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Large Neutrino Secret Interactions Have a Small Impact on Supernovae
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When hypothetical neutrino secret interactions (vSI) are large, they form a fluid in a supernova (SN)
core, flow out with sonic speed, and stream away as a fireball. For the first time, we tackle the complete
dynamical problem and solve all steps, systematically using relativistic hydrodynamics. The impact on SN
physics and the neutrino signal is remarkably small. For complete thermalization within the fireball, the
observable spectrum changes in a way that is independent of the coupling strength. One potentially large
effect beyond our study is quick deleptonization if vSI violate lepton number. By present evidence,
however, SN physics leaves open a large region in parameter space, where laboratory searches and future

high-energy neutrino telescopes will probe vSI.
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Introduction.—The cosmic dark-matter problem, the
baryon asymmetry of the universe, the CP problem of
QCD, and the unknown origin and nature of neutrino
masses all suggest physics beyond the particle-physics
standard model. One portal to new particle physics may
be provided by hitherto unknown interactions among
neutrinos [1], with effects that are notoriously difficult to
measure. Such neutrino secret interactions (¢SI) must be
mediated by a new force carrier of unknown spin parity and
mass, and could conserve or violate lepton number. It has
long been held [2-20] that a natural test bed should be core-
collapse supernova (SN) physics that is famously domi-
nated by neutrinos [21-26].

If coupling g, and mass m of the new force carrier ¢ are
small enough, the main effect is energy loss by ¢ radiation,
providing the traditional cooling bounds based on the SN
1987A neutrino signal [12,13]. For larger masses, ¢ — vv
decays would provide many 100-MeV-range neutrinos,
representative of the SN core, in conflict with SN 1987A
data [18], and may be investigated also with future galactic
SNe [19]. However, the exclusion region in the gy—m,
plane has a ceiling at g, so large (g4my 2 1077 MeV for
my21 MeV) that the ¢ would be trapped inside the
protoneutron star (PNS). At even larger couplings, such
that the neutrino-neutrino mean free path (MFP) is shorter
than the PNS radius, several new phenomena emerge.
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One possibly dramatic effect arises when vSI violate
lepton number as in the traditional majoron models. As
much as 0.30 leptons per baryon are initially trapped,
providing a large electron chemical potential, and causing
the SN core to be rather cold after collapse. Lepton number
usually escapes by diffusion and convection over a few
seconds. On the other hand, quick deleptonization by
v — v, partly already during infall, modifies the entire
SN paradigm. Still, in contrast to what is sometimes stated,
such a scenario is not necessarily excluded because the
hydrodynamic shock wave could arise from a thermal
bounce [8,27]. These are riveting questions that need
addressing in self-consistent SN simulations.

In this Letter we focus on effects unrelated to lepton-
number violation: the reputedly large »SI impact on
neutrino transport. In an early paper, Manohar suggested
that vSI would make neutrinos diffuse in a gas of each
other, retarding their flow, and thus violate the SN 1987A
burst duration [5]. This misconception was countered by
Dicus et al. [7] who stressed that strongly coupled
neutrinos form a relativistic fluid and studied free expan-
sion after sudden release. Recently, Chang et al. [17] have
revived this long-dormant topic and advanced two scenar-
10s of neutrino-fluid evolution, dubbed “burst outflow” and
“wind outflow,” corresponding respectively to sudden
release and steady emission. They questioned if special
conditions were needed to realize the latter and if it could
occur at all. Their main message was that burst outflow
would lead to large observable effects mainly by extending
the SN burst duration.

To develop an unambiguous answer, we immediately
dismiss burst outflow because the sudden release of a fluid
ball bears no resemblance to quasithermal emission by the
protoneutron star (PNS) over several seconds. It creates a
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FIG. 1.

Schematic evolution of neutrino fluid emission. Left: quasisteady emission from PNS with speed of sound v, = ¢/+/3; front of

emission has reached distance cty, (postbounce time #,,). Middle: shell of neutrinos streams as a fireball, maintaining constant thickness
cot (burst duration 6¢). In their comoving frame, neutrinos constantly isotropize by the vSI; in the lab frame, they are boosted and move
collinear within an angle y~'. Right: after they decouple, neutrinos maintain their spectrum. Neutrinos moving radially toward the
observer have a large effective temperature of order 2y7T,, while neutrinos from the edges have a much lower temperature due to the

Lorentz boosting.

ball 10° times the PNS radius of some 10 km. Moreover, it
has long been known [28,29] that a suddenly released ball
of relativistic fluid, after a short transient, behaves like a
fireball: a constant-thickness shell that expands with the
speed of light. The neutrino burst would not lengthen. (We
elaborate on the sudden-release fireball solution in the
Supplemental Material [30].) On the other hand, while
steady wind looks plausible, it sidesteps the question of
how it would dynamically arise after SN collapse, and it
cannot be related to any physical observable at Earth.

For the first time, we tackle the full dynamical problem
in spherical geometry with physical boundary conditions.
A simplified source model with a beginning and end of
thermal emission spawns a dynamical solution with a
luminal front expanding into space. Locally near the
PNS, it relaxes to steady emission similar wind outflow,
and finally morphs to a fireball with constant thickness (see
Fig. 1 for a sketch).

The idea circulates that several observables—neutrino
average energy [16], time of arrival [5], and signal duration
[17]—depend on Rpns/4,,, Where Rpyg is the proto-
neutron star radius and 4,, the vv MFP. In contrast, we
find no strong such dependence. The signal duration and
flux spectrum are astonishingly similar to the standard case,
although tens-of-percent effects may persist and influence
both SN physics and high-statistics observations. The
groundwork for our study is laid out in a detailed
theoretical companion paper [31]. We always use natural
units with ¢c = = kg = 1.

Setup of the problem.—As 1, < Rpys, the key premise
is treating neutrinos as a relativistic fluid, where p = p/3
with p and p the comoving pressure and energy density.

The stress-energy tensor is T = 3 pu*u” — 1 pg" with u#
the bulk velocity. The general hydrodynamical equations
are [32] 0,T" = S*, including a source term on the right-
hand side for the exchange of energy and momentum with
the background medium. In free space, S = 0, and then
these equations simply express the local conservation of
energy and momentum. In spherical symmetry, there is
only the radial velocity v such that u® = y = (1 — ¢?)~1/2
and u" =yv. There remain only two hydrodynamical
equations. One is for the lab-frame energy density e(r, 1)

ar(eérz) o eeq —-e

2

d,e +
! r /1,/1\/

; (1)

where e is the energy density when the fluid is in local
thermal equilibrium (LTE) with the nuclear medium, 4,y
the neutrino MFP for absorption, and & = 4v/(3 + v?) a
modified velocity variable that gives us the energy flux
when it multiplies the energy density. A second equation is
for momentum

0,(ef) +3—i20, [e(s —2\/4 — 352) rz}

vN

(2)

In contrast to a kinetic treatment, neutrinos as particles do
not appear in the complete set of Egs. (1) and (2) for the
functions e(r,t) and &(r,t) or v(r, 1).

In the comoving frame, neutrinos are isotropic with
the energy density p = 3e/(4y> — 1). The distribution is
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thermal with separate chemical potentials for v and v
if number-changing processes v — vovy are slow, or
chemical equilibrium with u, = —pu; if they are fast, or
u, = pp = 0if collisions violate lepton number. If the fluid
cannot internally establish chemical equilibrium, lab-frame
number densities N(r,t) are conserved other than by
exchange with the background according to

0,(Nvr*) Neg—N
o,N + (2 ) _Neg : (3)
T )VUN

N¢y is the distribution obtained in local and thermal
equilibrium with the background. To solve a physical
problem, these equations must be complemented with
appropriate initial and/or boundary conditions.

Energy transport in the PNS.—Before energy can be
radiated into space, it must be transported to the PNS
surface. The usual diffusion flux is F = —(1/3)Ve,,
where /1 is the Rosseland average neutrino MFP. How is
this affected by vSI? With or without them, the right-hand
side of Eq. (2) is a force balanced by neutrino pressure, and
F turns out to be the same [31]. This conclusion was also
mentioned in Ref. [20] based on momentum conservation
in neutrino collisions; however, since the energy flux comes
out of balance with neutrino-nucleon collisions, which do
not conserve the neutrino momentum, our conclusion can
only be reached using the hydrodynamical approach.

Between collisions with the medium, neutrinos thermal-
ize in the fluid frame, so 1 denotes a somewhat different
average if 1,y depends on energy [31]; for quadratic energy
dependence it is about 2/3 smaller. Moreover, e, includes
all flavors, so 1 is a flavor average, and if my is small
enough, ¢ also contributes to e.,. Therefore, vSI change the
exact mean opacity, but on the other hand, PNS cooling
strongly depends on convection [33-38]. Therefore, we
worry less about how energy streams up from deeper layers
and focus on fluid decoupling near the surface.

Steady emission.—To get a first sense, we begin with a
stationary solution for a simplified emission model: an
isothermal sphere (radius r,, temperature 7') and energy-
independent A,y. In Fig. 2 we show the resulting flow
parameters for a numerical solution with r; = 10 km and
A,n = 0.2 km for r < r, and increasing with e®("=7s)/km for
larger r mainly to avoid a step function. 7 is represented by
ecq constant inside, and outside following the same
suppression profile. The fluid accelerates near the surface
and quickly reaches luminal speed, similar to free-stream-
ing neutrinos that become ever more collinear after a
distance of a few r,. In the fluid, neutrinos are locally
isotropic and thermal in the comoving frame with an ever
decreasing T',, whereas in the lab frame, most of them
stream away radially.

A steady-state solution is unphysical because there must
have been a beginning of emission and concomitant
luminal wave front at a large distance. In our companion
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FIG. 2. Flow parameters for steady fluid emission from an
isothermal blackbody sphere (temperature 7'), using a smoothed
surface at r, = 10 km as described in the text. Asymptotic values
for r — co as dashed lines. The average lab-frame neutrino
energy € assumes full efficiency for number-changing vSI
interactions.

paper [31], we circumvent this issue with an outer shell at
vanishing 7 that absorbs the radiation. Between the shells,
the analytical velocity profile is given by

o(1 = 1?) —3\% (%)2 (4)

assuming a hard surface at r,. At the surface, the fluid
emerges with the speed of sound v, = 1//3 =0.577, a
general result also found in Ref. [17]. With increasing
radius, » rapidly rises from v to ¢ and asymptotically
reaches a Lorentz factor

334 r
~———~1.61—. 5
= - (5)

Analogously, the comoving energy and number densities
reach asymptotic values of p =~ (0.21e/3)(ry/r)* and
n~(0.29/33*)n"(r,/r)3, the lab-frame energy density
e~4y’p/3 « r2.

From the numerical solution (with a slightly softened
surface), we see in Fig. 2 how e(r) quickly drops from
within the source body to its asymptotic behavior. Together
with increasing v, the energy flux F' = £e is conserved
outside the source. Surprisingly, the blackbody emits an
energy flux that is numerically only 3%—4% smaller than
Fy, = ey/4 given by the Stefan-Boltzmann law for stan-
dard neutrino radiation. We have no fundamental explan-
ation why blackbody emission of a fluid should be so
similar, yet not identical, to that of a gas. Whatever the
answer to this conceptual question, it defines the practical
boundary condition at the source.

Our stationary solution looks similar to wind outflow of
Ref. [17], with the crucial difference that our fluid is
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steadily produced by the source, not fed by a reservoir of
trapped neutrinos that would be quickly exhausted. Our
treatment of the boundary connects the thermal properties
of the PNS to those of the escaping fluid.

In the comoving frame, the fluid is in equilibrium and
thus characterized by its internal 7',. If the source emits v
and U equally, and if number-changing processes by vSI
are fast so neutrinos reach internal chemical equilibrium,
the asymptotic p implies 7, = 0.514T(r,/r), a drop that
is compensated by the work needed for the expansion, or
equivalently, the increasing bulk radial motion: the particles
simply become more collinear. The increasing y implies
a constant asymptotic lab-frame neutrino energy of
€ = 3.48T. Without vSI, the lab-frame spectrum is thermal
with the emitter’s 7" and thus € = 3.157.

If number-changing reactions are not in equilibrium,
but still equal v and ¥ emission by the source, a non-
vanishing degeneracy parameter 5 = u,/T, develops,
based on number and energy flux conservation. The
asymptotic values are n = —0.363, T, = 0.561T(r,/r),
and lab-frame € = 3.75T. Constant 5 implies entropy
conservation (adiabatic expansion) once the fluid has
settled into steady motion at r larger than a few r,.

Relaxation to steady state.—If thermal emission begins
suddenly at SN collapse, a luminal neutrino fluid front is
launched into space. While physically plausible, we
have explicitly checked numerically that this dynamical
solution asymptotically approaches steady outflow near the
source [31]. Though our treatment of the source is
schematic, we are confident that it correctly captures the
transient. The main innovation is to include energy
exchange with the nuclear medium, allowing the PNS to
act as an energy reservoir that feeds neutrino emission for a
long time compared with the PNS size, completely different
from sudden fluid release, a concept that would only apply
to the initial front wave.

Neutrino fireball expansion.—As the PNS cools, neu-
trino emission drops. After 6t of a few seconds, a shell of
width ot has been emitted. The subsequent evolution is
well understood in the context of fireballs in gamma-ray
bursts [39] (see also Refs. [28,29] for early theoretical
studies and Refs. [40,41] for particle bounds from astro-
physical transients). Since most of the fluid moves with
v~ 1, the shell thickness cannot change, but its radius
gradually expands. Within the shell, our steady-state flow
parameters remain valid.

This is also seen because, in steady state, a disturbance in
the fluid travels with v, in the comoving frame, the latter
however accelerating with increasing radius. There is a
sound horizon r, ~ 1.13r, [31]. The fluid at larger r is
unaware of anything happening at the emission surface,
such as the source turning off.

As the thickness does not change, the fireball is not a
self-similar solution because it contains a characteristic
length ot. In fact, for free expansion of a relativistic gas,

self-similar solutions with regular behaviors do not seem to
exist. In our case, regular behavior is attained because, for
energy injection over a period dt, the system always keeps
memory of the scale 0t (see, e.g., Refs. [28,29]), even after
a time 1 > ot.

Observable neutrino signal.—Within the fireball, neu-
trinos possess a boosted blackbody spectrum. However, at
some radius ry, the density is so low that vSI decouple and
then neutrinos stream freely. The large Lorentz factor of
Eq. (5) reveals that we observe neutrinos with nearly the
same angular spread for both free streaming or fluid
propagation, so time-of-flight effects are minimal. We thus
picture the observable flux at a distance dgy > 74 to be
steadily emitted by a spherical shell of radius ry, taken to be
the same for all energies.

Thus at a large distance one observes the superposition
of the boosted blackbody spectra from each point on that
sphere (right panel in Fig. 1). While the comoving T, 4 and
Lorentz factor y4 are the same for all points, they are seen
under different angles, producing different spectra due to
Doppler boosting. The limb of the sphere looks much
colder (effective temperature of order T, 4/y4) than the
center (effective temperature of order 27, 474). Explicitly,
the superposed number flux spectrum for a single species is
found to be [40]

dd rﬁ Te .
R — {1 n—S/ZT}, 6
de 4ﬂ2J§N 7%1 og|tte (6)

where T = y9T¢ = yT, if we recall the constancy of yT,
during fireball expansion. When 2SI number-changing
reactions are in equilibrium near the PNS, T =0.828T
and n = 0. For the opposite case of number-conserving
dynamics, 7 = 0.903T and 5 = —0.363.

Finally, using the Lorentz factor of Eq. (5), the observer
spectrum is

d® r? ~ N

©__2 feglire] @

de = ovanide, €18 (7)
Nothing depends on ry, justifying our earlier assumption of
taking decoupling to be instantaneous. This is to be
compared with the blackbody radiation without vSI

o W (8)
de )y, Smldie/T +1°

One can check that the integrated energy flux from Eq. (7)
is indeed 0.96 the one from Eq. (8), thus maintaining
exactly the energy outflow stated earlier [31].

The different spectra are shown in Fig. 3. Compared with
the usual blackbody spectrum, vSI increase (€) by 10%
(19%) if vSI do not conserve (do conserve) the neutrino
number, and increase (¢?) by 37% (60%). The impact of
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FIG. 3. Spectrum of neutrino number flux ® at Earth, distorted

by vSI (red and blue line), assuming that without vSI, a black-
body flux is emitted (black line).

number-changing processes is very limited; particle num-
ber does not change in the fireball expansion, and only
slightly changes at the emission from the neutrinosphere. In
this sense, our results differ markedly from those of
Ref. [16], where only the v — viwp reactions had been
considered without accounting for the inverse reactions. In
reality, the latter are as fast as the direct reactions, and at
equilibrium they do not produce any large change in the
average energy, lifting the bounds proposed in Ref. [16]. In
the region of interest, for mediator masses above the MeV
scale, only bounds based on laboratory, cosmology, and
high-energy astrophysical neutrinos remain valid (see
references in Ref. [1]).

One observable we have not discussed is flavor. In the
standard case, this issue is not fully understood, given the
uncertainties on neutrino flavor conversion. On the other
hand, assuming that all flavors are affected by vSI without
overly hierarchical couplings, the spectra will be equalized,
simplifying the situation somewhat.

Discussion and outlook.—We have investigated the
emission, propagation, and observed spectrum of SN
neutrinos, assuming they behave as a relativistic fluid
caused by large vSI, drawing on theoretical foundations
elaborated in our companion paper [31]. We have used the
simplest possible toy model of an isothermal and homo-
geneous source, but our results are generic up to factors of
order unity. We find that the time profile is not modified by
vSI—it is set by emission at the source, not by modified
fluid propagation. On the other hand, the energy spectrum
is somewhat harder than a blackbody spectrum, all else
being equal. It is not obvious in which exact direction the
neutrino energies and fluxes would change in a self-
consistent SN treatment.

At present, we cannot estimate the realistic quantitative
impact of different tens-of-percent effects due to vSI, as
other modifications of this magnitude can play an important
role [42-45]. Moreover, there is a region in the g,-m,

plane in which ¢ are trapped, but neutrinos do not behave
as a fluid, and our results do not apply here. For the time
being, while a future galactic SN might still be useful to
unveil vSI, laboratory searches and future high-energy
neutrino telescopes seem to be the best probe in large
parts of the open parameter space [1].

Treating neutrinos with large ¢SI as a relativistic fluid as
pioneered by Dicus et al. [7] has vastly simplified the
discussion both conceptually and analytically. The uncanny
smallness of the modifications caused by the fluid nature is
the main surprise of this investigation and mandates a self-
consistent study to understand the exact quantitative effects
in SN physics.
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Supplemental Material for the Letter
Large Neutrino Secret Interactions, Small Impact on Supernovae

Damiano G. F. Fiorillo, Georg G. Raffelt, and Edoardo Vitagliano

We summarize the hydrodynamical approach used in the main text. In addition, we consider
the burst outflow scenario of Ref. [1], i.e., relativistic-hydrodynamical expansion for an initially
homogeneous fluid ball at rest that is suddenly left to expand, a case for which these authors
claimed homologous expansion. In complete contrast, we find instead that, even with these
unrealistic initial conditions, the solution evolves toward a fireball (a near-luminally expanding
shell of constant thickness), in agreement with established wisdom and explicit earlier studies

in a different context.

1. Evolution of a relativistic neutrino fluid in
spherical symmetry

Due to the assumed short neutrino-neutrino mean free
path, a kinetic description of neutrino emission from su-
pernova is inadequate. A more appropriate fluid descrip-
tion must be constructed from the hydrodynamical equa-
tions of a fluid with a relativistic equation of state, i.e.,
p = p/3, where p is the rest-frame pressure and p the
rest-frame energy density. For generality, let us assume
that the fluid can exchange energy and momentum with
a surrounding medium such as the dense matter inside
a protoneutron star (PNS). The general hydrodynamical
equations of motion then are [2]

o,T" = S+, (A1)
where
v v v 4 v p v
™ = (p+p)ufu” —pg" :§pu”u —gg“ (A2)

is the stress-energy tensor for a fluid with bulk four-
velocity u*, whereas S* is the energy-momentum ex-
changed with the medium per unit time and volume. If
this term vanishes, as for free expansion in space, these
equations simply express the local conservation of energy
and momentum.

If neutrino-neutrino interactions also cause fast num-
ber-changing reactions such as v — vvvw, the neutrino
gas in the comoving fluid frame will relax to an isotropic
distribution in thermal and chemical equilibrium. In this
limit, the rate of direct and inverse reactions are always
equal. Therefore, the bounds proposed in Ref. [3], which
considers only the direct reactions but neglect the inverse
ones, cannot apply.

If instead number-changing reactions are too slow, the
number of neutrinos and antineutrinos is conserved by
the interaction, and therefore the hydrodynamical equa-
tions must be complemented by an equation for particle

number conservation

aﬂ(nuu) = Qv

where the term on the right-hand side describes the num-
ber of neutrinos exchanged per unit volume and unit time
with the medium. We emphasize that, whether number
conservation holds or not, the equations for energy and
momentum conservation Eq. (A1), and therefore the en-
ergy density and bulk velocity, are identical.

For spherically symmetric motion, these equations con-
siderably simplify. The bulk velocity can now be ex-
pressed in terms of a single radial velocity v, such that

(A3)

uw =y = (1 —v?)"Y2 and w" = yv. The lab-frame
energy density e is
492 — 1 1+0%/3
T P g P (A4)
and the lab-frame momentum density 7°" is
Or 4 2
T =ef = 3P (A5)

Here we have introduced the modified velocity variable

4y20 4v
¢ 492 -1 3 +02 (A6)
extensively used in our companion paper [4]. This new

velocity was defined precisely such that the fluid (energy
flux) = (energy density e) x (modified velocity &).

The specific form of the energy-momentum exchange
term S* depends on the type of interaction with the
medium. For the case of an energy-independent mean
free path A,y for absorption by the medium, we have
shown in our companion paper that the transfer rates of
energy, momentum, and number density are [4]

e 0= Neg — N
>\VN )\VN

€eq — €

S0 = R

)\VN ’ (A7)
where eqq is the fluid energy density in the lab frame if
it were in local thermal equilibrium with the medium, N
the fluid particle number density in the lab frame, and
Neq its value in local chemical and thermal equilibrium
with the medium.
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With this result, we can readily write down the full system of hydrodynamical equations

2
B 4 Or(efr?)

r2

01(c6) + 2150, [¢ (5- 20— 38) 2] - 2 (i=B@ —1) = L

n 0, (Nvr?)

0N =

€eq — €

= — A
i, (Asa)
A8b
e (A8b)
= M, (A8c)
>\IJN

where /4 — 362 = 2(3 — v?)/(3 + v?). This set of equations must be complemented with initial conditions to
obtain the solution to a physical problem. In our main text, we consider the solution for a spherical blackbody with
temperature T, simulating neutrino injection from the central PNS.

These equations correspond to Egs. (H11)-(H13) of
Ref. [1] that were written in terms of the comoving fluid
density which they call p, but we call p. In other words,
inserting Eq. (A4) in our equations and in addition set
the right-hand side to zero for the evolution in free space
recovers those in Ref. [1]. We are certainly solving the
same equations.

2. Free expansion of a neutrino fluid

The main idea of Ref. [1] to obtain large effects on a
SN neutrino signal was the hypothesis that the fluid na-
ture causes the neutrino burst to stretch in time. While
they do consider an alternative case, namely the so-called
wind outflow, which is a stationary solution of the fluid
equations, they do not provide any reason either in favor
or against its relevance. In fact, solving the steady equa-
tions cannot by itself provide information on any observ-
able. Our dynamical treatment shows that the emission
relaxes to a steady behavior only during the PNS cooling
phase, and only close to the PNS surface. The behavior
at the beginning and at the end of the cooling phase, and
far from the PNS, can only be addressed by a dynamical
treatment the we have performed.

As an alternative possibility to the wind outflow, they
propose the burst outflow solution based on the scenario
of an initial spherical ball of neutrino fluid suddenly left
to expand. We have dismissed this solution in the main
text because such an initial condition looks unphysical
and Ref. [1] did not explain how it might be produced
by SN-related physics. One may still ask the abstract
question of how such an initial condition would evolve,
and indeed this question has been addressed a long time
ago in a classic paper [5] to which we will return later.
In any event, there should be a simple answer based on
Egs. (A8a) and (A8b) with vanishing right-hand side and
solving for the unknown functions e(r,t) and &(r,t).

As a first step one may search for a simple analytic
solution, where a homologous ansatz could be promising,
meaning solutions that depend as power laws on r and

(

t and are thus scale free. Different families of such so-
lutions are conceivable and we here follow Ref. [1] and
assume as the simplest case
v(r,t) =r/t for r<t. (A9)
The point r = t corresponds to a luminally expanding
shock front; there is no fluid beyond this point. The
corresponding lab-frame energy density is

3t% + 2

T (A10)

e(r,t)

One can explicitly check that these functions indeed solve
Egs. (A8a) and (A8b) with vanishing right-hand side.

These solutions do not depend on the particle number
density. With the linear velocity profile of Eq. (A9), the
third equation Eq. (A8c) with vanishing source on the
right-hand side is solved by

1 r
N(r,t) x 556 (t) (A11)
for any function ¢(z). In particular, if the lab-frame
number density was initially set up to be homogeneous,
it will stay that way, but decreasing (diluting) with ¢=3.

While this solution may at first seem suggestive, it is
actually pathological in that the energy density is ex-
tremely singular at the edge of the expanding fluid at
r = t. The total contained energy is infinite and con-
centrated in an infinitely thin layer at the surface. This
issue was already raised a long time ago by Ref. [6], who
first obtained this solution. If one were to assume a reg-
ularized edge of the fluid, this would break the scale in-
variance, and it is no longer clear if such a modified pro-
file would solve the equations of motion. Moreover, the
homologous solution does not connect with an assumed
initial condition of a fluid at rest that is suddenly left to
expand.

Finally, because the assumed number density and en-
ergy density are separate solutions, the assumed energy
per particle becomes singular toward the edge of the fluid
if one were to assume a homogeneous number density and



this would have to be assumed as an initial condition.
At a given comoving radius, for example r = t/2, the
lab-frame energy density decreases as t~*, the particle
number density as ¢t =3, and so the energy per particle as
t~—1, similar to the expanding universe.

To understand if an initial fluid ball at rest would
evolve toward something reminiscent of this interesting
solution, one can directly solve Eqs. (A8a) and (A8D)
numerically using a simple finite difference method.! We
consider as initial condition a ball of neutrino fluid at
rest. The initial energy density profile is chosen to be
either homogeneous within a radius 7, (box profile), or
Gaussian with p(0,7) o« exp[—r/rs]. For the box pro-
file, we consider an exponential drop to zero after r > 7,
as exp [720 rit(r— rs)]. By testing both profiles, we
make sure that our results are not determined by sharp
edge of the box profile. Our numerical solutions are
shown in Fig. Al.

For both density profiles, the interface with the vac-
uum causes the neutrino fluid at the surface to move
outward. In the box profile, we can even see how ini-
tially the fluid deep inside the ball remains unaffected,
since the information about the interface with the vac-
uum takes a finite time ~ 74 to reach the inner region
of the ball. Therefore, in this case, a rarefaction wave is
launched from the surface towards the interior of the ball,
causing the fluid to progressively start moving outwards
over a typical time 7.

After the fluid has left the initial ball, it settles into a
shell with a velocity profile that is not linear. Rather, the
velocity profile grows much more rapidly, and, in both
cases, we find that the bulk of the neutrino fluid shell
lies in a region where the velocity is close to the speed
of light. Therefore, the thickness of the fluid shell does
not further increase. In other words, the solution for
the energy density evolves toward a fireball solution, in
particular with the property of having a scale imprinted
(the original radius of the ball). Already from a time
of about 2.4 r,, the quantity er? maintains an identical
profile and simply moves uniformly with the speed of
light, as predicted from the fireball solution presented in
the main text. Therefore, we find that, independently
of the precise form of the initial density profile, a ball
of neutrino fluid initially at rest quickly evolves into a
fireball with constant thickness.

These initial conditions have been studied in quite
a different context, namely that of gamma-ray bursts
(GRBs). We can trace the first analysis of a similar setup
to Ref. [5], which solved by a different numerical method

1 We have also succeeded to solve these partial differential equa-
tions with the standard routine NDSolve in MATHEMATICA, taking
the radial range 0-8 rs and ¢ up to around 6 rs, more than enough
to see the initial fluid ball to morph to a fireball. Therefore, one
does not need specialized codes to gain a clear numerical picture.
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the identical problem of the box profile for a generic rel-
ativistic fluid. The results found there agree with ours,
and in fact Ref. [5] concludes that after an initial read-
justment, clearly visible also in our Fig. A1, there is no
change in the thickness of the plasma shell. These simula-
tions have played an important role in the fireball model
of GRBs, in which an energy injection in the form of a
relativistic fluid in a small region is usually assumed, see,
e.g., Ref. [7].

The setup of the GRB fireball is not exactly identical
to our problem, since in that case the relativistic fluid has
a small contamination of non-relativistic baryons and it
expands into an external non-relativistic medium rather
than into the vacuum. However, the very early stages of
expansion, when the energy of the fireball is radiation-
dominated, are analogous to the problem studied here.
Ref. [7] provides numerical simulations for a regularized
box profile [see their Eq. (14)], and also concludes, in
agreement with Ref. [5] and with our own results, that
in the radiation-dominated phase the shape of the pulse
is not changed.

By itself, the fact that the thickness of the neutrino
shell remains unaltered by the expansion may be a source
of confusion, especially if we are used to thinking of non-
relativistic fluids and non-relativistic bulk velocities. For
the latter, it is indeed true that an expansion always
obtains. If we set up a shell of fluid moving radially
with non-relativistic velocity, the lack of pressure support
both at the front and at the back of the fluid shell causes
it to expand at both sides and ultimately evolve into a
homologous expansion (see, e.g., Ref. [8]). Why is this
not true for relativistic fluids? A qualitative explanation
is provided in Ref. [5]. In the rest frame of the shell of
fluid, it is indeed true that the shell expands, driven by
the lack of pressure support. However, passing to the lab-
frame requires a strong boosting, so that the expansion is
slowed down by a factor 1/42. Since the fluid shell soon
is entrapped in a motion with v o< 7, it is clear that the
growth of thickness is rapidly slowed to a halt.

Our findings are in complete contrast to what is
claimed in Ref. [1]. Concerning their homologous ana-
lytic solution, it formally solves the equations of motion,
but is extremely singular and requires being set up in
exactly this form, a question not addressed in Ref. [1].
These authors also claim that an initial setup of the
relativistic fluid at rest would generically evolve toward
something similar to the homologous solution, but with
a smoothed edge. Details of their numerical solutions
with the PLUTO code are not documented, so one can-
not judge what exactly was done or found. For compar-
ison, they cite Ref. [9], which however performs numer-
ical simulations for the plane-parallel problem only. In
fact, a discussion of the spherical expansion presented in
Ref. [9], based on analytical arguments, fully supports the
conclusions of Ref. [5], and therefore contradicts rather
than supports the findings of Ref. [1].
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Their claim that an initial fluid ball at rest would ex-
pand in a homologous fashion therefore contradicts es-
tablished wisdom and our finding of an evolution toward
a fireball. Thus, we conclude that, even for the initial
conditions assumed in Ref. [1], a change in the duration
of the neutrino signal is not expected, and the burst out-
flow does not obtain. On the contrary, both types of
initial conditions, and with the more realistic ones used
in the main text and corresponding to injection from the
PNS surface, the solutions always evolve toward a fire-
ball with a frozen pulse profile, allowing us to robustly
conclude that this feature does not strongly depend on
the mechanism by which neutrinos are injected.
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