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In dense astrophysical environments, notably core-collapse supernovae and neutron star mergers,
neutrino-neutrino forward scattering can spawn flavor conversion on very short scales. Scattering
with the background medium can impact collective flavor conversion in various ways, either damp-
ing oscillations or possibly setting off novel collisional flavor instabilities (CFIs). A key feature in
this process is the slowness of collisions compared to the much faster dynamics of neutrino-neutrino
refraction. Assuming spatial homogeneity, we leverage this hierarchy of scales to simplify the de-
scription accounting only for the slow dynamics driven by collisions. We illustrate our new approach
both in the case of CFIs and in the case of fast instabilities damped by collisions. In both cases,
our strategy provides new equations, the slow-dynamics equations, that simplify the description of
flavor conversion and allow us to qualitatively understand the final state of the system after the

instability, either collisional or fast, has saturated.

I. INTRODUCTION

Collective flavor oscillations in neutrino-dense environ-
ments are driven by neutrino-neutrino refraction that
also possesses off-diagonal flavor components [1]. The
magnitude of the induced refractive energy shift is set by
the neutrino number density n,, and can roughly be mea-
sured by the scale u = v2Gpn,,, with Gp the Fermi con-
stant; everywhere in this work, we use natural units such
that ¢ = h = kg = 1. For typical conditions of a super-
nova (SN) and the remnant of a compact object binary,
the neutrino-neutrino interaction strength can be as large
as ¢ = 10° km~! in the vicinity of the neutrino decou-
pling regions and can drive neutrino fast flavor conver-
sions (FFC) that operate on timescales of a few nanosec-
onds. The timescale x~! is much smaller than the one of
neutrino slow oscillations \/Mfl, where w = Am?/2E,,;
for a typical neutrino energy of 15 MeV and the largest
mass-squared difference one finds w ~ 0.4 km~!. Since
the potentials span over a wide range, collective flavor
oscillation can also span over a wide range of time and
length scales, for recent reviews see Refs. [2—6].

Recently, there has been a surge of interest in the inter-
play between the coherent forward scattering (o< Gr) and
the incoherent scattering of neutrinos off matter (o< G2).
Roughly, the ratio of coherent to incoherent rates is given
by T'/u =~ GpE2 ~ 1079 for a 15 MeV average neutrino
energy; the regime where I' < p is referred to as the
weak-damping regime. Otherwise, if I' ~ p oscillations
are generally damped, similarly to the quantum Zeno ef-
fect [7], but such conditions never seem to occur in real-
istic astrophysical or cosmological environments.

Conventional wisdom suggests that incoherent colli-
sions should damp the off-diagonal coherence required to
exhibit collective motion, and therefore destroy collective
oscillations. However, as realized recently, this is not al-
ways the case if the collisional rates depend on energy or
differ for neutrinos and antineutrinos [8-14], which might
trigger novel collisional flavor instabilities (CFIs). Even

if CFIs have a subdominant role, collisions might still
play a role in damping the fast oscillations which likely
occur in the inner regions of SNe.

Investigating the impact of collisions on the final state
of flavor conversions requires an investigation of the non-
linear evolution of the latter. To tackle this issue, hier-
archies among different scales are one key to simplifying
the problem. As mentioned before, one such hierarchy is
I' <« p. Therefore, whether collisions drive instabilities
or simply damp the collective fast oscillations driven by
forward scattering, their dynamics is slow, and the sepa-
ration of these scales can be used to simplify the problem.

A similar separation is key to understanding the tra-
ditional MSW effect [15-17] where fast in-matter oscilla-
tions separate from the slow change of density along the
beam. Likewise, in a dense medium, a large matter effect
is often lumped into a small effective in-medium mixing
angle and otherwise ignored because the fast oscillations
can be averaged out. On the other hand, for oscillations
driven by neutrino-neutrino refraction, such separation-
of-scale techniques have not been explored. This is a
more challenging scenario because even the rapid oscilla-
tions are nontrivial, being driven by nonlinear dynamics.

Here we address precisely this problem. We show that
due to the hierarchy I' <« p, the dynamics of oscil-
lations impacted by collisions can be separated into a
fast dynamics, on timescales 1!, and a slow dynamics',
on timescales I'"'. In practice, the separation is per-
formed by averaging over the fast dynamics, and iden-
tifying a set of physically relevant quantities that only
change slowly. This allows us to obtain a new set of equa-
tions, henceforth referred to as slow-dynamics equations
(SDEs), which do not contain terms of order u. There-
fore, solving the SDEs requires to follow the dynamics

1 It should not be confused with the slow flavor conversion phe-
nomenon which is characterized by the \/aw ! timescale.
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only over timescales of order I' ™!, without keeping track
of the fast motion which is not relevant to the final flavor
outcome of the evolution. Admittedly, these new equa-
tions are still nonlinear and coupled; yet, they can be
solved much faster than the original equations of motion
(EOMs), while offering significant advantages in terms of
intuitive understanding.

We apply this approach to two complementary prob-
lems. First, we investigate a homogeneous neutrino gas
that exhibits a CFI without a fast instability. Represent-
ing the neutrino flavor coherence in terms of polarization
vectors, the fast dynamics is a simple precession of the
polarization vectors around the common flavor axis, so
the amplitudes and phases of this precession are left in-
variant by the fast dynamics. The slow change of these
quantities induced by collisions is described by a set of
SDEs. We verify that the SDEs lead to the same evolu-
tion as the standard EOMs, and we use them to conclude
that after the instability has saturated, flavor equiparti-
tion is reached for low energies while no conversion is
attained for high energies.

Second, we consider a homogeneous neutrino gas that
possesses a fast instability, subject to energy-independent
collisions. In this case, the fast dynamics, without col-
lisions, is pendular in nature [18, 19]. Therefore, the
slowly-varying quantities can be chosen as the pendulum
parameters. In this case, the SDEs allow one to under-
stand immediately several features that had previously
only been recovered empirically, such as the observation
that the final outcome of the oscillation only depends on
the depth of the pendulum and not on any other param-
eter or the collision rate [18].

The structure of the paper follows three main subjects.
In Sect. II, we consider a toy system consisting of an
active and a sterile neutrino species subject to oscillations
and collisions. This system has been thoroughly studied
in the literature and we use it as a simple introductory
example for fast dynamics, driven by oscillations, that
can be cleanly separated from a slow dynamics, driven
by collisions. In Sect. III, we discuss the SDEs for a
homogeneous system that exhibits CFIs. In Sect. IV, we
discuss the SDEs for a homogeneous system subject to
a fast instability. Finally, in Sec. V, we give a general
discussion of our method and its limitations.

II. ACTIVE-STERILE NEUTRINO
CONVERSION

The simultaneous appearance of fast and slow dynam-
ics is more general than phenomena in collective neutrino
oscillations. A first example for such a separation of time
scales is the production of sterile neutrinos v, from a pop-
ulation of active ones v, in the early Universe [20-27] or
in SN cores [28-36]. Even in the standard cosmological
model, averaging over the rapid oscillations has proven
a good strategy to simplify the numerical solution of the
flavor evolution of the neutrino plasma [37, 38]. For illus-

tration, we use the simplest toy model, a homogeneous
gas of v, and vg, no cosmic expansion, and only v, in-
teracting with the ambient plasma. The v, production
rate is considerably simplified by the oscillation rate be-
ing much faster than the v, collision rate. This simplifi-
cation is analogous to the slow-dynamics approximation
that we will use in the later collisional and fast instabil-
ities examples.

The neutrino radiation field of this simple two-flavor
system is described, in the mean-field approximation, by
a 2 x 2 density matrix pp(t) for every momentum mode
p. Assuming also isotropy, it depends only on p = |p|
and we write it in the form

_ | falp:st)  fas(p,t)
Pr= (fsa(p, t) fs(p, t)) ’ (1)

where the time dependence of p,, is not explicitly shown.
The entries are the usual occupation numbers, defined
as fap(P) = (a};ypaa,p> with o, 8 = a or s, i.e., the ex-
pectation values of number operators, where the mixed
off-diagonal elements encode flavor coherence. For the
diagonal elements, we do not show the repeated flavor
index and we note that the matrix is Hermitian with
fsa(p,t) = fas(p,t).

In the absence of collision, p, evolves by flavor oscilla-
tions caused by masses and flavor mixing and modified
by refractive effects of the ambient medium. Without
spelling out the details of the latter, we simply assume
for every p a Hamiltonian 2 X 2 matrix Hg for every mode
that drives flavor oscillations according to

. . 0

Pp =1 [ppv Hp] . (2)
(We use sans-serif letters such as H to denote matrices
in flavor space.) We assume that Hg does not depend on

the neutrino medium itself so that this EOM is indeed
linear in p,. In this case, it is explicitly solved by

_iHO iHO
pp(t) = e el (0)e™Mt, 3)

which can be spelled out analytically because Hg itself
does not depend on time.

The eigenstates 1 and 2 of Hg are the propagation
eigenstates, which for simplicity we call mass eigenstates,
with the energies E1 2 = (p? + mfg)l/2 —p ~mi,/2p,
where the effective masses depend on p, the relativistic
approximation was taken, and we have removed the com-
mon p from the definition of Hg. The diagonalization of

Hg is enacted by the in-medium mixing angle # through
1 /m? 0 _ ( cosf sind HO cosf) —sind
2p\ 0 m3)  \—sinf cosf) P \sinf cosf |’
4
where it is understood that 6 and m, » depend on p.
In addition, the active states interact with the medium,
breaking v,—v, flavor coherence. We model this effect by

a scattering rate I',_,,» between v, states and denote with
Iy =23, [psyp the total loss rate. With the matrix

10 l+o;
5= (o) - 5= )




the modified EOMs are [39]

. . r
Pp =1 [Ppa Hg] + er/—mep’B - 71) {B,pp}, (6)

p

where we neglect Pauli blocking factors.

The separation of fast and slow timescales naturally
happens if the scattering rates are much slower than the
oscillations induced by Hg; more precisely, we require
that I'p,,s is much smaller than the difference between

the eigenvalues of Hg, i.e., Am?/2p > T',. In this case,
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neutrinos oscillate many times between collisions and we
can significantly simplify the equations. Based on the no-
collision solution of Eq. (3) we first pass to the interaction
representation by

110 _iHO
op(t) = et py (t)e =", (7)

where the density matrix g, in the interaction represen-
tation would be constant in the absence of collisions. In-
cluding collisions, the EOM becomes

1t R e—iHt _ % {engtBeﬂ'Hgt’ Qp} ) (8)

We can now perform an average over many periods of the rapidly oscillating exponentials. In the mass basis, this
means that the off-diagonal entries of any matrix average to zero. For the density matrices, this means explicitly

0p = <f1(()29)

[ 2(210)) ’ ©)

where f1(p) and f2(p) are the distribution function of the two mass eigenstates. After inserting this parameterization

in the EOM (8), we obtain finally

filp) = —Tpfi(p)cos? + Z Tyop [f1(p) cos® 0 + fo(p) sin® 6 cos? 0],
”

folp) = —Tpfa(p)sin®6 + Z Ty oy [f1(p) sin® 0 cos® 0 + fo(E') sin® 4] .

P

These equations refer to the mass-basis distribution func-
tions, which coincide with the flavor-basis distributions
if the mixing angle is small. In this case, if the v, are
in equilibrium, one finds that the vy production rate
equals the v, scattering rate times a factor sin? 6 cos? 6 =
sin?(26)/4. True equilibrium, however, can only obtain
in the mass basis.

The main feature of this formulation is that the right-
hand side of Egs. (10) only contains the scale set by the
collision rate. The terms depending on the rapid oscilla-
tions have disappeared after we have averaged them out
over many periods of oscillation. In the remainder of
this paper, we will apply the same strategy to the much
more complicated case in which the rapid oscillations are
induced by neutrino-neutrino refraction.

ITII. COLLISIONAL INSTABILITY
A. Setup of the problem

As a first nontrivial example of the slow/fast dy-
namics separation, we consider a homogeneous neutrino
gas without a fast instability which exhibits CFIs with
energy-dependent collisions. We consider the limit of

(10a)

(10D)

(

vanishing neutrino masses, i.e., w = Am?/2p — 0, which
are not required for driving the CFI dynamics. We limit
ourselves to an isotropic, two-flavor setting with neutri-
nos subject to mutual forward scattering and number-
changing processes with an external medium. In the limit
of vanishing neutrino masses and for a homogeneous and
isotropic system, the refractive matter term is eliminated
by a uniform rotation around the flavor axis. Moreover,
the Am? — 0 limit also implies the absence of vacuum
mixing. Of course, we still imagine that the mass term
provides an initial seed for the CFI.

As in Sect. 11, the system is described by density matri-
ces pg(t) for the flavors e and x, where the latter stands
for p or 7 or an admixture of both. We here use E ~ |p|
to label the modes and in addition, we use a negative
sign for E to denote the density matrices for antineutri-
nos. On the other hand, we do not use the flavor isospin
convention, i.e., the upper left entry of pg is the v, or
U, occupation number. In the language of polarization
vectors to be used later, this convention means that a
given Pg pointing in the positive z-direction means v,
or 7., depending on the sign of F/, and pointing down the
other flavor. The evolution of the system in the absence



of collision is now ruled by the equation

) ' 400 E’2dE/
PE = ’L\/iGF/ 272[/)E78E'PE'], (11)
oo ™
where spr = sign B/ needs to be explicitly included.

In order to avoid cluttering notation, and to connect
with the definition of a typical energy scale, we define
p = \2GpnY, where n¥ = 3T3(3/47? is the equilibrium
number density of a neutrino population at the tempera-
ture T of the thermal bath. We then define a sum over en-
ergies with a modified measure Y, = [ E2dE/(2r%nY).
Therefore, the density matrix for the full ensemble is

o(t) =" supu(). (12)

E

With these definitions, in the absence of collisions, the
EOM for every mode has the usual form pg = ip[pg, pl;
1 is a typical energy scale associated with the self-
interaction, while the sum over energies, as well as pg, is
now dimensionless. Notice that, as defined here, u does
not fully coincide with the usual definition in terms of the
total neutrino number density n,, (see Sec. I); in the con-
text of CFIs such a definition cannot be adopted, since
the number of neutrinos is not conserved.

To model the collisional effect, we envision a SN
medium where v, and U, are efficiently absorbed or emit-
ted by beta processes, whereas the x flavor does not inter-
act at all. In this sense, our setup is similar to the active-
sterile system of Sect. II. The EOM with beta processes
included can be written? in the form [40]

_ _ 1 1
pe = iplps,pl+ 5 {Pp,1 = pp} = 5 {As, pi}

) 1
= iplpe,pl+ P — z{Ag+Pg,ps}, (13)
~— 2 N———
QEB I'gB

where in the flavor basis the production and absorption
matrices Pg and Ag have only upper-left entries like B
in Eq. (5), relevant for v, and 7.

Here, Qg is the spontaneous emission rate of v, by
the medium, I'g the reduced absorption rate, and anal-
ogous for U.. Ignoring temporarily the matrix struc-
ture and considering only the e-flavor, the collision equa-
tion is fo = Qr(l — f.) — I'%f., where '} is the ab-
sorption rate. Collecting the terms linear in f., this
is fo = Qp — I'gfe with I'g = F% + Qg the “re-
duced” absorption rate, although it is actually enhanced,
the terminology deriving from photon radiative trans-
port, where the Bose stimulation factor has the opposite

2 Erratum: In the transition from Eq. (13) to (16) a factor of 2 was
lost, i.e., in Eq. (16) and following one should substitute Qg —
QE/2 and 'y — I'g /2. Alternatively, the definition in Eq. (13)
should be changed to QgB = 2Pg and 'gB = 2(Ag + Pg).
Overall conclusions remain unchanged.

sign from the Pauli blocking factor. Moreover, if the
medium is in thermal equilibrium, detailed balance im-
plies for v, (positive E) Qp = IT'he™(F=#e)/T and thus
g =T%[1 + e E=me)/T) where p,, is the v, chemical
potential implied by the properties of the medium. Using
I'p as our primary parameter for the damping strength,
the production rate is

g
QE - ei(E_Nue)/T + 17 (14)
where =+ refers to v, and 7.. In our convention, the latter
are denoted by negative F and have the opposite chem-
ical potential. Also, for negative FE, I'g is the reduced
absorption rate for antineutrinos.

The equations are most conveniently expressed in
terms of the total number PY = Trpg = f.(E) + fo(E)
of neutrinos in mode E and the polarization vectors P,
such that

Pg PE e
PE = 5 + 5

(15)
In terms of these variables, the EOMs become
Pp = pPxPp—TpPr+ (2Qp —TpPY)e., (16a)

PY = 2Qp —TpPY —T'pPf. (16b)
Here e, identifies the direction of the flavor axis, and
P = ZE SEPE.

It will prove convenient to express them in terms of a
modified neutrino density Ng = Pg —2Qg/Tg, a quan-
tity that need not be positive. In thermal and chemi-
cal equilibrium, both e and x flavors are occupied with
the Fermi-Dirac distribution f. ,(E) = 1/[e(F—Hve)/T 4]
and PY = f.(E) + f.(E) with Eq. (14) reveals that Ng
is the deviation from equilibrium. Finally,

Pr = P xPgp —Tp(Pg+ Nge,), (17a)

Ng = —Tu(Ng+ Pj) (17b)

is the set of EOMs that we plan to solve.

B. Slow-dynamics equations (SDEs)

We now proceed to integrate out the fast dynamics
in the spirit of our earlier discussion. When I'p = 0,
the exact solution consists of a fast precession of each
P g around P. This motion is simple to understand and
has many conserved quantities. In the absence of colli-
sions, the total P = ), sgP g is conserved, reflecting to-
tal lepton-number conservation. Furthermore, each Pg
moves uniformly around P on a cone with a fixed an-
gle. To write the general motion explicitly, we introduce
a right-handed coordinate system {e;,es,e3}, where e;
is along P, whereas e; = e, x P/|e, x P| is orthogo-
nal to both P and the flavor direction e,, and finally
e, = ez x e1. In other words, e; and e span the plane



transverse to P. The projection of Pg on the direction
of P is expressed through ap = Pg - e3/P, whereas the
length in the transverse plane is by = |Pg x e3|. In this
way, the explicit solution is

Pr(t)=agP +bg [cos (®; + ¢p)er + sin (P + ¢E)(eg]),

18
where the ¢ are fixed individual phases and ®; = uPt
the common oscillation phase. When we later assume
that P slowly changes, it will be ®; = p fg dt’ P(t'). The
solution is entirely specified by the conserved quanti-
ties P, the projection g of each Pr on the preces-
sion axis, the amplitude of precession bg, and the phase
¢g. Because P =) . spPg(t), these quantities are con-
strained by Y pspap =1, Y pspbgcos¢p = 0, and

J

) Npg/ P? NgP? b
ap = QEZSE’FE’ (OzE/—i—E) —FE (OzE—‘rE) _FZZSE'FE’bE’COS(¢E_¢E’),
El

2
E’ P

bp = ap Yy spTpbe cos(¢p — dw) — by,

E/
b = e X T s —0n)
El
P = _ZSE'FE’(NE’ez+aE’P)’
E/
NE = —I'gNg —T'gagP~.

These equations are admittedly not much simpler than
the original EOMs; they are still nonlinear and couple
neutrinos of all energies. However, they offer some prac-
tical and conceptual advantages. There is no term of
order p and thus a numerical solution requires only a
relatively coarser grid, with a step of order I'"! that mir-
rors the scale over which the quantities change. More
importantly, the new equations provide some intuitive
understanding of the role of damping, by cleaning the
dynamics of the complicated precession terms.

As a first step, we can eliminate the phase variables ¢ .
From Eq. (19¢) we see that the phases follow a Kuramoto-
like dynamics [41-43], with the damping term tending to
synchronize the phases of precession and make all the po-
larization vectors coplanar. If two vectors Pr and P g
have identical phases ¢ g = ¢ g/, one can see from Eq. (18)
that at a given time they lie in the plane spanned by P
and cos(®; + ¢g)e; +sin(P; + ¢g)es. (Notice that for a
two-beam case the two vectors are necessarily co-planar,
so one can exactly set ¢ = 0.) One can always choose the
initial condition such that all P are exactly coplanar,
and the subsequent dynamics likely does not depend on
this choice, since anyway they would soon become copla-
nar because of phase locking. In the following, we simply
choose ¢ = 0 for every E.

We can now understand the existence of two separate

ZE SEbE sin ¢E =0.

Collisions cause these quantities to slowly evolve over
timescales given by the inverse damping rate. By the as-
sumption of weak damping, each P g performs many pre-
cession cycles over this timescale and therefore the pre-
cession itself can be averaged out. In analogy to Sect. II,
we replace the form of the solution Eq. (18) in the full
EOMs with damping, where we now consider the param-
eters P, ag, bg, e1, e, and ¢ as dynamical quanti-
ties. Notice that the directions eq, es and P themselves
depend on time and therefore must be differentiated as
well. To average over the rapidly varying phase ®;, we
use (sin ®;) = (cos D;) = 0, (cos (P; + a) cos (P; + B)) =
(sin (®; + a) sin (®; + 3)) = 4 cos(a — ), and the mixed
(cos (Py + ) sin (P, + B)) = isin(8—a). Performing
these averages directly provides us with the SDEs:

2 (19a)
(19Db)
(19c¢)
(19d)

(19e)

(

branches of CFIs from the SDEs directly. Starting from
Eq. (19d), let us first consider the component transverse
to the flavor direction,

PT = *ZSEFEO[EPT- (20)
E

Thus, the evolution of the transverse component is driven
by the effective damping rate ) sgl'pag. If initially
this expression is negative, it becomes an effective growth
rate, leading to an instability and coincides with one of
the two branches of instability that have been identified
in the literature [8-10].

Even when this branch corresponds to damping, an in-
stability can still arise from the growth of the individual
precession amplitudes bg. To see how this can happen,
we take the simplest case of a two-bin model with b = b
and @ = a—1, where we denote by «, b, and I" the quanti-
ties for monochromatic neutrinos, and by @, b, and T the
ones for antineutrinos. Equation (19b) then simplifies to
b= (' —T)b— Tb that can be written as

b= (ol —T@)b. (21)

If the expression in brackets is positive, b grows, corre-
sponding to the second branch of instability identified in
the previous literature. In the two-bin model, the first



branch corresponds to (@l —'a) being positive (growth)
or negative (damping). Thus, for this simple two-bin
system, we recover the linear stability results for the
isotropic, non-resonant collisional instability [11, 12].
The identification of the instability allows one to pro-
vide a clearer criterion for the applicability of the SDE
approach. So far, we have schematically required a hier-
archy of the form p > I', but since the interaction rate
I'g is actually energy-dependent, this requirement should
be made more specific. The typical timescale over which
the CFI evolves is indicated by the collective growth rate,
which we denote by v, determined by linear stability
analysis. On the other hand, the precession of the polar-
ization vectors happens on typical timescales of the order
of uP?(t = 0). Therefore, a more concrete criterion for
the applicability of the SDEs is that pP*(t = 0) > .

C. Understanding the nonlinear outcome
1. Simplified equations of motion

The second instability, in the two-bin case represented
by Eq. (21), corresponds to the presence of more v, than
V., and v, more strongly damped, which is the situation
in a SN core with regard to beta processes. Therefore,
we focus on this case and gather some physical intuition
about its impact on the flavor evolution. This case corre-
sponds to damping for the first type of mode, i.e., damp-
ing in Eq. (19d) so that P never develops a large trans-
verse component if we begin with all Pg aligned with
the z-direction except for a small seed. Therefore, we
can simplify our equations by taking P = P~.

We can further simplify the EOMs by writing them in
terms of dimensionless parameters through Np = vgP
and by = BpP. The interpretation of the new parame-
ters is that for every F, ag is the dimensionless z com-
ponent of Pg, Bg the dimensionless amplitude of pre-
cession, and vg represents the dimensionless number of
neutrinos in that mode. We further define

A = ZSEFEaEa (22a)
E
B =Y sgl'nfe, (22b)
E
N = Z selprE. (22C)
E
The EOMs of the dimensionless variables are then
ap = N+ A—-Tg)ag —Tgvg + BB, (23a)
B = (N+A-Tg)Bg + Bag, (23b)
vg = (N+A-Tg)g —Tpag, (23¢)
whereas
P=—(N+AP (24)

regulates the dynamics of P.

For the absorption rates we assume a quadratic en-
ergy dependence 'Y, = I'(E/3T)? for v, (positive E) and
T(E/3T)? for U, (negative E), where I' and T are posi-
tive parameters. As explained in the text above Eq. (14),
the reduced damping parameters then have the form

E\?
_ —(B—,)/T
'y r<3T> {1+e } for E>0, (25a)
E\?
_F(2 +(E-py,)/T
Ty r<3 ) {1+e ] for E <0, (25b)

where p,, is the v, chemical potential defined by the
medium properties. Here I' and I are the damping rates
for typical v, or U, energies.

Our simplified EOMs immediately reveal that the final
state only depends on the ratio I'/T because all damping
parameters are linear in I'g so that I' can be pulled out
and absorbed in the definition of the units of time.

2. Numerical example

To build some intuition, we now turn to a specific ex-
ample, for which we solve numerically the newly derived
SDEs 23. As initial distributions, we choose thermal ones
for v, and 7,

dn, 1 €2
T = T (26)

corresponding to the distribution of beta equilibrium
with the medium. Here we use ¢ = |E| as a posi-
tive energy variable. For v, and v,, we assume that
their initial population essentially vanishes, so they can
only be produced by flavor conversion. The numeri-
cal values chosen for the parameters are listed in Ta-
ble I. We also show the initial number densities that
follow from Eq. (26). The number density of neutri-
nos with vanishing chemical potential for 7" = 4 MeV
is n0 = 5.864 MeV®. With our definition of the sum over
energies, the initial value of the total polarization vector
is P*(0) = 1(ny, — np,)/nd = 0.468.

TABLE I. Parameters used for the numerical simulation.

Species T [MeV] ty [MeV] n, [MeV?) Ny, /nd
Ve 4 2 9.146 1.564
Ve 4 -2 3.678 0.629

As discussed earlier, the absolute values of T and T are
irrelevant, and only their relative values to one another
matter, as long as we are in the weak-damping regime
I',T < pu. We choose the ratio I'/T' = 0.1 and measure
time in units of T ~1.

We initialize the system with seeds of small randomly
chosen off-diagonal components P and P}, (|Pg, Ph| <



1073 P for all energies) . As a reference comparison, we
solve the SDEs and compare them with the solution of
the full EOMs for p = 50I". Linear stability analysis
shows that the growth rate of the CFI is v ~ 0.39T", so
that pP?(0) ~ 122+, justifying the applicability of the
SDE approach.

As an example of the simplification induced by the
SDEs, we show in Fig. 1 the evolution of the squared
transverse component (Pg£)? of a specific polarization
vector, corresponding to an energy E = 9.5 MeV, where
the v, spectrum peaks, both solving the full EOMs and
the SDEs. For the latter, from Eq. (18) we see that, since
P remains aligned with the z axis, the mean squared
component is simply ((P£)?) ~ b2 /2. This has a simple
interpretation; since bg is the amplitude of the precession
around the z axis, the squared amplitude along a specific
direction is simply one-half of the transverse squared am-
plitude. The comparison in Fig. 1 shows that the solution
of the SDEs tracks the average of the exact solution of
the EOMs over the very rapid oscillations.

Figure 2 shows the evolution of this system, as pre-
dicted from the SDEs, as well as the final state reached
after the CFI saturates. The final v, and 7, distributions
are identical to the initial ones, both corresponding to
beta equilibrium with the medium, but during the evo-
lution they deviate. By assumption, there is no initial
population of v, and 7,.. The dashed lines show the dis-
tributions at the intermediate stage chosen at the instant
when P? is maximal as indicated by the vertical dashed
line in the right panels.

The CFI is manifested in the growth of the in-plane
components of the polarization vectors, namely of the
parameters fg introduced above. Correspondingly, the
collective amplitude B = Ze spl'gBEr grows exponen-
tially in time. We easily check that the instability for
these conditions belongs to the second branch identified
above, since the in-plane components P* and PY never
grow, so the total polarization vector remains aligned
with the z axis. Its magnitude initially grows exponen-
tially. After the instability grows nonlinear, both P? and
B return to their original value; in the case of B, this
means that the polarization vectors return to align with
the z axis. We also show the evolution of the function
A defined in Eq. (22a); the complementary function N
defined in Eq. (22¢) remains always essentially identical
to N >~ —A. As the instability grows, the v, and 7, pop-
ulation are temporarily depleted since they convert into
v, and V,, as visible from the dashed lines in Fig. 2.

After the instability has saturated, v, and 7. return
to their initial spectrum. This is only to be expected
since the equilibrium state of the e flavor is determined
by thermal and chemical equilibrium with the medium
and is enforced by the collisional term. On the other
hand, v, and 7, do not interact with the medium, and
therefore their final amount is not so trivially understood.
The simulation reveals that their final distributions are
characterized by an equipartition of v, and v, for low
energies. At high energies, the v, remain unpopulated

and are not efficiently produced by flavor conversion.

3. Low-energy behavior

To show that these main features identified in the nu-
merical solution descend naturally from the SDEs, we
begin with the low-energy behavior. Beginning with
Eq. (23), we first perform the transformation

B = G exp ( /0 Ca N () + A rE]> ey

and a similar transformation for g and vg. In terms of
the new variables, the equations become

ag = —Tgig + Bfg, (28a)
fe = Bag, (28b)
5E = _FE&E- (28(3)

We now notice that the behavior of the system is crit-
ically different according to whether the ratio I'p/B is
very large or very small. Since the function B depends
on time and is initially very small, clearly for all polar-
ization vectors we have initially B < I'y. However, as
time progresses, B grows exponentially until a maximum
value By ax; for the numerical example analyzed earlier,
Biax =~ 0.35T, as seen from the right panel of Fig. 2.
The coefficients I'p have a quadratic energy depen-
dence, while the Fermi-Dirac factor does not have a
dramatic impact, so we can approximately identify a
range of energies E < 3Ty/Bmax/T for neutrinos and

E < 3T4/Buax/T for antineutrinos.
gies, we may get a qualitative insight by considering the

For these ener-

limit T — 0, where Eqs. (28) result in (&g — Bg) =
—B(ag— B 1) which implies that &g — B decreases expo-
nentially in time as e~ Jo B()at' . Therefore, in this low-
energy range, ap and Bg are mamtained approximately
equal. Since P finally reaches the value of zero, after
the transverse motion has exhausted, we conclude that
in this low-energy range, we must finally have ag = 0,
i.e., equipartition among the e and z flavor. Our numeri-
cal simulation completely verifies this prediction, as seen
in Fig. 2. Notice that this allows us to conclude that the
maximum energy at which equipartition is reached for
neutrinos and antineutrinos, F, and FE3 respectively, are

related by E,/Ey; ~ /T /T, a conclusion that is verified
by our numerical simulation.

4. High-energy behavior

At high energies, such that I'p > Bax, the qualita-
tive behavior of the solution can be understood for the
limit B — 0, where we find (&% — 7%) to be constant
at all times with &g, 75 x e *'#t. Moreover, g never
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becomes large, and in turn, no large flavor conversion oc-
curs; neutrinos remain pinned to their initial configura-
tion. This prediction is again confirmed by Fig. 2, where
we see a clear break to a region where flavor equipar-
tition is not reached, and at sufficiently large energies
(E Z 20 MeV), the v, spectrum is hardly populated.

IV. DAMPED FAST FLAVOR PENDULUM
A. Setup of the problem

A somewhat more complex situation arises when the
fast dynamics, unperturbed by collisions, is not simply a
precession. One obvious example is the fast flavor pen-
dulum [18, 44, 45], which in its simplest manifestation
arises in a homogeneous, anisotropic, azimuthally sym-
metric, and monoenergetic neutrino system. In the ab-
sence of collisions, if the angular distribution of the lepton
number has crossings obeying a certain criterion [46], the
system possesses a fast instability and, due to the pres-
ence of an infinite number of integrals of motion [19, 44],
exhibits a pendulum-like dynamics.

We now add a collisional damping term which is
taken to be equal for neutrinos and antineutrinos, a case
that was previously examined numerically [14] (see also
Ref. [47] for a discussion of the impact of collisions on fast
instabilities). We will see that our separation of fast/slow
dynamics applied to this system directly recovers the ear-
lier features. In this case, the polarization vectors P, and
P, for neutrinos and antineutrinos depend on the veloc-
ity —1 < v < 1 along the axis of azimuthal symmetry.
The dynamics is entirely driven by the lepton number
D, = P, — P,. If the damping rate is ', the EOMs are

D, = (Dy—vD;y) x D, —Te, x (D, x €,), (29)

where Dy =", D, and D; = ) vD, and e, the flavor
direction. The EOM for Dy is

Dy =-Te, x (Dg xe,), (30)

corresponding to damping of its component transverse to
the flavor direction.

In the absence of collisions, no direction in flavor space
is singled out and the conserved Dy, given by initial con-
ditions, defines the z-direction. Collisions with the back-
ground medium, for example beta processes, introduce a
flavor direction and define e,. If the small seeds chosen to
start the motion imply that Dg is not exactly parallel to
e, this deviation is quickly damped but otherwise, this
small misalignment has no further impact and we may
assume that Dg is conserved, simplifying the EOMs. In
this case we may remove the term Dg x D,, in the EOMs
by a uniform corotation. After these simplifications,

D, = —pvD; x D, —Te, x (D, x e;) (31)

are the EOMs to be solved.

B. Pendulum dynamics

In the absence of collisions, for a fast-unstable sys-
tem with a single crossing, the motion of the polariza-
tion vectors is periodic and can be expressed in terms of
three fundamental vectors only. The dynamics of these
three vectors is identical to that of a spherical pendu-
lum [18, 19]. In other words, we can introduce a ficti-
tious system of three polarization vectors P, with three
velocities vy, obeying the EOMs

P, = — Py x P, (32)

with P; = Za vaPo. The original polarization vectors
can be now expressed in terms of this fictitious system
using the connection [19]

VaPao

Vi — VUq

D, = (33)

The two systems have identical dynamics, provided they
obey the matching condition

> iD= vaPa; (34)

this condition needs only be satisfied at the initial time,
and it will be automatically true at all later times.

What is surprising is that, for the special choice of the
isotropic collisional term we consider for this work, the
equivalence between the full system D; and the three-
beam system P, is rigorously true also in the presence
of collisions. Indeed, by explicit substitution, we find
that if P, obey the EOMs

P, = —w.P x P, —Te, x (P; xe,), (35)

the associate polarization vectors D; automatically sat-
isfy the correct EOMs. Therefore, without loss of gen-
erality we restrict our discussion to a system of three
velocity beams only.

The dynamics of three beams in the absence of colli-
sions can always be reduced to a pendulum dynamics.
We do this by introducing the variables Dy = > P,,
D=3, v Pa, I =), va(s —va)Ps with s =" v,
which obey the EOMs

Dy = —Te. x (Dg x e,), (36a)
D, = uD; xJ —Te, x (D; X e,), (36b)
J = upD; x Dy —Te, x (J xe,), (36¢)

with p =[], va. For I' = 0, these indeed coincide with
the EOMs of a spherical pendulum.

C. Slow dynamics evolution of flavor pendulum

The unperturbed pendulum motion, for I' = 0, is char-
acterized by the invariants of motion Dy, J, = J - e,,



a=J-Dy/Dq, and E = %JQ + pDy - D;. Collisions
lead to a slow evolution of these quantities. Therefore,
just as in the case of CFIs, we can now obtain the SDEs
describing only the slow change of these quantities over
timescale ~ I'"!, rather than the fast pendular motion
over timescales ~ u~!. As in the case of CFI, we need
to average the right-hand side of the corresponding equa-
tions over many periods of the fast motion induced by the
self-interaction term, which here is the pendular motion
performed by D;.

From the EOMs, we derive the following evolution
equations

J, = 0, (37a)

Dy = -TD;(1-X2), (37h)
d(oc‘lfl) — rDy(a - J.X), (37c)

dE ) —

= = “TQE-J2-2pDyDiX), (37d)

where X = cos = Dj-e, /D is the deviation of the pen-
dulum from the flavor direction and the overline denotes
the average over a pendulum period.

This set of equations can be simplified by introducing
the quantity ® = aDgDip — J.E, whose derivative is
obtained from the previous set as

d =200 —TJ3. (38)

Since J, is conserved, this tells us that ® relaxes to its
asymptotic value exponentially. However, if the pendu-
lum is initially in its upright position, as we always as-
sume, and E = 1J2 + pDyD;, and so ®(0) = —3J3.
Therefore, ® is conserved throughout the whole motion
and is an adiabatic invariant, which means that

J2 «
E = 74— 7. —DogDqp (39)

at every instant. Finally we have only two variables, «
and D1, because J, is constant and F is determined at
each instant by the conserved ®. To simplify the equa-
tions, we express everything in dimensionless variables
a = a/J, and d; = D1/D;(0). Initially, both a and d;
are equal to 1.

We redefine time units such that I' = 1. Now a and d;
obey the equations

—a(1+4 X?)+2X,
—di(1 - X?2),

a
dy

(40a)
(40b)

From the energy conservation equations, we find

X% =
d1 a—X)
Jf{[1_a2+1+(ccw (1—X2)—(1—aX)2}.

(41)
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Here cos 0,,i, is the maximum depth of flavor conversion,
namely the cosine of the minimum zenith angle reached
by the pendulum in its unperturbed state, defined as

J
cosOpin = -1+ —————. 42
2pDo D1 (0) “2)
Therefore, we define
/ X"dX
\/ - a2 4 e (1 X2) — (1 - aX)?

(43)
where the integral is taken only over the region where the
square root argument is positive and —1 < X < 1; one
can check that this implies the integration range

1 —/1+4d3€2 — dad &
X 44
2d\ <X <a, (44)
where £ = (14cos Omin) ~!. With this definition, we write
__ In
n=_" 45
z (45)

This expresses the averages in Egs. (40) explicitly in
terms of a and dy. The dynamics of a and d; is now
expressed in the form of a closed set of equations, where
at every next instant the new pendulum parameters de-
pend only on the pendulum parameters at the previous
instant, and on the control parameter cos 0,i,.

Once more, the SDEs cannot be solved analytically,
but offer considerable insight about the solutions. First,
no terms of order p appear in the equations. Second,
only two quantities remain, namely the length of Dy and
the projection of the angular momentum over the pendu-
lum length «, which completely characterize the motion.
Most of the original parameters of the problem have dis-
appeared, including the collision rate I'. This confirms
the empirical findings of Ref. [14] that, provided I < p,
the precise value of I' only determines the evolutionary
speed towards a stationary state, but not the final state
itself. Similarly, the SDEs depend only on the single pa-
rameter cos 0. This proves the empirical finding that
the final state only depends on cos 8pyiy-

The SDEs determine directly the evolution of the pen-
dulum parameters, without need to solve the EOMs for
all polarization vectors. The evolution from integrating
the SDEs is shown in Fig. 3. The dynamics for a few
selected values of cos 0y, is shown in the left panel. Ini-
tially, all curves start from a(t = 0) = 1 (pendulum in the
upright position) and dy (t = 0) = 1. For Oy, very small,
the pendulum is always damped to a vertical position
with reduced length; in the final state, a — 1, implying
that the pendulum ends up vertical. As 6., increases,
the final length d; eventually reaches 0. As 0, increases
further, the final outcome is to invert the direction, which
is vertical but points downward compared to the original
direction. This is signaled by a — —1 in the final state.
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The entire evolution can be compactly represented in
the a—d; plane, as in the right panel of Fig. 3. All curves
start from the upper right corner (a = 1, d; = 1), and
their subsequent path depends on 6,;,. The final length
dy(t — o00) can be directly obtained, for each value of
O min, by identifying the intersection of each path with the
axis ¢ = 1 or a = —1, corresponding to the pendulum
finally damped to the vertical position, either upwards
or downwards respectively. By integrating the SDEs, we
recover the linear relation between the final height of the
pendulum and cos Oy, that was found in Ref. [14], as we
show in the inset of Fig. 3.

At each instant, the pendulum parameters can be used
to recover the angular distribution of the (anti)neutrino
density matrices. The practical procedure is outlined in
Appendix D of Ref. [46]. Because the damped pendu-
lum is always pushed toward its vertical position during
flavor evolution, the off-diagonal terms of the final-state
density matrices always vanish, as expected. Neverthe-
less, the specific shape of the ELN angular distribution
is in most cases non-trivial and specific scenarios need
to be systematically explored in a full multi-angle frame-
work; particular examples with ELN angular crossings
are shown in Fig.2 of Ref. [14].

V. CONCLUSIONS

We have presented a novel, approximate approach to
solving the collective evolution of a homogeneous neu-
trino system that is subject to collisions with a back-

ground medium. The key element is the separation of the
fast dynamics implied by the large scale p of neutrino-
neutrino refraction and the slow dynamics caused by the
collision rate I'. The justification for the separation of
scales is the weak-damping limit I" < p that applies
in all practical cases and means that between collisions,
the system performs many oscillations, allowing one to
use oscillation-averaged density matrices (or polarization
vectors) to follow the slow evolution caused by collisions.
One traditional example is the production of sterile neu-
trinos in the early universe or in SN cores, where the fast
dynamics can be analytically integrated out. We have
presented this case as a first warm-up exercise.

The novelty of our work consists in applying this
method to much more complicated systems, where inte-
grating out the fast dynamics leads to new slow-dynamics
equations that we call SDEs, which themselves are non-
linear equations that require numerical solution, yet pro-
vide insights about the evolution and final state that are
otherwise obscured by the fast dynamics.

The approach of separating fast from slow dynamics
in a controlled way by averaging over the cycle of a fast
periodic motion, in the mechanical domain similar to
Kapitza’s pendulum [48], differs from other attempts to
remove unnecessary detail from the EOMs. In statistical
mechanics, one removes the motion of the microscopic de-
grees of freedom and studies macroscopic quantities such
as temperature or pressure. Coarse graining over the mi-
croscopic degrees of freedom of a fast flavor system may
lead to analogous simplifications [49], but the underlying
assumption of the system relaxing to thermal equilibrium



remains for the moment a conjecture.

We have studied two nontrivial applications, the col-
lisional flavor instability (CFI) and the fast flavor pen-
dulum with an energy-independent collision term. There
are three main advantages compared to a full solution:
(i) A much coarser numerical step size. (ii) A smaller
number of variables in the slow dynamics; this shows
up most clearly in the fast flavor pendulum, where the
large set of polarization vectors reduce to two coupled
differential equations for the pendulum length and spin.
(iii) Most importantly, the SDEs reveal certain aspects
of the final state without actually solving them.

Notably in the case of CFIs, this approach allowed us
to deduce the main features of the final distributions,
namely equilibrium between the e and x flavor at low
energies, and no flavor conversion at high energies. For
the fast flavor pendulum, we proved that the final flavor
composition depends only on the depth of the unper-
turbed pendulum, and not on I or any other property, a
conclusion that had been previously reached empirically.

For the CFI, there is a subtle point about the scale of
fast dynamics. Usually, the scale of the neutrino-neutrino
interaction energy is estimated as p = v2Ggn,. On the
other hand, the relevant scale for the CFI derives from
the length of the initial overall polarization vector and
thus initially, pcrr = V2GF (ny, — np, — np, +n,,) is
the relevant scale. Therefore, our method applies only
when I' < pcpr, whereas the opposite case pucpr < I is
sometimes termed the resonance-like regime [9] in which
a complete flavor swap may occur [50]. Conceivably, even
in this case, our method could be applied in a later phase
when the z component of the global polarization vector
has acquired a significant length.

In practice, our approach requires one to understand
exactly the fast dynamics in the absence of collisions, so
that the slow dynamics only touches those quantities that
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would be left invariant by the fast dynamics. This is why
we had to restrict ourselves to homogeneous, azimuthally
symmetric setups, for which the dynamics without colli-
sions can be expressed analytically. However, if one were
able to develop an understanding of the fast dynamics in
inhomogeneous systems, our method could be applied to
this more practically interesting case as well.

The impact of collisional flavor instabilities cannot be
gauged by the limited information provided by linear sta-
bility analysis. A self-consistent solution should care-
fully incorporate matter-neutrino collisions and a multi-
dimensional treatment of neutrino advection. Given the
present difficulties in estimating flavor evolution in such
complex environments, one possible way forward could
be the approach presented in this work, where slowly-
changing quantities can leverage some of the technical
difficulties in the nonlinear regime. This new framework
could pave the road toward understanding CFI in more
complex systems that go beyond the common assump-
tions of isotropy and homogeneity.
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