluctuation.

Since we are really interested in the off-diagonal refractive
index, we can consider only those terms corresponding to

the appearance of sgﬁ. We can look at only one such term,
e.g., in the string of operators a;plaapzb'r bp,» wWhere the

Ppy
replacement leads to terms of the form —sga*azpbap,

forcing the equality p; = p3 = p, p» = P4 = q; replacing
this equality in the spinor matrix element, one recovers the
same amplitude which we earlier showed to vanish. This
can be seen to happen for all terms, implying that the

refractive energy shift induced by a nonvanishing sgﬁ does
indeed vanish for massless neutrinos.

Following this strategy also for the other terms, one can
directly obtain the effective Hamiltonian felt by a test
neutrino which passes through a background medium of
other neutrinos. Considering a single flavor, and a neutrino
propagating in a medium flowing orthogonally to it (so that
the angle between the neutrino direction and the medium
velocity is cos € = 0), and reverting to the bracket notation,
this effective Hamiltonian is

H =2V2Gp(n, = 1,)([o)(v| = 2)(2]).  (B8)
As we can see, the term proportional to s, disappears
because of the amplitude suppression.

A v or a U propagates in a background medium
consisting of v and v as if these were a statistical mixture,

whether or not the background particles are in a v —0
coherent state.
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