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We consider a dense neutrino gas in the “fast-flavor limit” (vanishing neutrino masses). For the first time,
we identify exact solutions of the nonlinear wave equation in the form of solitons. They can propagate with
both subluminal or superluminal speed, the latter not violating causality. The soliton with infinite speed is a
homogeneous solution and coincides with the usual fast-flavor pendulum except that it swings only once
instead of being periodic. The subluminal soliton in the static limit corresponds to a one-swing “spatial
pendulum.” A necessary condition for such solutions to exist is a “crossed” neutrino angle distribution.
Based on the Nyquist criterion, we derive a new sufficient condition without solving the dispersion relation.
The solitons are very fragile; they are as unstable as the homogeneous neutrino gas alone. Moreover, in the
presence of matter, only the solution survives that is homogeneous in a frame comoving with the matter
current. Generally, the matter effect cannot be eliminated by transformations in flavor space, but has real

physical impact.
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I. INTRODUCTION

The daring idea to explain the missing solar neutrino flux
by flavor evolution over astronomical distances [1] was
eventually correct, but initially met fierce resistance from
the belief that neutrinos should be massless. Today,
determining the exact neutrino mass and mixing parameters
has become a vast international effort of dedicated experi-
ments and theoretical studies [2]. Ironically, recent theo-
retical studies of flavor evolution in neutrino-dense
environments focus on massless neutrinos, the so-called
fast-flavor limit [3-9]. In this terminology, the usual mass-
driven flavor conversion is called “slow.” It remains to be
seen if fast-flavor conversion (FFC) indeed strongly
impacts core-collapse supernovae or binary neutron-star
mergers and concomitant nucleosynthesis [10-31].
Meanwhile, collective flavor waves in dense neutrino
environments are a fascinating theoretical topic in their
own right [32-61]. New and surprising insights seem to
emerge whenever one takes a fresh look.

One topic of considerable recent activity is the very
question if the usual mean-field equations truly capture the
flavor evolution of a dense neutrino gas, or conversely, if
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quantum entanglement of the many “flavor spins” is a
dominant effect [62-73]. An early discussion [74,75] was
apparently resolved in favor of the mean-field approach
[76-78]. Whatever the final outcome of this debate, we here
work on the purely refractive level of the mean-field
approach, without heed for possible quantum limitations,
but also without heed for the effect of collisions.

Arguably, FFC is the purest form of collective flavor
evolution in that it does not require masses and mixing, and
yet, in the mean-field approach, a dense neutrino gas
supports a rich class of fast modes. In a recent paper
[79] we have shown a certain reciprocity between slow and
fast modes so that much of our present discussion can be
ported to the slow case as well. If fast-flavor waves actually
occur in nature and how exactly they would be excited are
actively studied questions. However, in line with our
previous paper, we do not worry about phenomenological
issues and continue to look at the subject from a math-
ematical perspective.

Our main result is to identify a new class of solutions of
the flavor wave equation in the form of solitons. These are
exact nonlinear solutions that can exist with both sub-
luminal or superluminal speed. Limiting cases are the
traditional homogeneous flavor pendulum [37,50] and its
static counterpart, a “spatial pendulum” [37]. Actually, the
notion of a (temporal) soliton in this context was introduced
in the parallel development concerning the Bardeen-
Cooper-Schrieffer (BCS) Hamiltonian in condensed-matter
physics [80-86].
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Another exact solution of the nonlinear flavor wave
equation in the form of a uniformly moving flavor
wave was recently discovered by Duan, Martin, and
Omanakuttan [87]. We believe that this solution corre-
sponds to the homogeneous pure-precession solution found
in Ref. [88] as seen from a boosted frame in the same way
as our superluminal soliton corresponds to the homo-
geneous flavor pendulum as seen from a boosted frame.

We assume that the reader is generally familiar with the
subject of neutrino fast flavor oscillations and therefore
limit our brief introduction to the essentials needed to
establish the basic equations and notation.

The chosen environment is a homogeneous neutrino gas
with an axisymmetric angle distribution. The coordinate
along the symmetry direction is r and the zenith-angle
distribution is expressed through the velocity v = cos 6 of a
given neutrino mode along r. In the fast-flavor limit,
neutrino energy does not appear and the mean-field
equations of motion (EOMs) are the same for neutrinos
and antineutrinos. All relevant information is encoded in
the lepton-number density matrix in flavor space
D,(r,t) = 0,(r,t) — p,(r, 1), where D is a mnemonic for
“difference.” We represent this matrix in the usual way by a
Bloch vector D, (r, t) through D, — 1 TrD, = 1D, - 6 with
o a vector of Pauli matrices. After phase-space integration,
we finally seek solutions of the EOM

1

(0, + vo,)D, = ,u/+ dv'(1-v)D, xD,, (1)
-1

where a dependence on (r, 7) is implied for D,. The scale

i = \2Gg(n, + n;) is a measure of the neutrino-neutrino

refractive effect. The equivalent EOM in matrix form

is i(0, + v9,)D, = u [dv'(1 —v')[D,.D,].

This equation is more intuitive in linearized form where
we assume that the off-diagonal elements of the density
matrix (the x and y components of the Bloch vectors) are
small. The z-component (the weak-interaction direction in
flavor space) is represented by what has been called the
ELN (for electron-lepton number carried by neutrinos)
angle distribution or angular spectrum

G, - Di — /p2dpd¢ (fo, = f5.) = (o, = f3) )

(2r)? n, +n; ’

where the occupation numbers depend on p expressed in
polar coordinates through p = |p| and v = cos @ and ¢. We
have assumed that our two flavors are e and p.

We denote the small off-diagonal element in the form
Dy =1 (D} —iDy) = G,D, so that the complex number
D, is a measure of flavor coherence and we assume
|D,| < 1. The linear EOM is consequently [33]

+1
i0,+ 00D, =u [ " dvGy(1=o0)(D,=Dy). (3

This EOM is similar to the Vlasov equation of plasma
physics.

In the absence of neutrino-neutrino refraction (u = 0),
the Vlasov operator on the left-hand side simply causes a
drift of any perturbation D,, (or wave packet) that may have
been set up. The eigenfunctions are proportional to o
functions. For nonvanishing p, these so-called Case-Van
Kampen modes [89] (or noncollective modes [39]) persist,
although with modified singular eigenfunctions. Their
dispersion relation is w/k = v < 1, i.e., their phase velocity
is subluminal, explaining their role in Landau damping of
perturbations [90].

In addition, new collective modes appear that do not
exist without ¢ and, together with the noncollective modes,
form a complete set. These collective modes can be stable
or unstable, the latter being the modes that would engender
FFC. Stable collective modes have a superluminal phase
velocity. It was Sawyer who first recognized that a non-
trivial angle distribution G, can support unstable modes
without neutrino masses [3,4]. It was quickly understood
that a “crossing” of G,, is needed for an instability [33] and
recently Morinaga proved that this is indeed a necessary
and sufficient condition [45].

In the following we identify exact solutions of the
nonlinear EOM that are connected to unstable solutions
of the linear EOMs. In Sec. II we first recall the homo-
geneous pendulum solution and extend it to the nonperiodic
limit of a soliton. As a next step, we transform it to a
superluminally moving solution. In Sec. III, instead we
consider a “spatial pendulum” and the nonperiodic limit of
a static soliton. This in turn can be transformed to a
subluminally moving solution. In Sec. IV we turn to the
stability question of these solutions. In Sec. V we show that
in the presence of homogeneous matter, only the temporal
soliton survives that is homogeneous in the Lorentz frame
where the matter current is absent. A summary and
conclusions are provided in Sec. VI. Some technical points
are relegated to appendices. In particular, in Appendix A we
derive the conditions on G, required for a homogeneous
instability (a pendulum solution) without solving the
dispersion relation.

II. TEMPORAL SOLITONS

Despite the nonlinear nature of flavor evolution in a dense
neutrino gas, under special conditions the evolution of the
flavor composition may be surprisingly regular. In homo-
geneous settings, this behavior is equivalent to a pendular
oscillation for single-crossed spectra [37,50]; the regularity
of the solution is here connected with the existence of non-
trivial integrals of motion [79]. However, the introduction of
inhomogeneous disturbances disrupts this regular behavior.
Nevertheless, we demonstrate that there exist exact spatio-
temporal solutions in which the flavor evolution is regular,
taking the form of flavor solitons that propagate at a
constant speed.
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In this section, we first review the properties of the
homogeneous evolution for single-crossed spectra and
the analogy with pendular motion. We then show that
the existence of homogeneous solutions implies, by
Lorentz invariance, a special class of flavor solitons
propagating with superluminal speed.

A. Homogeneous equations of motion

Our starting point is the EOM (1) in a homogeneous and
axisymmetric neutrino gas. We write it in the more compact
form

(at + Uar>Dv = (DO - UDI) X Dv’ (4)

where here and henceforth we absorb the interaction energy
1 in the definition of dimensionless space and time
coordinates. Moreover, following the previous literature
[37,79,80,91], we define the moments of the distribution
through

D,=> v'D,. (5)

While this notation is slightly ambiguous because, for
example, D, is the zeroth moment and not the mode D,
with » = 0, in practice there will be no confusion.

Here and henceforth we usually consider a discrete set of
velocities {v} instead of a continuous distribution. This
approach simplifies our discussion without changing the
overall conclusions. The “thermodynamic limit” of a
continuous distribution involves some subtleties that we
have discussed in our earlier study [79].

We assume that the system is initially homogeneous,
including possible perturbations, and we are only seeking
homogeneous solutions. With these assumptions, we first
consider the EOMs

Dv = (DO - UD]) X Dv' (6)

We assume the initial conditions are chosen with all D,
nearly aligned to the flavor direction, taken as the z axis.
Summing on both sides over >, and ), v reveals that
Dy = 0 and D, = (D, + D,) x D;. Therefore, the Bloch
vector of total lepton number D, is conserved, whereas that
of lepton-number flux D; follows a precession equation,
implying that its length is conserved.

B. Pendulum solutions

In the unstable case, it is D (7) that moves in analogy to a
mechanical gyroscopic pendulum [37,50,79]. The func-
tions D,(z) are then strongly correlated. Actually all of
them are linear superpositions of precisely three indepen-
dent functions, which can be taken as D,(7) = constant,
D, (7), and a third function J(¢) that plays the role of the
total angular momentum in the pendulum analogy.

Alternatively, the three vector functions can be taken as
three “carrier modes” [32] or “auxiliary spins” [81], which
are special cases of the “Lax vectors” of this system as we
have recently explained [79].

In polar coordinates, the motion of D;(z) is fully
represented by its zenith angle 9(¢) and azimuth angle
(1) in the x-y plane." So eventually the dynamics of the
full system D, (7) is encapsulated in two scalar functions
9(¢) and ¢(t), which in turn are universal and depend on
only two parameters; the natural frequency and spin of the
equivalent pendulum. The explicit analytic expressions for
these functions are derived in Appendix B.

For a given initial configuration D, aligned with the
z-direction and with the spectrum G, = D%(0), the first
step toward a pendulum solution is stability analysis. In a
normal-mode expansion, one seeks solutions that initially
behave as e™™¥. The eigenfrequency Q must obey the
dispersion relation obtained by linearization [33,50]

2
G,
E #:1’ (7)
vG, — Gy + Q

v

where the nth moments of the spectrum are
G,=> G (8)

Recall that D, and |D,| are conserved. An alternative
form is

vG
—”:0, 9
Z?]GI—GO+Q ()

v

which is equivalent to the presence of a Lax vector with
vanishing z-component [79].

An instability requires a spectral crossing, i.e., G, must
change sign for some —1 < v, < +1. At present, we are
only examining spectra that have a single crossing. This
necessary condition would also be sufficient if we were to
include inhomogeneous normal modes, i.e., those with a
nonvanishing wave number [45]. For the homogeneous
case, a sufficient condition based on the Nyquist criterion is
(Appendix A)

S 0 and /duL <0. (10)
GOUC GO(U - Uc)

This criterion is directly related to the Penrose criterion for
the instability of a single-humped electron distribution in a
collisionless plasma [92] (see, e.g., Ref. [93]); the math-
ematical connection between collisionless plasma and fast
flavor conversions in the linear regime was already noted in

'For polar coordinates in the space of Bloch vectors, we use 9
and ¢, whereas in coordinate space, we use 6 and ¢ so that
v = cos 6.
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TABLE I. Three-mode reference cases.
Case Spectrum Moments Instability Pendulum
U Uy U3 GO wp ﬂ,
G, G, G, G, I c
A -1 +0.5  +1 -0.4 -0.5 +0.6
-1 -04 +1 +1.8 +0.332 —0.833
B -1 +0.5  +1 -0.9 —-0.563 +0.9
-1.125 -09 +1.125 +1.8 +0.703 -0.625

Ref. [79]. Therefore, one can assess the presence of an
instability without solving the dispersion relation.

A system {D,, v} consisting of a set of Bloch vectors on
a discrete set of velocities can be degenerate in that for
given initial conditions, the solution fills a smaller-
dimensional phase space. For our standard case of all
D, initially aligned and a single instability, one can
construct a system with the same D,(z) consisting of
any number of beams N > 3 that could be smaller or
larger than the original system. Starting from a supernova-
inspired continuous (or finely binned quasicontinuous)
spectrum G,, we can construct an infinity of three-beam
representations to achieve the same D, (7), or directly a
pendulum representation. This enormous degeneracy is
attributed to the large number of invariants as explained,
e.g., in our previous paper [79]. In Appendix C we show
explicitly how to construct a three-beam representation
from a given G, and conversely, how to construct a larger-
dimensional system starting from a three-beam one or
directly from a chosen pendulum.

As a matter of convenience, we will frequently use a few
explicit three-beam examples with properties defined in
Table I. For three beams with velocities v; and lengths G,
the dispersion relation is quadratic in Q and thus easily
solved. It yields the real and imaginary components of the
eigenfrequency Q — Dy = wp + il

J
wp =7, (11a)

1
F:z\/4G0G1U17}27J3—12, (11b)

where we introduce the total angular momentum of the
pendulum J = G, — G, >_; v;. Notice that initially, when
all D, are aligned, J = S, the pendulum spin. Following
Eq. (B21), the natural pendulum frequency and spin
parameter are

w
A= +T? and o6=——0—. (12
v Vb +T7?

D7

001

S =05 ] \ [ V]
o | \/ | ]

—1.57

0 20 40 60 80 100
Time, t

FIG. 1. Components of D;(z) for our two benchmark cases of
three-beam systems defined in Table I.

In terms of the three-beam parameters, they are

A= \/G0G1111112123, (133)
G:Gz—Gl(U1+02+U3)' (13b)

2\/G0G1 A%

We show the numerical values for our examples in Table 1.

Figure 1 shows the trajectories for these examples in
terms of the vertical component D7; the in-plane compo-
nent |D}Y| = /(D7)* + (D})?; and the azimuth precession
velocity ¢, expressing D; in polar coordinates as
D, = D (sindcos ¢, sin 9 sin ¢, cos 9). If initially all D,
were perfectly aligned, the system would be stuck in an
unstable fixed point, so we have provided a small disturb-
ance as a seed. The component D shows a periodic
behavior, describing the periodic swing of the pendulum
from the upright position back to it. Likewise, the trans-
verse component (the modulus of the x-y component) is
periodic, where the long waiting periods of Dj are
accompanied by exponential growth of D}”, or exponential
decline on the approach back to the upward position.

On the other hand, the pendulum trajectory is not
periodic in general, as one can see in Fig. 2, where we
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FIG. 2. Pendulum trajectories in the D}j—D7 plane for the two
benchmark cases defined in Table I. Shown are two zenith-angle
periods. The azimuth-angle period is generally not commensu-
rate, causing the trajectory to fill the plane after many zenith
periods.

show the projection of the pendulum trajectory in the
Di-D7 plane for two periods of D%. The motion is actually
conditionally periodic; 9(¢) and ¢(t) are separately peri-
odic, however with noncommensurate periods unless the
seed was fine-tuned. We still refer to the pendular motion as
periodic, with the implication that it is only periodic in the
zenith and azimuth angle separately. The azimuth motion
¢(t) does not vanish even in the upright position except for
vanishing spin (plane pendulum). The motion ¢(¢) is never
retrograde (Appendix B), the overall direction being
determined by the initial spin orientation.

C. Homogeneous temporal soliton

The full motion of the pendulum then consists of a
periodic swing of the zenith angle. The separation between
two full swings, the waiting period, is determined by the
amplitude of the initial small perturbation. If the latter is
sufficiently small, we may regard the swings as nearly
separate motions. We can then construct an exact solution
in which the perturbation is infinitely small at infinitely
remote times, such that the motion is effectively a single
pendulum swing.

To acquaint the reader with our later terminology, we call
this motion a “temporal soliton,” although this is not a
soliton in the usual sense—it does not involve any spatial
variation. Our definition matches the one used in Ref. [85]
to describe the time evolution of the order parameter in a
BCS superconductor, a system which we have shown to
follow the same equation as the fast-flavor conversions in a
homogeneous setting [79].

A more fitting notion might be that of an “instanton”; a
singular event on the infinite time axis. However, we avoid
this terminology because its quantum-field theory connota-
tions could be misleading. The temporal soliton, a pendulum
that swings only once, approaches its classical unstable fixed
point at  — o0, without ever reaching it, of course.

We construct the soliton analytically in Appendix B,
based on the pendulum equations of motion, and fixing
time ¢ = 0 when the zenith angle is at its lowest point.

While this approach avoids the need for a seed (an initial
perturbation), instead one needs to fix the time when this
event happens. Besides the choice of this instant, the
pendulum motion d(¢) and ¢(¢) is fixed by only two
parameters, the natural pendulum frequency 4 (in units of y,
the neutrino-neutrino interaction energy, that we usually
absorb in the definition of time) and the spin expressed as
S =2lo. The spin parameter o is defined such that
0 <62 <1 for an instability to exist. For larger ¢°, the
pendulum is stuck in the “sleeping top” upright position.

Expressing D; in terms of polar coordinates as discussed
earlier, and using ¢(7) = cos J(¢), the soliton is (Appendix B)

2

V1o
¢(t) = oAt + arctan Jtanh( 1 —c%t)|,
o

o(t) = =1 +2[6> + (1 — P)tanh® (V1 - o221)].  (14)

We may regard the soliton as the elementary object which is
periodically repeated in the solutions of Figs. 1 and 2. For a
soliton, we show in Figs. 3 and 4 the components D3, |D}’|,
and ¢, as well as the trajectories projected in the Df-D7 plane.

In summary, for a spectrum G, with an instability in the
linearized system, there exists a temporal soliton. Except
for the instant when it happens, its properties are all fixed
by the linear eigenfrequency Q = wp + il

D. Multiple solitons

The above discussion relates only to angular distribu-
tions with a single unstable mode. If more than one unstable
mode exists, that can happen for a multicrossed spectrum,
each instability defines a different soliton, that can happen
at an arbitrary instant. If they happen at very different times,
they are essentially two different solitons. If they happen
more closely to each other, the common solution includes
complicated interference effects in the time period of
overlap. Explicit examples have been worked out in the
BCS context in Ref. [85].

Such multiple soliton solutions, based on multiple
instabilities, are to be distinguished from the periodic
pendulum motion. The latter is not a sequence of events
but rather a single periodic solution.

E. Uniformly moving soliton

An exact solution that depends both on space and time
can now be found by identifying solutions that are
homogeneous in a boosted frame, which we identify as
primed. These solutions therefore obey oD, /dr = 0. We
call V the speed of the frame in which the solution is
homogeneous, and y = (1 — V?)~!/2 is the corresponding
Lorentz factor. Notice that the original neutrino gas, having
a nonisotropic angle distribution, does not define a natural
laboratory frame. In any moving frame, it is once more a
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Case A

057 Case B
0.0
S —0.5
1.0t \
—1.5F \
—-2.0

-0.5

Time, ¢

FIG. 3. Components of D, () for a temporal soliton for our
benchmark cases with parameters given in Table I. The Dj
component stays flat for ¢ — £oco, whereas the transverse
components continue to shrink exponentially for t - +oo to-
wards the unstable fixed point.

homogeneous and nonnisotropic gas, but with a trans-
formed single-crossed spectrum G,,.

However, instead of transforming G, explicitly, the
EOM can be directly mapped to the EOM of the original
system, where the soliton was homogeneous. The simplest
way to do so is to use the covariant form of the EOMs

k"dﬂDv =D/ x kaw (15)
2 : : : 2 ‘ ‘ ‘ 100
(a) (b)
A 1 80
60 ~
50 :
40 =
- I 20
25T i 2 23 =T 0 i 2 0
DI DI

FIG. 4. Soliton trajectories in the D}-D7 plane for the two
benchmark cases defined in Table I.

with kX =1 and k' = v in the laboratory frame and
D* = >, D, k. In the primed (moving) frame, k* = @' =
y(1=oV)and k! = k' = y(v — V). Since dD,,/or' = 0, the
EOM:s in the primed frame read

oD K
- = <D6 —JD/I) x D, (16)

or

after dividing everywhere by «'.

We further redefine v/ = k'/&' = (v —V)/(1 —vV) as
the velocity in the new frame. The range —1 < v <1 of
course maps on —1 <2 <1 as behooves a Lorentz
transformation, and conversely v = (v/ + V)/(1 + v'V).
Moreover, we redefine the Bloch vectors in the new frame

S, = [a)’DL,]U/:k//w/ =[y(1-oV)D,] _vov (17)

TV

so as to match the definitions of the moments
D), = > = &"S,. Thus, we finally reach the form

S,
or

which is identical to Eq. (6).

We can now perform a linear stability analysis around the
asymptotic state with polarization vectors closely aligned to
the z-axis. Since the EOMs are identical to Eq. (6), we may

simply perform the appropriate replacements in Eq. (9).
—iQ'r

= (D —v'D)) xS, (18)

Assuming a solution behaving as e , we obtain

(1-2V)(v-V)G,
ZUGI -Gy +y(1=2V)Q 0. (19)

v
where G, is the original spectrum and G, and G its
moments in the original frame. Whenever this dispersion
relation admits a complex solution for some |V| < 1, the
solution in the corresponding reference frame will behave
as the homogeneous swing of the pendulum, and, in the
limit of infinitely small initial perturbation, approaches the
temporal soliton. In this comoving frame, the vector D/ (7')
in all space performs a single pendulum swing.

In the laboratory frame, the solution depends then only
on the combination ¢ = y(t — V'r), or, equivalently on the
combination r —t/V. We recognize this as a uniformly
moving wavefront with the velocity v = 1/V. Since
|V| < 1, it follows that the corresponding soliton is super-
luminal. The homogeneous temporal soliton is obtained
from here in the limit V = 0, which formally corresponds
to a soliton moving with infinite speed.

Figure 5 shows the spatial structure of D and D, for the
superluminal soliton for both cases A and B defined in
Table I for the example V = 0.35, corresponding to
Vsoliton = V! = 2.857. Notice that, while D and the
pendulum length |D/|| are spatially and temporally constant,
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|\ —— Case A
2.0 “ ‘ —— Case B

— CaseA | “‘ A \
0.0f —— CaseB ||
—04 0.8 N
o6 [ | voton = 2857
~08 ' /
S
—1.2
—14 VUsoliton = 2.857
~16 _
—50 —25 0 25 50 —50 —25 0 25 50
7 — Usolitont 7" — Usolitont
FIG.5. Structure of the superluminal soliton as a function of the

comoving coordinate r — vy on? for a superluminal soliton
velocity vgon = V™! = 2.857, for the two reference cases
defined in Table I. Here V = 0.35 is the speed of the frame in
which the soliton is homogeneous. In the original frame, D, and
|D;| are no longer conserved.

the lab-frame moments Dy = y(Dy + VD)) and D, =
y(D} + VDj) depend both on space and time, and their
length is not constant.

At each instant, the flavor composition is close to the
asymptotic one far from the soliton, while it develops off-
diagonal coherence in the soliton region which moves with
superluminal speed vy)ion- The spatial width of the soliton
is directly connected with the duration of a swing of the
flavor pendulum in the comoving frame in which it is
homogeneous. Assuming this duration to be of the order of
T', the lab-frame spatial width is of the order of

A=T/yV =T\/v2 o, — 1. and therefore becomes arbi-
trarily large as vgyj;0n — ©0. This of course corresponds to
our previous statement that the limit of v;,,, — oo leads to
the homogeneous, temporal soliton.

F. Violation of causality?

The superluminal motion raises of course questions on
the validity of this solution, in view of causality require-
ments. However, causality is broken already by the initial
conditions which spawn this solution. This is most easily
seen in the limit V = 0, which corresponds to the homo-
geneous temporal soliton: the homogeneity of the initial
flavor configuration over arbitrarily large distances requires
a correlation which cannot have been set up by a causal
physical process.

In the same way, the superluminal soliton corresponding
to a nonzero V does not involve any superluminal propa-
gation of information. Indeed, the information on the
soliton existence at a certain position r does not originate

from the motion of the soliton at previous times, but is
rather already contained in the initial conditions in the past
light cone of the point r. Therefore, if we chose an initial
condition at # = 0 which is identical to the soliton for » > 0
and with an arbitrary shape for r < 0, at a later time ¢t we
would still see the exact soliton solution for any r > 7, even
though the soliton itself was valid only over half the space
at the initial time.

This situation is analogous to what happens in dielectric
materials with a superluminal group velocity, where an initial
wave packet can propagate with a superluminal group
velocity. This is examined in detail, e.g., in Ref. [94], where
itis shown explicitly that this superluminal propagation does
not correspond to a real transmission of information.

G. Dispersion relation

A necessary condition for a neutrino gas to support a soliton
is for the spectrum G, to be crossed, and this property is
invariant against Lorentz boosts along the symmetry axis. On
the other hand, the sufficient condition stated in Eq. (10) must
be evaluated in the new frame and may not have a solution. In
other words, not every chosen V provides a soliton, it
may rather provide a stable “sleeping top” configuration.
The boosted conditions for an instability are provided in
Appendix A for the case of a continuous spectrum G,,.

For our discrete three-mode examples, one may simply
evaluate the dispersion relation of Eq. (19) directly. In
analogy to the lab-frame case, it is a quadratic equation for
Q. For our example A, one finds a nonvanishing imaginary
part for —0.099 <V < 0.40, for B the range is
—0.43 < V < 0.43. Even though the two extreme neutrino
beams have v = £1, the allowed range for V does not
exhaust this full range.

Conversely, only a certain range of speeds vgjjion = V!
is supported. We display ImQ’ as a function of vy, for
both of our reference cases in Fig. 6. The soliton is
supported only for sufficiently large speeds, corresponding
to the range in which Im(Q’) # 0.

Finally, the eigenfrequency of the linear system corre-
sponding to the soliton is Q = y€' in the laboratory frame,
and the corresponding wave vector is K = yQ'V, implying

Q 1
— =— with
|4

1
-l<=<1L1 (20)
K Vv

Therefore, the superluminal soliton corresponds to linear
eigenmodes with complex Q and complex K such that

Q Q Q
Im<E>:O and ?>1 or E<_1' (21)

In other words, starting from the inhomogeneous dispersion
relation [33], one needs to find solutions (L, K) that have the
same complex phase and their ratio corresponds to a super-
luminal phase velocity.
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FIG. 6. Imaginary part of the comoving-frame frequency Q' as
a function of the soliton speed vgoj0n = V™! for the two bench-
mark cases defined in Table I.

This is different from the usual normal-mode analysis
where one looks for a complex €, assuming a perturbation
with a real wave number. Instead, we are here looking for a
complex Q as a function of the velocity V, a real parameter.

III. SPATIAL SOLITONS

The original flavor pendulum (of slow oscillations), like
so many other neutrino oscillation phenomena, was
actually meant to represent a spatial phenomenon, an
evolution along a direction in space [95-97]. On the other
hand, our earlier fast temporal instability and concomitant
soliton was a purely temporal event until it emerged, under
a boost, as a superluminal form of nonlinear wave propa-
gation. Conversely, one can contemplate a purely spatial
fast-flavor pendulum, an instability along a direction in
space [37]. We here show that in similar manner such a
“spatial instability” can be seen as a static flavor soliton,
now using this terminology in a more proper sense. Later
we continue with the now-familiar boost that turns up yet
new nonlinear solutions, the class of subluminally moving
solitons.

A. Static soliton
To get started, we search for exact solutions of the static
EOMs

aD,,
v * = (Dy—vD;) x D,. (22)
r

By dividing everywhere by v, this becomes

aD, _
or = (1} lDo - Dl) X D'U' (23)

We now introduce the modified definitions
M,=D,v and M,=>» M, (24)
v
so that My = D; and M| = D,. The EOMs then take the
form

oM,
or

= (/U_IMl - Mo) X MD, (25)

which, except for a change in sign, has the same form as
Eq. (6), an observation first made by Johns et al. [37].
Compared to the temporal case, in which the variable » runs
in the compact interval from —1 to 1, in this EOM the role
of the variable v is played by v»~!, which lies in the
noncompact interval [v~!| > 1. However, this modification
does not lead to significant differences in the physics and
the nature of the solutions.

Assuming that asymptotically the polarization vectors
are all aligned with the z-axis, just as in the temporal case
we can determine the instabilities of the system using the
linear dispersion relation. Assuming solutions behaving in
space as e’K”, we can deduce the dispersion relation directly
by the analogy with Eq. (9). After the appropriate sub-
stitutions are made, we find

vG,
2 Go—vG, +Kv 0- (26)
As we show in Appendix A, if a system admits an unstable
frequency from Eq. (9), it also admits an unstable wave
vector in Eq. (26).

Linear stability analysis in the spatial case deserves some
clarification. In the temporal case, causality automatically
determines that frequencies with a positive imaginary part
lead to a temporal instability. In the spatial case, causality
does not provide such a guide, and solutions with a
complex K may lead both to a growth of the solution or
to a damping. Which of these conditions is realized from a
given boundary conditions set at an initial time depends on
the dispersion relation at Q # 0 [98]. However, here we are
not interested in the topic of whether growth can arise from
a given boundary condition. Rather, we simply show the
existence of exact soliton solutions of Eq. (22) if the
dispersion relation provides a complex solution for K.
Therefore, we do not pursue the topic of boundary con-
ditions for a neutrino gas any further.

Since Eq. (22) has been mapped to the same form as
Eq. (6), we conclude that the solutions we found in the
previous sections are also solutions of Eq. (22), with a change
of interpretation. The temporal solution, with a single swing
of the pendulum D, corresponds here to a static, localized
region in which the “spatial” flavor pendulum M; = D,
swings away from the z axis. We dub this a spatial soliton and
corresponds to the intuitive picture of some sort of localized
wave packet. In this region, the neutrino flavor density matrix
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has large off-diagonal coherence, whereas outside, it returns
to the asymptotic flavor composition. Notice that here it is
M, = D, that remains constant throughout space.

We stress that the solution is static even though indi-
vidual neutrinos are still moving with their own velocities v
in the direction of the symmetry axis. Neutrinos passing
through the soliton region develop off-diagonal coherence
under the influence of the mean field of all the other
neutrinos in the same region, and return to their original
flavor structure after they pass through the soliton.

In the temporal case, a given initial condition generally
leads to a periodic swing of the polar angle of the
pendulum, as we discussed above. In the spatial case,
the analogous structure is a periodic lattice of solitons; we
remind the reader that we use periodicity here with the
caveat that only the polar angle is periodic, while the
azimuthal angle periodicity is not in general commensurate
with the polar angle one.

The soliton existence relies on a delicate balance
between the advection of neutrinos and their non-linear
interaction. Furthermore, as we have seen, a diagnostic of
the static soliton existence is the presence of a complex K
solution to the dispersion relation. Indeed, the static soliton
is the nonlinear evolution of the eigenmodes with Q =0
and complex K in the dispersion relation, in the same sense
that the temporal soliton is the nonlinear evolution of the
eigenmodes with complex Q and K = 0.

B. Uniformly moving soliton

In similar manner to the temporal case, we can identify a
new class of solutions which correspond to the static soliton
in a boosted frame. Our procedure mirrors the one to obtain
the superluminal solitons in Sec. I E. We start from the
covariant form of the EOMs, Eq. (15), and write them
explicitly in the frame in which the solution is static

oD,

v
or'

= (D, — v'D) x D,. (27)

As we did in Sec. II E, we redefine the Bloch vectors in the
new frame with Eq. (17), obtaining

v’%: (D — v'D)) x S,. (28)
This is now identical to Eq. (22), with the variable v’ still
defined in the range between —1 and 1. Therefore, it admits
solutions which behave as a static soliton in the boosted
reference frame. Such solutions depend only on the variable
r = y(r — Vt). Therefore, in the laboratory frame, they are
solutions depending both on space and time, corresponding
to a soliton moving with the subluminal velocity V.
Linearization around the asymptotic state with all vectors
closely aligned with the z axis provides the dispersion
relation for K’, the wave vector in the soliton rest frame,

. . by <
assuming a solution o e'&'"

mapping in Eq. (9) we find

. After replacing the correct

1-oV)(v-V)G,
3 ( )(v=V)

D — vDi +y(v—V)K'

= 0. (29)

v

Whenever this equation admits complex solutions for some
value of V, then a uniformly moving soliton exists as a
solution of the general EOMs. Notice that the wave number
as seen from the laboratory frame is K = yK’. Furthermore,
the frequency in the laboratory frame is Q = yK'V.
Therefore, in analogy to Eq. (21) we may characterize
the moving solitons as the nonlinear evolution of excita-
tions with complex K and

Q Q
Im(— | =0 and -1<-—<1. (30)
K K

So once more, these are solutions of the dispersion relation
with equal complex phase for Q and K, this time with
subluminal phase velocity that here plays the role of the
soliton speed.

IV. SOLITON STABILITY

The soliton solutions are exact, in the sense that if the
initial conditions are precisely set, their evolution follows a
uniform motion in the laboratory frame. A natural question
is then whether they are also stable, namely if they will
survive tiny deviations from the exact initial conditions.

The instability of the single-soliton solution can be
grasped by noting that the asymptotic state of the soliton
is already by itself unstable. For a subluminal soliton, we
can always choose a frame in which the solution is a static
soliton; in this frame, the asymptotic state is certainly
unstable against homogeneous perturbations, as we show in
Appendix A. Thus, the soliton carries within itself the seed
of its own destruction, since its own existence requires an
instability of its own asymptotic state.

A full stability analysis of the soliton is, however,
difficult to carry out analytically, since the unperturbed
state, consisting in a single soliton, is not translationally
invariant. Therefore, even in the linearized regime, elemen-
tary perturbations cannot be looked for in the form of plane
waves, making impossible a spatial Fourier analysis in this
context. For this reason, we limit ourselves to a numerical
study of the soliton stability.

Our procedure is therefore to solve the full spatiotem-
poral EOMs (4), assuming as an initial condition the
structure of a soliton moving with velocity V = 0.1,
evaluated at time ¢ = 0. Since the initial condition is set
on a numerical grid, the discreteness of the grid acts as a
natural source of perturbation for the subsequent evolution,
and therefore we do not insert any additional seed.
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FIG. 7. Evolution of an initial soliton with velocity V = 0.1.
The color intensity denotes time.

Figure 7 shows the evolution of the soliton for the three-
beam cases A and B introduced in Table I. In both cases, up
to about ¢ ~ 3, the soliton moves indeed with a uniform
speed V = 0.1. We emphasize that this is not a byproduct
of our approach, since the only information introduced in
the solution of the equations is the initial snapshot of the
soliton at r = 0. The uniform motion comes here because
the analytical soliton profile derived in Secs. II and III is an
exact solution to the EOMs.

At t = 3, we see the soliton breaking down at multiple
points. Because of the coarseness of the numerical grid, the
tail of the soliton acts as a small perturbation to the
homogeneous background, which therefore develops per-
turbation growth; and in turn the center of the soliton,
which is also not precisely reproduced by the numerical
grid, also rapidly break under perturbation growth. Notice
that how coarse the numerical grid is plays little role in how
fast the soliton breaks down; the timescale is set mostly by
the unstable frequencies of the soliton itself. These are
entirely determined by linear stability analysis around the
soliton, which however we do not attempt as mentioned
earlier. The step of the numerical grid acts here mostly as an
effective amplitude of the initial perturbation, and in view
of the exponential perturbation growth, it affects the time-
scale for soliton destruction only logarithmically.

V. EFFECT OF MATTER

In our entire discussion we have ignored the presence of
matter that would produce an external refractive effect on
neutrinos. There exists a certain perception that the matter

effect can be removed by coordinate transformations in
flavor or coordinate space, but we will presently see that
this perception is deceiving.

We assume that the matter background is homogeneous
and that in the laboratory frame, there is a current in the
same direction as the symmetry axis of the neutrino gas. In
a supernova, the laboratory frame would be the one of a
distant observer (Euler coordinates), whereas the frame
comoving with the medium are represented by the hydro-
dynamical Lagrange coordinates. One could use these or
any other coordinate frames to study neutrino flavor
evolution. In the presence of matter, the EOMs (4) be-
come [33]

(at + ’U@,)Dv = [(DO + AO) - U(Dl + Al)] X DL" (31)

where A, is the Bloch vector in the z-direction that
represents the usual refractive effect of homogeneous
matter, and normalized in the same way as the neutrino
refractive effect represented by D,. If the homogeneous
medium moves with velocity V., along the symmetry axis,
it contributes a flux term A; = VA analogous to the
neutrino flux term D;.

We can certainly study the matter effect in a frame
comoving with matter, in which A; = 0. If, in this frame,
the initial perturbation of the neutrino gas is chosen
homogeneous, the EOMs become

Dv = (AO —+ D0> X Dv - UD] X Dv’ (32)

Since A is homogeneous in all frames, we may remove it,
in analogy to Dy, by a corotation in flavor space. Therefore,
the effect of matter can be entirely eliminated, and the
homogeneous temporal solitons are still an exact solution
of the EOMs, provided that perturbations are homogeneous
in the frame comoving with matter.

This remark applies in general; the exact pendulum
solutions for a homogeneous neutrino gas, which have been
thoroughly studied in the literature, are only valid if
homogeneity holds in a frame comoving with matter.
Remarkably, in the laboratory frame, such solutions are
not homogeneous, but actually correspond to our super-
luminal soliton, moving with a speed V.. If the motion of
matter is nonrelativistic, with V , < 1, the subluminal
soliton of course becomes closer and closer to the homo-
geneous pendulum swing, since the width of the soliton is
of order (I'V ,,)~", where I' is the imaginary part of the
unstable frequency.

Finally, let us comment on the impact of matter on the
static solitons. Due to reciprocity between space and time,
here it is A; which can be easily eliminated by going to a
frame (in flavor space) that corotates in space rather than in
time. However, differently from the temporal case, the
effect of Ay can never be eliminated, since there is no
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reference frame in which Ay = 0 if A; # 0. After removing
the effect of A, the EOMs take the form

v0,D, = (Ag + Dy) x D, —vD; x D,. (33)
This EOM implies that
arDl = AO X Do, (34)

which means that, differently from the case where matter is
absent, D is not conserved. Therefore, the integrability of
the model is lost and there is no reason to expect regular
solutions.

To illustrate the effect of matter, we perform a numerical
experiment on a homogeneous pendulum, assuming a
continuous set of beams with the spectrum G, corresponding
to Case D of Ref. [50]. We show G, as a thick solid line in
Fig. 8 and, for the undisturbed pendulum, the maximum
excursion which can be expressed analytically as discussed
in Appendix C in Eq. (C13). For this example, the first
moments of the distribution are Gy = +4.7334 and G, =
—5.2665, whereas the pendulum parameters are Q =
1.0743 £ 1.1121i, corresponding to the natural frequency
A =1]Q| =1.5462 and spin parameter ¢ = ReQ/|Q| =
0.6948.

Next we include a matter flux A; = 2, which is moderate
compared with the moments of the spectrum which
measure the refractive effect caused by the neutrinos
themselves. To evaluate the integrability of the model,
we determine the effective number of degrees of freedom

0.3F T T T =

—1.0 —0.5 0.0 0.5 1.0
Velocity, v

FIG. 8. Evolution of D? for the spectrum G, (thick solid line)
corresponding to Case D of Ref. [50]. The undisturbed pendulum
motion oscillates between the two solid blue lines, sweeping the
shaded region. The time to reach maximum excursion in this case
is t = 5.66, and depends on the chosen initial seed. With matter
(A = 2), the motion is no longer periodic and we show a
few snapshots at the indicated . The numerical resolution has
N = 100 angular modes.

which describe the motion by computing the nonvanishing
eigenvalues of the Gram matrix [32]

G, = [ dD, (1), (0 (39)

where the integral is taken over an arbitrary but numerically
suitable period, in our case explicitly the interval [0, 10].
Our numerical realization uses N = 100 equidistant beams,
and therefore i, j =1,...,N. For vanishing A; we find
three large eigenvalues and all the others much smaller,
corresponding to the reduced three-beam nature of the
pendulum motion.

For A; = 2, instead, there is no sharp transition between
large and small eigenvalues, but roughly there are 20-25
significant large eigenvalues. This result does not depend on
our chosen numerical resolution and means that the number
of independent modes is much smaller than the number of
beams. In other words, the system will not ergodically fill the
entire phase space, but rather stay on a lower-dimensional
surface than defined by the number of degrees of freedom.

The spectrum of flavor conversion, represented by D3 (7),
is no longer periodic but shows a much more involuted
structure at later times as seen in the snapshots shown in
Fig. 8. It develops a finer-grained structure, which highlight
the larger number of degrees of freedom involved in the
motion. On the other hand, even after a long time, the
spectrum looks qualitatively similar in that large structures
persist as well as large oscillations. The angular structure
does not decohere into an ever more fine-grained one. In
this sense, the motion retains strong collective character-
istics as suggested by the Gram-matrix test. The system no
longer moves like a pendulum, but still collectively, in this
case corresponding to roughly 20-25 independent degrees
of freedom instead of the number N of discrete bins. A
systematic study of matter effects and its impact on
collective motion is beyond our present ambition.

Similar conclusions hold of course for subluminal
solitons, since in their comoving frame the term A, never
vanishes. We conclude that in the presence of matter, static
and subluminal solitons no longer exist as exact solutions
and would not survive had they been set up as an initial
condition. On the other hand, to which degree collective
motion persists or decoherence to ever smaller angular
scales takes place remains to be studied.

On the level of a linear normal-mode analysis, one can
always eliminate the effect of matter by redefining the
meaning of the frequency and wave number of a given
perturbation [33]. In the nonlinear regime, this is not
generally possible so that matter cannot be ignored for
the nonlinear evolution of flavor waves.

VI. CONCLUSION

Starting from the fast-flavor pendulum, we have intro-
duced the notion of a soliton, corresponding to the limiting
case of a pendulum with a vanishing seed. This solution
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corresponds to a one-swing pendulum that approaches its
unstable fixed point at t — Fo0. The existence of such a
solution follows from a complex eigenfrequency of the
linearized EOMs that fully determines the soliton, for
which we have provided an explicit analytical expression.
For the formal soliton solution, one does not need to worry
about initial conditions. On the other hand, the time when it
happens on the infinite time axis is an arbitrary parameter.

A crossed angle spectrum of the neutrino modes is a
well-known necessary condition for an instability (or now
we would say: for the existence of a soliton). Inspired by
the Nyquist criterion, we have derived an additional
sufficient condition that can be evaluated without solving
the dispersion relation.

Whenever these conditions are satisfied, there also exists
a spatial soliton in which the flavor configuration is static
and evolves through space similar to the temporal soliton,
or like a one-swing “spatial pendulum” that approaches its
asymptotic state at spatial infinity.

However, our main result is that the temporal and spatial
solitons are only limiting cases of more general classes of
solutions that can be obtained with the help of Lorentz
transformations. One class is that of superluminal solitons,
i.e., localized regions in which the neutrino density matrix
has off-diagonal coherence, which move with superluminal
speed. At infinite speed, the width of this region becomes
infinite, and this solution represents the temporal soliton.
Likewise, the class of subluminal solitons connects to the
spatial soliton in analogous ways.

The seeming violation of causality in the superluminal
motion actually derives from the initial conditions, which
require correlations to be set up over large scales. In this
sense, superluminal solitons highlight in the clearest way
the limitations of the homogeneous neutrino gas, which is
not truly representative of a realistic setting, since it
requires perturbations to be correlated on all scales.

The static soliton, and its subluminal siblings, come
closest to the usual picture of a soliton wave, such as the
traditional Korteweg-de Vries soliton. However, spatial
flavor solitons are extremely fragile in that they break
up under small-scale perturbations that are always present
and unavoidable in a numerical representation. We have not
attempted a full analytical study of their stability, since even
simple arguments based on the asymptotic state reveal that
they must be as unstable as dictated by the imaginary part
of the original linear eigenfrequency that is needed for the
soliton to exist in the first place. Therefore, subluminal
flavor solitons carry in them their own seed of destruction.

Finally, we clarify the impact of matter effects on all of
these solutions. It has become a folk wisdom that in a
linearized normal-mode analysis, matter effects can be
“rotated away” by going to a suitable frame in flavor
space. However, the option of eliminating the matter term is
much more restricted in the nonlinear regime.

The homogeneous neutrino gas is indeed unaffected by
matter, meaning that it still exhibits the temporal soliton

(or the fast-flavor pendulum). However, this is only true if
the matter flux vanishes. This means that there is only one
Lorentz frame in which pendular oscillations can be a valid
solution, the frame comoving with matter. Therefore, if
matter moves in the laboratory frame with a speed V ,, the
only surviving solution among the class of superluminal
solitons is the one moving with a speed V.. Of course,
such a solution requires fine-tuned initial conditions which
are homogeneous in the frame comoving with matter. This
requirement shows yet another face of the limitations of the
homogeneity assumption.

On the other hand, we find that the static and subluminal
solitons are always affected by matter, irrespective what
frame is chosen, showing that the formal symmetry between
space and time is broken by the matter background. In the
presence of matter, there is no spatial flavor pendulum or
soliton.

The origin of this difference is that even our nominally
one-dimensional system involves neutrinos flowing in all
zenith-angle directions. Therefore, as a function of spatial
coordinate r, the phase accrued over some distance dr
depends on the actual distance travelled and thus on the
zenith angle. Even in the most symmetric configuration, the
transverse directions still show up in subtle ways. In this
sense, the very existence of soliton solutions once more
carries their own cause of destruction, in the case of
subluminal solitons in the form of their sensitivity to matter
effects. One take-home insight could be to pay more careful
attention to matter effects in the context of fast-flavor
conversion studies.

Ultimately, it seems that these soliton solutions may not
correspond to viable forms of flavor propagation in a real
neutrino gas in areal supernova. They are of a more ephemeral,
purely mathematical nature, yet they possess a captivating
charm that is difficult to resist. In addition, they reveal a lot of
unexpected structure in the underlying equations.

ACKNOWLEDGMENTS

G.R. acknowledges support by the German Research
Foundation (DFG) through the Collaborative Research
Centre “Neutrinos and Dark Matter in Astro and Particle
Physics (NDM),” Grant No. SFB-1258, and under
Germany’s Excellence Strategy through the Cluster of
Excellence ORIGINS No. EXC-2094-390783311.
D.F.G.E is supported by the Villum Fonden under
Project No. 29388 and the European Union’s Horizon
2020 Research and Innovation Program under the Marie
Sktodowska-Curie  Grant Agreement No. 847523
“INTERACTIONS.”

APPENDIX A: INSTABILITIES FOR
SINGLE-CROSSED SPECTRA

1. Nyquist criterion for homogeneous case

The existence of the temporal soliton is guaranteed by
the existence of an unstable eigenmode, namely of a
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complex solution to the dispersion relation Eq. (9). Here we
investigate the conditions under which a continuous dis-
tribution G, of velocities v may support an unstable
homogeneous eigenmode. We focus on single-crossed
distributions and show that at most one unstable eigenmode
may appear, and identify a simple condition for its
appearance based on the Nyquist criterion [99].

By absorbing G in €, we may schematically write the
dispersion relation as

~ vG, B

where G; = [ dvvG, as in the main text. In our previous
paper [79], we have discussed how to deal with the pole
v =—-Q/G, when Q is real. Since we are interested in
unstable frequencies only, we choose to define the function
on the real axis as

vG
Q=" 4
P€) /le—l—Q—i—ie v

vG, /49
= | " dv+i G g,
A\/ ’UG] + Q v G% /Gy

As we have shown in Ref. [79], this dispersion relation
admits the same unstable frequencies. In other words the
zeros of ¢(Q) and ¢(Q) in the upper half of the complex
plane defined by Im(Q2) > 0 are the same.

The number of unstable frequencies corresponds to the
number of zeros of ¢(Q) in the upper-half plane. This can be
counted by the Nyquist criterion [99], which connects the
number of zeros to the number of times that the function
¢(Q) wraps around the origin in the complex plane as Q
moves along the real axis. Indeed, we have shown in
Ref. [79] that the dispersion relation for fast modes is
analogous in form to the dispersion relation for unstable
modes in a collisionless plasma; the function ¢(Q) plays
here the role of the longitudinal dielectric function, whose
zeros correspond to the plasmon modes. The Nyquist
criterion must be slightly modified in our context, because
the function ¢(Q) vanishes as |Q| — oo only as Q~!, which
precludes a naive application of the zero-counting theorem.
Therefore, we here derive the result from scratch.

To count the number of unstable frequencies, we con-
sider the integral

(A2)

= /+°°‘“L¢(mdg (A3)

© daQ2

taken over the real axis. The integral can be closed by a
semicircle in the upper-half complex plane. The integral on
the semicircle does not vanish, because the function

P(Q) > —G,/Q, and therefore the integral on the semi-
circle is

ae _

J=-
Q

—in. (A4)
The integral over the entire closed contour is equal to the
number of poles of the integrand function in the upper-
half plane.

Assuming that ¢(Q) does not have poles itself in this
region, these poles are simply the zeros of ¢(Q). From each
of these zeros, the integral draws a contribution 27i.
Therefore, it follows that

I+J =2miN, (A5)

where N is the number of complex unstable frequencies.
From here it follows:

P(Q = +0) = Pp(Q — —o0)e"e? "N, (A06)

Therefore, as Q grows from —oo to 400, the function ¢(€2)
starts from O and returns to O after having changed its sign
and wrapped itself around the origin N times.

We first confirm the validity of the criterion empirically
in two simple cases, the angular distributions for cases A
and D of Ref. [50]. For both cases, we adjust the sign of the
distribution such that G; > 0. Figure 9 shows the trajecto-
ries drawn by ¢(Q) in the complex plane as Q runs from
—00 to +00. At Q = —00, ¢(Q) — G/, so that ¢ starts
from O and moves along the negative real axis. At
Q > +oo, $(Q) returns again to the origin from the
positive real axis, therefore confirming our result in
Eq. (A6) that it acquires a phase of z.

In addition, for case D (right panel), the function ¢(€2)
wraps completely around the origin once, corresponding to
one unstable mode. Indeed, Ref. [50] finds this distribution to
be unstable. On the other hand, for case A (left panel) the
trajectory of ¢(€2) does not wrap around the origin, corre-
sponding to no unstable mode, as also found in Ref. [50].

. . 2 . .
A (stable) D (unstable)
0 0
. \) -2
S
-2 | E
—4}
4}
-6
-l : : -8 S —
-4 -2 0 2 -6 -4 -2 0 2 4 6
Re(¢) Re(¢)

FIG. 9. Nyquist diagrams for the angular distribution of case A
(left) and case D (right) of Ref. [50]. We show the trajectory of the
function ¢(L2) in the complex plane, as Q evolves from —oco to
+oo0 along the real axis. Since the angular distribution has non-
analytical discontinuities at v = —1 and v = 41, we smooth
them out introducing a rapid cutoff at these positions.
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We can now derive a simple criterion to determine
whether a single-crossed spectrum G, admits an instability
without explicitly solving the dispersion relation. The key
idea is that the function ¢(Q) can only cross the real axis,
for real Q, either at Q = O or at Q = —v,G, where v, is the
position of the crossing G, = 0. Without loss of generality,
we choose G| > 0. Therefore, at Q — —oo, the function
P(Q) = G,/Q starts from 0 tangent to the negative real
axis. At Q — 400, ¢(Q) returns to 0 tangent to the positive
real axis. The number of times that it wraps around the
origin in between corresponds to the number of unstable
frequencies. In order to wrap around the origin once, ()
must cross the real axis first on the positive side, as
in both panels of Fig. 9. Afterwards, to surround the origin,
it should cross it again on the negative side, as in the right
panel of Fig. 9, so that it can finally return to the
positive side and asymptotically reach zero. It is easy to
see that with one crossing, ¢(Q) can wrap around the
origin at most once, so there is at most one unstable
frequency.

Therefore, the criterion for the existence of an instability
is the following: starting from the negative real axis, the
function ¢(€2) should cross first the positive real semiaxis,
and then the negative one. We can now state our criterion
more plainly. If o».>0, we have an instability if
¢(—v.Gy) > 0and ¢(0) = Gy/G; < 0.If v, < 0, we have
an instability if ¢(0) > 0 and ¢(—v.G,) < 0. This criterion
allows us to identify the presence of an instability for
single-crossed spectra without explicitly solving the
dispersion relations themselves. Notice that, while in the
derivation we assumed G; > 0, the final result is indepen-
dent of this assumption.

2. Superluminal soliton

The criterion for the existence of a homogeneous insta-
bility can be immediately extended to a criterion for the
existence of superluminal solitons with speed vjion = V!
In Sec. II E, we have shown that the EOMs for the super-
luminal solitons are identical to the EOMs of the homo-
geneous system in a boosted frame. The dispersion relation
can therefore still be written as

’U/SZ}O
v

Notice that §%°dv’ = [0'G,dv],_y /o DY definition, evalu-
ated at the asymptotic condition in terms of G, and @’ =
(1-2V)/(1=V?)/2. Here, as in the main text, G =
7(Go=VGy) =32, S5, G =7(Gi=VGo) =3, S},
evaluated at the asymptotic condition.

To extend our previous criterion, the crossing point in the
new frame is v, = (v.—V)/(1 =0/ V). If v, >0, an
instability is present if ¢(0) <0 and ¢(—v'D}) >0,
and vice versa if vl < 0. Performing the appropriate

(A7)

replacements, we find that the instability is present if

Gy—-VG — —
v.>V, —2_loo, /(v V)a vV)G”dv>0
G,—-VG (G, =VGy)(v—0.)
(A8)
or
Gy—-VG -V)(1-vV)G,
ve<V, =2l /(v J(1-vV) “dv <0.
G,-VG, (G, =VGy)(v—0.)

(A9)
The two criteria may be more compactly combined as

(ve = V)(Gy = VGy)
G, - VG,

/(U—V)(] - V)G, dv
(Go = VGy)(v—,)

<0, (A10a)

<0,  (AlOb)

which both need to be satisfied for an instability to exist.

Notice that, for V = v, the trajectory of ¢(Q') in the
Nyquist diagram can touch the real axis only at one point
(except the trivial tangent behavior at Q — +00), since the
two crossings at v = v, and v = V merge into a single
point of tangency to the real axis, which does not allow the
trajectory to wrap around the origin. Therefore, super-
luminal solitons with V = v, are not supported.

3. Static and subluminal soliton

For the subluminal and static soliton, the existence of an
unstable frequency needs not be studied separately. In fact,
the dispersion relation for a superluminal soliton can be
written in terms of the primed quantity as

k/
/m[(}ud”}key(v—vmaﬁ =0. (All)
The corresponding dispersion relation is
k/
/U/G/] — G6 T VK [Gvdv]k’:y(v—v),v’:% =0. (A12)

From here, we deduce that if a superluminal soliton is
supported with speed vy = V™! and frequency €,
there is also a corresponding solution for a subluminal
soliton with speed V, whose wave number K’ is obtained
from

Gy-Q G,
G, G +K’

(A13)

This establishes a dual relation among superluminal and
subluminal solitons. The relation may be directly expressed
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in terms of the moments of the original spectrum G, giving

Gy - VG, —Q
G, - VG,

Gy - VG,
= , Al4
G, - VGy+ K (Al4)

where K = K'/y and Q = Q'/y. In particular, this means
that if a single-crossed spectrum G, permits a homo-
geneous temporal soliton, characterized by the linear
eigenfrequency €, then there also exists a static spatial
soliton corresponding to the linear wave number

(_ Gi©
Gy - Q

(A15)

in the limit V = 0 of Eq. (A14).

Notice that, while we have used the integral notation in
Egs. (A11) and (A12), the final results Eqgs. (A13) and (A14)
are valid for a discrete number of beams as well, since they
only involve the redefinition in the denominators of
Egs. (Al1) and (A12). In other words, any single-crossed
spectrum, discrete or continuous, that permits a homo-
geneous temporal soliton also permits a static spatial one.

APPENDIX B: GYROSCOPIC PENDULUM

1. Equations of motion

We briefly review the gyroscopic pendulum, following
Appendix B of Ref. [32]. This contraption, also known as
symmetric heavy top, Lagrangian top, or spherical pendu-
lum with spin, is an axially symmetric body, spinning
around its symmetry axis (moment of inertia /;) with
support on this axis [100]. Its moment of inertia relative to
that point is /, mass M, gravitational acceleration g along
the z-direction, distance ¢ between support and center of
mass, and angle 9 relative to the z-direction, i.e., this angle
is counted relative to the upward direction. The potential
energy is V = Mg cos 9. If the top were essentially point
like, one would have I = M#?, but in general one considers
an extended body, where the center of mass and the “center
of oscillation” are different.

The angular momentum S along the symmetry axis
(spin) has kinetic energy Ty = S?/2I,. The point of
support is on the symmetry axis, preventing a torque to
change S = [S|, and so both S and T, are conserved. We
are only interested in the gyroscope’s orbital motion, not
the internal spin motion, so that Ty, is an additive constant
to the Hamiltonian. For given S, the orbital motion will be
the same, irrespective of Ty, so that we may assume
I, = I for simplicity. The entire kinetic energy can then be
expressed in terms of the single I as T = J?/2I, where J is
the total angular momentum.

We may further use the radius vector R from the point of
support to the center of mass as a spatial coordinate. The
potential energy provided by gravity is gMG - R with
|IR| = £ and the gravitational unit vector G is defined to

point upward. The Hamiltonian of this overall mechanical
system is

J2
H=gMG -R+—.
g 2
The equations of motion derive from this Hamiltonian
through the Poisson brackets R = {R,H} and J = {J, H}.
Notice that {Jl', J} = eijk']k’ {Ji’ RJ} = eiij/w and
{R;.R;} = 0. Explicitly one finds

JxR

(B1)

R =

and J=gMG xR. (B2)
The physical content is that J spawns a differential rotation
as behooves the total angular momentum, whereas the
vertical force of gravity exerts a torque, proportional to
G x R, that changes the total angular momentum. This
form allows one to port the gyroscope EOMs directly to
those of the Bloch vectors of the FFC system.

However, to solve the EOMs explicitly, we continue with

the mechanical system in the spirit of the textbook
literature. The orbital angular momentum is L = Ir x T,
where r is a unit vector along the symmetry axis. It marks
the top’s orientation with zenith angle 9 and azimuth angle
@. The orbital kinetic energy is
L2 1 ., 1 0 .,
57 = 2Ir = 21(19 + ¢*sin“9).  (B3)
The total angular momentum J = L. + S has conserved z-
component, where S, = Scosd and L, = I¢sin®> 9. Here
one factor of sind comes from the projection of r on the
transverse plane and the velocity is ¢ sin §. Therefore, J, =
I¢sin® 9 + Scos 9 is conserved and

J,—Scosd

D= B4
¢ Isin? 9 (B4)

Tow, =

Therefore,

1 (J, — Scos 9)?

Tow = =19 B5

) + 21sin 9 (BS)
and the total energy E =T + V is
I., (J,—Scosd)?

E=-90+"*_—""" 1+ Mgl . B6

2 + 21sin? 9 + Mgt cos (B6)

This has the form E = I9?/2 4+ V(9), where V(9) is a
potential given in terms of conserved quantities fixed by
initial conditions.

Next we introduce ¢ = cos J as independent variable so
that 9 = ¢2/sin? 9 and find the third-order polynomial
that is characteristic for the gyroscopic pendulum

— — 2
g2 = o B Myc Mg"ﬂc(l—&)—(JZ SC). (B7)

1 1
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When J, = S = 0 we have a plane pendulum, where
2 =Mgt]l (B8)

provides the natural frequency 1. Moreover, we express
J, = j.S and use the dimensionless spin parameter [50]

S
=, B9
7= 21 (B9)
With these parameters, the EOMs are

=205, (B10a)

1-¢c?

1

2 =42 E(s—c)(l—cz)—(fz(jz—c)2 ,  (B10Db)

where e = E/I)? is the dimensionless total energy.

2. Soliton solution

In the context of the flavor pendulum, we are interested
in motions that consist of a precession and a nutation
between two limiting zenith angles 0 < 9; <9 <&, < =,
corresponding to 1 > ¢; > ¢ > ¢, > —1. In particular, if
the highest position is ¢; = 1, the upright orientation, then
J, =S and j, =1 as well as € = 1. Moreover, we may
absorb 4 in the definition of time, implying

) (Blla)

(B11b)

If 6 > 1, the second equation is true only for ¢ = 1 and the
pendulum is stuck in the upright “sleeping top” position.
Otherwise its lowest point ¢, requires ¢> = 0 and thus

the bracket in Eq. (B11) must vanish. One thus finds
¢y = cos Oy = —1 + 262, (B12)

which indeed varies between —1 <c < +1for0 <o < 1.
If this lowest point occurs at ¢ = 0, the solution is

V1 - c? ]
7|,
c

c(t) = =1 +2[6> + (1 — 6°)7?]
8(1 —¢?) (
(ex/l—az/lz + e—VI—az/lt)z ’

¢(t) = oAt + arctan [ (B13a)

=1-

B13b)

where we have restored the natural pendulum frequency A.
Moreover, we have introduced the time coordinate

7 = tanh [V 1 — 6%21],

which varies as —1 <7 < +1 for —c0 < t < 0.

(B14)

The solution is a pendulum that swings only once
(a temporal soliton) and at t — =+ oco approaches the upright
position, the latter being an unstable fixed point. The
azimuthal variation includes an overall precession with
frequency wp = o4 that can be removed by going to a
corotating frame.

The complete orbital motion of the gyroscope is encoded
in the polar angles given in Eq. (B13). We may write the
solution for the unit vector providing the orientation of the
gyroscope in the form

(B15)

where s(t) = /1 — c(1)*.

In addition, we will later need an explicit solution for
J(2) that also follows from these results. The total angular
momentum is a sum of the spin and orbital part, J = S + L.
The former is S = Sr, where S = 204 is the conserved spin.
As discussed earlier, in units where the moment of inertia is
taken to be unity, L. = r x r, so that

J=Sr+rxr. (B16)

The derivatives can now be obtained by explicit differ-
entiation of the solutions in Eq. (B13).

3. Connection to linear normal modes

Near the upright position, at very early or very late times,
the solution can be linearized. However, this makes only
sense for the zenith angle 9 or s = sind, not for ¢ = cos 9,
which to lowest order is ¢ = 1 at early and late times. So we
rather look at the x-y components of the pendulum vector r.
For very early times (f - —oo) the linearized solution is
explicitly

(1) = ot — @, (B17a)
s(t) =4V 1 = gPeV1=o, (B17b)
where
V1= 2
Yo = arctan{ e } (B18)
o

If we express the pendulum vector r in a spherical basis
through ry =z and r. = x4 iy, we may express the
linearized solution as ry, = 1 and

ro =41 = g2etivs o(V1-o"Fio)t (B19)
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The physical content is the same: The pendulum precesses
around the z-direction with a frequency wp and its x-y
component grows exponentially with a rate I" where

1 -6

wp=04 and I = (B20)

Conversely, the pendulum parameters are [50]

®
A=1/o2+T? and 6=——on— (B2l

in terms of the linearized eigenfrequency Q = wp £ il
This complex frequency fully determines the soliton and
sometimes we call it the “soliton frequency.”

APPENDIX C: FLAVOR PENDULUM

A single-crossed spectrum admits at most one unstable
mode, as we discussed in Appendix A. With a single
unstable mode, the most general motion that the system can
perform is a pendular one. The simplest system that can
perform a pendular motion is on consisting of three Bloch
vectors. Therefore, we first recall how a three-beam system
dynamics is equivalent to a pendulum [50]. We later
connect the three-beam system with a generic single-
crossed, unstable spectrum.

1. From three beams to pendulum and soliton

The FFC system does not involve any external vector,
unlike the slow system, where the mass direction is singled
out. Therefore, to mimic a gyroscopic pendulum, a FFC
system {v,D,} requires at least three beams so that
different linear combinations can play the role of G, R,
and J. Any FFC system fulfilling the homogeneous EOMs
of Eq. (6) has the conserved vector D, and the vector D,
with conserved length. Moreover, for a three-mode system
one can define [50]

3

J=D,-vD = Z (vi —v)v;D,, (C1)
i=1
where v, = v 4+ v, + v3. These Bloch vectors obey
D, =0, (C2a)
D, =JxD,, (C2b)
J = v,003D x D;. (C2c)

For any three-mode system with Dy #0, D; #0,
and v v,v3 # 0, these EOMs are equivalent to Eq. (B2)
of a gyroscope. Here we have already absorbed the
neutrino-neutrino interaction energy yu in the definition
of dimensionless time, but otherwise we recognize from

Eq. (C2b) that u is equivalent to I~!, the inverse moment of
inertia of the gyroscope.

The conserved vector D, defines the z-axis, although not
necessarily its sign. To obtain a soliton we turn to a more
restricted system, where all three D, () become asymp-
totically collinear at t — +o0, i.e., the system asymptoti-
cally approaches the “sleeping top” unstable fixed
point. This system is characterized by {v,G,} with three
discrete velocities and the spectrum G, conditional
on v1v,v3GyG; # 0. Because J, is conserved and is
identical with the spin S in the upright pendulum position,
one finds

S = G2 - (’Ul + v, + U3)G1. (C3)

The dispersion relation Eq. (9), after absorbing G, in €,
then implies the eigenfrequency

N S\ 2
Q _Eil\/01U2U3G0G1 - (§>

as stated in Eq. (11) of the main text. This eigenfrequency
represents two complex conjugate solutions (and thus a true
“soliton frequency”) only if the argument of the square root
is positive, which also implies that the first term under the
square root must be positive. In this case follows the
identification of the pendulum natural frequency A =
VU10,03GyG; and spin parameter ¢ = S/21 stated in
Eq. (12) of the main text.

(C4)

2. From soliton to three beams

We may reverse this problem and ask for a three-
beam realization of a soliton with given frequency Q =
wp T il". For example, a given supernova-inspired single-
crossed continuous spectrum G, such as those used in
Ref. [50] may provide us with the corresponding  and
we may wish to construct an equivalent three-beam
system. As a first step, one derives the equivalent natural
pendulum frequency and spin parameter according
to Eq. (B21).

One immediately identifies S =J, = 2wp = 2ReQ.
Moreover, from Eq. (13) we recall that 12> = w3 +I? =
v10,03G( G, so that overall the connections are

2ReQ = G, — (vy + v2 + v3)G, (C5a)

‘le = 1}1112U3GOG1. (CSb)
Therefore, the remaining five three-mode parameters are
very degenerate. We may pick —1 < v < v, < v3 < +1
and G, and G, anyway we like such that their product
provides the desired |Q|>.

After these choices have been made, the spectrum
G,, is provided explicitly by Eq. (S16) of Ref. [50], which
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can be written as

_ Ul'S+ ’U%G] + UIU2U3G0
UiHj;ei(”i - Uj)

G, (C6)

for each i = 1,2, and 3.

One may wonder if this construction indeed yields a
single-crossed spectrum as it must, i.e., three G, that do not
all have the same sign. We observe that this equation may
be rewritten as

o GOHj;éinHj;éi(vj - v;)

Without loss of generality, we can choose Gy > 0. The
signs then depend on the two products in the denominator.
The [[4(v; — v;) is positive for G, and G,, and negative
for G,,. If we want no crossing, we would need v;v3 <0,
v1v, > 0, and v,v3 > 0. This is not possible for any three
numbers, so at least one crossing will appear.

If the original starting point was a continuous spectrum,
we may wish to use the same moments G, and G, for the
three-mode realization. Notice, however, that it is not
necessarily assured that this is possible. Given |Q[*> and
after choosing G, and noticing that |v,v,v3| < 1, it is not
necessarily assured that we can find three velocities such
that Eq. (C5b) can be satisfied. Or turning this around, for a
given continuous unstable G,, it is not obvious that
always |Q* < |GyG,|.

For the moment we do not have a mathematical proof
that this will always be the case, but extensive empirical
searches have not turned up a counter example. It appears
that this condition can be saturated in a limiting sense by
three-mode examples with all beams having v = £+1 in a
limiting sense. So we conjecture that this condition applies
for any continuous or discrete {v, G,}, implying that the
three-beam realization never requires a superluminal beam.

(C7)

3. Explicit solution for the entire spectrum

Given a discrete or continuous system {v,D,} that
supports a temporal soliton implies that D; moves like a
pendulum, but also means that all individual D,y move in
collective ways and each of them returns to its asymptotic

position at ¢ — +o0. Each individual D, follows f)v =
(Dy — vD;) x D, with D, a conserved vector and D,
following the pendulum motion. The behavior of D, is
not caused by it being a member of a larger collective
ensemble—it only feels Dy and D;. It would follow a
periodic motion even if Dy and D; were externally
prescribed Bloch vectors as long as D, is prescribed to
follow a gyroscope motion. With our tools it is now
straightforward to write the motion of a given D, explicitly
in terms of the pendulum motion without having to solve
the differential equation for D,.

To this end we assume a three-mode system {v;, D, }
with i = 1, 2, and 3 that supports a soliton. This three-mode
system could be a set of carrier modes (auxiliary spins) of a
larger system. We may then express Dy, Dy, and J in terms
of the three D, as in Eq. (C1), and then conversely the three
D, in terms of Dy, Dy, and J. We further know that any Lax
vector

(C8)

fulfills the original precession equation in the form
L, = (Dy— uD;) x L,. Inserting the explicit expressions
for the three D, in Eq. (C8) reveals

U102U3D0 + M2D1 + MJ

b o) =)

(€9)

The denominator is just an arbitrary factor—we are only
interested in the orientation of L,, whereas its conserved
length can be arbitrarily chosen. Moreover, we observe
that the natural pendulum frequency is given by 1% =
v1v,03GoG where we use the spectrum G, = D3(£0).
Therefore, v,v,v3Dy = 1?2/G,. The pendulum motion is
D, (¢) = G,r(t), wherer(¢) is the explicit solution Eq. (B15),
whereas J(#) was explicitly provided in Eq. (B16).
Therefore, with modified normalization, Eq. (C8) can be
expressed as

L,(¢) = 22 +w’r(t) + wl(1), (C10)
where w = uG; is the precession frequency of L, around
D,. The asymptotic state is r = Z and J = SZ and so the
conserved lengthis |L, | = |A? 4+ w? + wS| that we could use
to normalize it to unity.

It may seem somewhat surprising that the construction of
Eq. (C10) is a vector of conserved length for any w. As an
explicit confirmation, we consider L2, a fourth-order
polynomial in w, where all five coefficients must be
separately conserved. (w’) The lowest-order term is A*
and thus trivially conserved. (w!) The linear term is
proportional to J. which is conserved. (w?) The quadratic
term is 24%r, + J? and thus proportional to the conserved
total pendulum energy. (w?) The cubic term is proportional
to S = J - r, the conserved pendulum spin. (w*) The quartic
term is r> = 1, completing the proof.

If the starting point is a continuous spectrum {v,G,}
with a complex linear eigenfrequency €, this information
alone is enough to write explicitly the soliton solution for
D, and for each individual D, in the form

P2+ wl(t) + wir(r)

D, (1) =G, P4+wS+w? (C11)
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where w = vG. Notice that the fraction is a unit vector that
initially points in the positive z direction.

The explicit x-y components of this expression are fairly
complicated, whereas the z component, encoding the
instantaneous amount of flavor conversion, is simply

22+ wS+w(r)

bi() =G, 2+ wS—+w?

: (C12)

where ¢(7) was provided in Eq. (B13b) in terms of the
pendulum natural frequency A and spin parameter o. The
asymptotic value is ¢(+o0) =1 and D,(+o0) = G,. By
construction, the lowest soliton point occurs at ¢ = 0 and is
c(0) = 26> — 1. Therefore, the largest excursion of D,
from its asymptotic state is

224 262 — 1)w?
Di<0):Gv +20W+(6 z)w’
A%+ 2low +w

(C13)

where we have used S = 216 and w = vG;.

In Fig. 8 we have shown the numerical evolution of a
certain example, where the spectrum G, is a thick solid line.
The numerical maximum pendulum excursion of the no-
matter case, delimiting the shaded region, is equivalent to
Eq. (C13), as we have explicitly verified. Note that the shown
example, Case D of Ref. [50], has Q = 1.0743 £ 1.11214,
which is equivalent to 4 = |Q| = 1.5462 and spin param-
eter 6 = ReQ/|Q| = 0.6943.

4. Corollary for spin precession

Spin precession in an external B-field is a general topic,
for example in Nuclear Magnetic Resonance (NMR)
techniques. In neutrino flavor evolution, the propagation
through a density profile is equivalent to spin precession in
a time varying B-field and the MSW effect is the adiabatic
version of this effect. Considering the general precession
equation P = wB x P, the adiabatic case corresponds to w
being large compared with the rate-of-change of the unit
vector B(¢). In this case, the spin follows the B field. If it
was not initially aligned with B, this means that its
precession cone follows B with fixed opening angle.

The results of the previous section imply another special
case. If the motion of B(7) is equivalent to r(z) of a soliton
defined by 4 and o, then the motion of P is once more
simple for any value of w. Of course, if w is large, Eq. (C11)
reveals explicitly that P remains aligned with B. However,
for any w, it returns to the asymptotic position, a property of
the soliton solution that has nothing directly to do with
collective effects. Here we think of B(7) as being externally
prescribed as in NMR.

Moreover, even if P was not initially aligned with B, its
precession cone returns to its original opening angle. So if B
initially points up and P in some arbitrary direction, after B
returning to its asymptotic upright orientation, the precession
cone of P has also returned to its initial opening angle. P itself

has no asymptotic position because it always moves if it is not
asymptotically aligned with B. The opening angle of the
precession cone changes during the pendulum motion, in
contrast to the adiabatic case, but returns back to its value at
early times.

APPENDIX D: SYSTEMS OF REDUCED
DIMENSIONALITY

Whenever we begin with discrete or continuous system
{v,D,} that is single crossed and provides a single soliton,
the true dimensionality of the system is smaller than
indicated by its total degrees of freedom. Whenever the
linear normal mode analysis produces a complex eigen-
frequency €, there will be an unstable solution, connecting
in the nonlinear regime to a pendulum. We here review
several cases of this reduction of dimensionality and arrive
at a pendulum that is described by three in dependent Bloch
vectors. The aim here is to arrive at a practical way of doing
this, which can often be confusing.

1. From three beams to pendulum and back:
Systematic Lax vector approach

We consider a three beam representation of a bigger
system and we imagine them to be Lax vectors of the
original system and therefore denote them by L;, i.e., the
system is {u;,L;} with i = 1,2, and 3. The EOMs of
the three-beam system are

L,=-uM, xL,, (D1)
where we denote the moments by M, = >3 | u/L,. The
moments of the distribution obey the EOMs

M, = -M,; xM,_. (D2)
For three-beams, only three of these moments are inde-
pendent, which we take as M, M;, and M,. The third
moment satisfies

M; = pMg — (u uy + uyuz + upuz)M; + sM,.  (D3)
For brevity, we use p = ujuous and s = uy + up + us.
Therefore, the first three moments obey the EOMs

M, = 0, (D4a)
M, = -M, x M,, (D4b)
M2 = —le XMO—SMl XM2. (D4C)

The length of the vector M is conserved, so we may write
M, = [M,|r, with r a unit vector, which will be our
pendulum direction. We also introduce the definition
J =M, — sM,. Finally, we write M, = |M|Z, fixed along
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the z-axis. Therefore, the relevant EOMs become

F=Jxr, and J=pM]|Myzxr. (D5)
The vector J is the total angular momentum of the
pendulum, which we can split into a spin and a orbital part

J=L+S. (D6)
The orbital angular momentum L, not to be confused with
any of the Lax vectors, is the component of J transverse to r
and is determined by the EOMs as

L=rxr. (D7)
On the other hand, the spin S = Sr has a length §

conserved by the EOMs which can therefore be determined
by the initial conditions

S = (MQ—SMI)’I'. (DS)
At this point, the only remaining EOM is
L — St x L + p|M;|[Mg|r x z = 0. (D9)

In place of this EOM, one may easily check the existence of
two additional integrals of motion, whose conserva-
tion completely determines the dynamics; these are the
z-component of the total angular momentum

J,=2-L+S8%2-r, (D10)
and the energy
LP>? 2 .
= S e o1)

Comparing with Egs. (B3) and (B6), we now find that the
dynamics of the three-beam system is indeed identical
to the pendulum, with the identification /=1 and
Mg? = p|M;||My|. In particular, it follows that the single
swing of the pendulum introduced in Appendix B exactly
corresponds to the single soliton in the three-beam system.

To complete the discussion, we finally express the
original three beams L; in terms of the pendulum vectors
My, M, = |[M|]r, and J as

. J"‘ Mlui + MOH#iuj
Hj;éi(”i - Mj) '

L, (D12)

Completing our transformations that mapped our three
beams on the pendulum vectors and back.

2. From continuous spectrum to three beams:
Systematic matching conditions

As shown in Refs. [50,79], from a three-beam system
one can realize a continuous system of polarization vectors
with a pendular motion

3
D — Z u;L;
v (11, ’
U—U;

i=1

(D13)

where «, is a set of v-dependent constants. This form was
motivated in Ref. [79], where we showed that D, evolve as
the Lax vectors of the fictitious three-beam systems. As
suggested in Ref. [50], a practical way of realizing the
mapping is: given a continuous spectrum, we identify from
linear stability analysis the pendulum parameters, which
are determined by the real and imaginary part of the
unstable frequency; determine a possible three-beam set
which possesses the same pendulum parameters—or equiv-
alently the same unstable frequency—and in addition
has the same initial value of Dy =), u;L; = >, vD,
and Dy =>,L,=>,D,; realize the mapping via
Eq. (D13).

A complementary strategy, historically used in the context
of slow flavor oscillations [32], is to start directly from
Eq. (D13). Since D, are the Lax vectors of the fictitious three-
beam systems, they will automatically follow the EOM

D, = —vM; xD,. (D14)
For this subsection, we call M,, = >, u’L; the moments of
the three-beam system and D,, = ), "D, the moments of
the continuous system. Therefore, in order for the vector D,
to obey the correct EOMs, one needs only require the
matching of the first moment
D, =M, (D15)
at all times.

We notice that, since the dynamics is only regulated by
D, it is not strictly necessary to require the matching of the
zero moment. Our three-beam system may have a
M, # Dy; both M, and D, are conserved by their respec-
tive dynamics. In reality, we always have enough freedom
to choose our three-beam system such that also the
matching M, = D, is realized. However, for clarity, we
will first proceed without this requirement, and only later
comment on how it can be enforced. We now show that the
two strategies—namely matching of the pendulum param-
eters, as suggested in Ref. [50], and matching of the first
moments of the distribution, as suggested in Ref. [32]—are
completely equivalent.

The matching of the first moment D; requires some
algebra, since we need to express the individual vectors L;
in terms of the pendulum vectors. Using Egs. (D13) and
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(D12), we write

pMO + UJ + ’Ule

D, =a, (D16)
[Li(v—u)
Therefore, introducing the family of quantities
D17
D ircEry (D17)
the matching condition on M| = D, reads
p[lM0+12J+I3M1 :Ml' (Dlg)

Since M, is constant, while the other vectors are not,
requiring these conditions to be valid at all times immedi-
ately leads to the vanishing of the coefficients of M.
Furthermore, since J contains an orbital part L. which is
orthogonal to M, it also follows that its coefficients must
separately vanish. Finally, it follows that the coefficients of
M, must vanish as well. Therefore, we may write the
conditions as

I;=1. (D19)
To proceed further, we assume that initially both the three
beams and the continuous polarization vectors are closely

aligned to the z-axis, and we write the constants «, at the
initial time as

D;
a, = zfu,» . (D20)
i o
The integrals 7, therefore become
D3,
1, = L " (D21)
! Z Zi[Ltz'uiHj;éi(uj - ”)]

The denominator of this expression is a second-order
polynomial, which corresponds up to a constant to the
initial Lax vector of the three-beam system

Z[LZMH u; —v} :H(”_”f)zi:fi—u;i'

J# J

(D22)

The vanishing of the Lax vector coincides in form with the
dispersion relation, see Eq. (9). Therefore, it follows that
the zeros of the denominator of I, coincide with the
eigenfrequencies of the three-beam system divided by
M5, namely it = Q/Mj3. Since the three-beam system is
by construction unstable, there are two such frequencies
complex conjugate to one another. Therefore, we may

rewrite the definition of 7, as

DZ
1, = n D23
! Z:Mi(vw)(vw*)” (D23)

If we now write the two conditions /; =0 and I, =0 as

PP
|v—|—u|2 0,

(D24a)

Z o u|2 —Re(u)) =0, (D24b)

we see that they are equivalent to requiring that the complex
eigenfrequency of the continuous beam system coincides
with the eigenfrequency of the three-beam system. In turn,
the condition /5 = 1 can be rewritten as

D3 D<o
v = =1, (D25
;Mﬁ(vz + |u|* + 2vRe(@)) Z M5 (D25)

and therefore is just the matching of the initial values of D}
and M3. This confirms that the procedures of Refs. [32,50]
are equivalent.

Therefore, the mapping conditions on D; can be written
in the form

(D26a)

D Dy =) uili,
v i

z UDZU—RC ] Z M—Re( )] -0
vz+|u|2+2Re in)v u2+|u|2+2Re(L7) '

(D26b)

u;LiIm(t)
Z 2 2 =0
ui + |ul* + 2Re(t)u;

(D26c¢)

z vD5Im (@
— v + |uf? +2Re

Incidentally, these conditions can be given a simple
physical interpretation using an electrostatic analogy (see
also Ref. [80]). If we interpret vD? as a continuous linear
charge density, the quantity appearing in the second and
third Eq. (D26) is the x and y component of the electrostatic
field generated at the point (Re(it),Im(&)). The charge
distribution »D?% vanishes at two points, namely at v = 0
and v = v,, the crossing point of D?. Therefore, the three-
beam mapping corresponds to replacing the continuous
distribution, splitinto three intervals with alternating charges,
by three effective charges u,;L; placed at the positions u;
giving the same total charge, and with an electrostatic field
vanishing at the same off-axis point. These effective charges
can of course be chosen in the interval —1 < u; < 1, since
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they represent some kind of average properties of the
continuous distribution in the same interval.

In addition to these three conditions, we may add the
condition on the matching of Dy at the initial instant, which
reads

(D27)

> Di=>"L;
v i

In this form, the electrostatic analogy breaks down, since
we cannot attribute a direct physical meaning to D53.
We notice that the matching condition on D, could also
be found by equating the sum over v of Eq. (D16) to M,
which leads to the equality

ply = 1. (D28)
After multiplying both sides by |i|%, and using I, = I, = 0,
this equation can be rewritten as

Dy _ -0

P = ], (D29)

as also found in Ref. [50]. This is a relation between the
unstable frequency, the moments of the distribution, and
the three-beam parameters. In particular, it follows that the
existence of a three-beam system with all |u;| < 1 requires
the inequality
D;

< J—
b

I (D30)

to be satisfied. We emphasize that this property is only
required if we want to impose the matching both of D, =
M, and D; = M;; as we have proven earlier, the less
restrictive condition D; = M, does not require this prop-
erty, so that a representative three-beam system can
certainly always be found with this relaxed requirement.

Finally, the full set of conditions may be written more
compactly as

1 1
D? v L Ui
v = — D31
Z:|v+u\2 v? Z|ui+a|2 u? (D31)
v u?

If we regard now p, = D%/|v + ii|? as a distribution over
the interval [—1, 1], this form shows that the three beams are
effectively replacing the continuous distribution with a
discrete distribution whose moments of order up to 3 are
identical.

3. A practical example

Here we provide the reader with a worked-out example
of how to construct a three-beam system representative of a
continuous distribution with a single unstable frequency.
Our example is based on the continuous spectrum of case D
of Ref. [50]; the angular distribution is

D% =0.11 —0.5¢~1250-2), (D32)
We may first check that our criterion for the existence of an
instability, Eq. (10), is satisfied for this distribution; the
crossing is at v, = 0.652, and both conditions in Eq. (10)

are verified. The unstable frequency that solves the
dispersion relation Eq. (9) is

= % = —0.203994 — 0.211175i. (D33)

1
We can now enforce the conditions Eq. (D30). These are
four equations for the six unknowns u; and L;. The simplest
way to proceed is to notice that the first condition in
Eq. (D30) can be traded for Eq. (D29), which provides a
definite connection between the velocities of the three
beams. As in Ref. [50], we may choose u; = —1 and
u;y = 1, so that

Djlal?
= — . D34
15 Dé ( )
For the special Case D as an example, we find
u, = 0.096. (D35)

At this point, our only unknowns are the L, or, equiv-
alently, the combinations

L;

=—71 D36
‘Mi—f—ljl‘z ( )

i

The three remaining conditions in Eq. (D30) form a set of
three linear equations in the three unknowns ®;, which are
therefore easily inverted. Finally, since we know the
velocities u;, we can obtain the numerical values for L}
L; =0.072, L5 = 0.062, L =-0.040. (D37)
Notice that with the choice u; = —1 and u; =1, the
procedure leads to a definite prescription for the three-
beam system.
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