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motivation

Some motivation.



motivation — compactification

Compactifications of string theory on Calabi-Yau three-folds give rise 
to four-dimensional effective theories.

These theories often contain massless scalar fields (moduli) that 
parametrize the compact space.

Deforming the compact space by fluxes can make moduli massive.



motivation — type IIB flux vacua

The fluxes are constrained by the tadpole cancellation condition
<latexit sha1_base64="sGj0QoDDXZ0cyHuR0frypQBJPdA="></latexit>

Nflux =

Z

X
F ^H .

<latexit sha1_base64="SH2AShK4fHMOQ38zxUXUZX5Xe2Q="></latexit>

0 < Nflux  Nmax ,

In type IIB orientifold compactifications on Calabi-Yau three-folds     , 
fluxes generate mass-terms for the axio-dilaton and complex-
structure moduli.

<latexit sha1_base64="AkBtEPIopV5QwbO4FCNipNG42yY="></latexit>X

Dasgupta, Rajesh, Sethi — 1999

Giddings, Kachru, Polchinski — 2001



motivation — constructing all vacua

Questions :: ◾ Is the number of flux vacua for a given           finite?<latexit sha1_base64="rxyTq//1Ks5ACpgeY/9UjW1uExk="></latexit>

Nmax

Grimm — 2020

Bakker, Grimm, Schnell, Tsimerman — 2021

Ashok, Douglas — 2003

Denef, Douglas — 2004

◾ How many flux vacua exist for a given          ?<latexit sha1_base64="rxyTq//1Ks5ACpgeY/9UjW1uExk="></latexit>

Nmax

◾ What are general properties of such flux vacua? 
DeWolfe, Giryavets, Kachru, Taylor — 2004


Conlon, Quevedo — 2004

Cole, Shiu — 2018


Dubey, Krippendorf, Schachner — 2023

…

This talk :: ◾ Construct all flux vacua with                   for a simple example.
<latexit sha1_base64="5IguzdvMpqJJKUfQsmo10Zc28EE="></latexit>
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flux vacua

The setting.



flux vacua — setting I

The four dimensional effective theory contains massless scalar fields (moduli) ::

◾ 1 axio-dilaton 
◾        complex-structure moduli 
◾ …

<latexit sha1_base64="VS/EiInhrgsxNaBWPvwd5AIHFjE="></latexit>

⌧ = c+ is ,
<latexit sha1_base64="/uFzMpb7FyyAeaeKJEX+jE65OLY="></latexit>

h2,1
�

<latexit sha1_base64="CAZf5QC8o6e6pEgdATWWf/XmZ7Q="></latexit>

zi ,

Consider type IIB orientifold compactifications on Calabi-Yau three-folds     with O3-/O7-planes. <latexit sha1_base64="AkBtEPIopV5QwbO4FCNipNG42yY="></latexit>X

<latexit sha1_base64="lvrtBflR5V/7sHNjbBZwwvIIc+0="></latexit>

W =

Z

X
⌦ ^G ,

<latexit sha1_base64="YedDuV4q8xthEjhYL/cihMnUkd8="></latexit>

G = F � ⌧H .

<latexit sha1_base64="rjFz8pSXhDApDvcmDE2rzDa5bmE="></latexit>

⌦ 2 H
3,0
� (X ) ,

Three-form fluxes      and     along the compact space generate a potential for the moduli ::<latexit sha1_base64="HBPYrlFCqk9Ltbv+AoWhN6gpSig="></latexit>

H
<latexit sha1_base64="EwY1dVliUU0E0CFBguofwDWMnBs="></latexit>

F



flux vacua — setting II

Fluxes are constrained by the tadpole cancellation condition 
<latexit sha1_base64="d1UvXCsLDoapYsUr6SPEf9pkEAs="></latexit>

0 = Nflux + 2ND3 +QD3 .

contribution of O3-/O7-planes & 
D7-branes — typically negative

number of D3-branes

<latexit sha1_base64="1IIDEg0upUtBkWtoC1CQ9bxAEW4="></latexit>

Nflux =

Z

X
F ^Hflux number

Minima of the scalar potential are determined by vanishing F-terms

<latexit sha1_base64="zEfE0NjnG1cmNCdjYKKGvjbuPn0="></latexit>

G = �i ?G .

<latexit sha1_base64="aofWueqoXhGnz3VLe10Eg3ZSIEA="></latexit>

F⌧ = 0

Fzi = 0
<latexit sha1_base64="dTzfkxbn8kj3uypT/LoihK6/Zhw="></latexit>()

Giddings, Kachru, Polchinski — 2001



flux vacua

Some relations.



flux vacua — notation

<latexit sha1_base64="mkRQO+PE6ZjL8rxbc3NW2yzoaQE="></latexit>

H =

✓
hI

hI

◆
,

The fluxes can be expanded in the symplectic basis and combined into vectors as
<latexit sha1_base64="qWcn2WHfBxaHmWCujNFJGxO86nM="></latexit>

H = h
I
↵I + hI �

I

<latexit sha1_base64="vF/RGJDZDGBNfnnJ/RzZRXBqv2A="></latexit>

F = f I↵I + fI �
I

<latexit sha1_base64="IstdJ9DGALiEFCv0hWUKUQJWPlU="></latexit>

F =

✓
f I

fI

◆
.

For three-forms on     one can introduce an integral symplectic basis as (with                        )<latexit sha1_base64="AkBtEPIopV5QwbO4FCNipNG42yY="></latexit>X
<latexit sha1_base64="FzKrZnXWuyl+lGKL1Die5AxSmAQ="></latexit>

I = 0, . . . , h2,1
�

<latexit sha1_base64="WCY/hIMUt1Gx/uuysZ0ArH+67hU="></latexit>

{↵I ,�
I} 2 H

3
�(X ,Z) ,

<latexit sha1_base64="llLlsOE5qVJ3H6B3uEMmUGObwng="></latexit>

⌘ =

Z

X

✓
↵

�

◆
^

�
↵,�

�
=

✓
0 +1

�1 0

◆
,

M =

Z

X

✓
↵

�

◆
^ ?

�
↵,�

�
.

The matrix       is symplectic, symmetric, and positive-definite. Its eigenvalues come in pairs
<latexit sha1_base64="sXVqNPdzhXmC1vgt78CE9wShKKw="></latexit>

M
<latexit sha1_base64="HX5U6EHBqSmFDoEQ9/VgM24/kVY="></latexit>�
�I , �

�1
I

�
,

<latexit sha1_base64="KDxuOITGtN4CmjsW0xwg1R7jOYo="></latexit>

�I � 1 .



flux vacua — some relations

The minimum condition can be expressed in the following way
<latexit sha1_base64="VBqEXO6EJ52i4Mq75CyiSYmNUEk="></latexit>

G = �i ?G
<latexit sha1_base64="Pcz/WbAIhPxAb6hLlV5AiuOZfR0="></latexit>

⌘
�
F� Hc

�
= �MHs .

Using this condition one obtains the following relations
<latexit sha1_base64="8gU9j+tGyU4qwJGqVQgMe7gHU2Q="></latexit>

s =
Nflux

HTMH
,

<latexit sha1_base64="TaLreFcUClQZ0zy8AsCnyGR9RoM="></latexit>

c =
H

TMF

HTMH
,

<latexit sha1_base64="sHLxYaYBxclUYxMB3YN8iObHiOk="></latexit>

F
TMF = (s2 + c2)

�
H

TMH
�
.

<latexit sha1_base64="Ohp6zO1dPUsb9proJzsvVFcShJE="></latexit>

1

�max
kHk2  H

TMH  �maxkHk2 .

The usual bounds on matrix norms imply (         denotes the Euclidean norm)
<latexit sha1_base64="4yACktTKrGQQRZTUVfSRw427YSI="></latexit>

k · k2



flux vacua

Finite fluxes in finite regions.



flux vacua — bound I

<latexit sha1_base64="t5ZCokQmeQnkaiSpfG6FaGfeimc="></latexit>c

<latexit sha1_base64="gdYZHVxqvrWTFmWu+Iy8ctUSIpo="></latexit>s

<latexit sha1_base64="M44yfbeJ4l+xAp4r3XYpVcC0prs="></latexit>p
3

2

<latexit sha1_base64="uq1SIGAvv072sQ4EgS58Tf8UnW8="></latexit>

+
1

2

<latexit sha1_base64="iyvwYTg35Bzkv+L9U170/TVmR4E="></latexit>

�1

2

Using S-duality, the axio-dilaton can be mapped into the fundamental 
domain. This implies

<latexit sha1_base64="jn/I/EWgVjv3J+eXP8kJKA5NMxo="></latexit>p
3

2
 s

<latexit sha1_base64="Efhno1BEVpfu8KllrzuuP3SC1Zk="></latexit>p
3

2
 Nflux

HTMH

<latexit sha1_base64="qk3xPn1kvgjckWBTxFG1tYWTJfY="></latexit>p
3

2
 Nflux

HTMH
 Nflux

�max

kHk2

<latexit sha1_base64="XOipyGCFG0CehW0p0A4r+Grx9hM="></latexit>

kHk2  2Nflux�maxp
3

.



flux vacua — bound II

With the axio-dilaton in the fundamental domain one also obtains

<latexit sha1_base64="LCUUNsLPzv0L8w1852kCLtm6D+0="></latexit>

kFk2  4N2
flux�

2
max

3kHk2 .

<latexit sha1_base64="i7cP96Sdh1MQMb4b4IQ5Rur2EjE="></latexit>

(FTMF) = (c2 + s2)(HTMH)

(HTMH)(FTMF) = (c2 + s2)(HTMH)2

(HTMH)(FTMF) = (c2 + s2)
N2

flux

s2

kHk2

�max

kFk2

�max
 (HTMH)(FTMF) = (c2 + s2)

N2
flux

s2
 4

3
N2

flux



flux vacua — summary

Summary :: 

Remark :: ◾ The bounds can be made slightly stronger.

EP, Schlechter — 2023

◾ For a region of complex-structure moduli space in which the eigenvalues 
of the Hodge-star operator are bounded, 

◾ and for a given flux number         , 
◾ only finitely-many flux choices can lead to a vacuum in that region.

<latexit sha1_base64="1huy8rY8GUlZ9SbKAiSilD6VqFE="></latexit>

Nflux
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the mirror octic

The periods.



<latexit sha1_base64="faLUIhdlhoFdEOxjkbf1IdA2A4U="></latexit>

h2,1
� = 1 , h2,1

+
= 0 , NO7 = 0 ,

h1,1
� = 72 , h1,1

+
= 77 , NO3 = 16 ,

QD3 = �8 .

the mirror octic — topology 

The octic three-fold is a hyper-surface in weighted projective space            defined by
<latexit sha1_base64="qwhDytoqoNCiHL4qzgNONSNhEk4="></latexit>P11114

<latexit sha1_base64="TWjilsQm1GlS5Qkp8ZpX1puueAw="></latexit>

4X

i=1

x8
i + 4x2

0 � 8 x0x1x2x3x4 = 0 .

The mirror octic has Hodge numbers                                  .
<latexit sha1_base64="k5A/Yh6DmCS6G7QTsgYEl0cBmFc="></latexit>

(h1,1, h2,1) = (149, 1)

For the mirror octic an orientifold projection can be chosen such that

Moritz — 2023



the mirror octic — topology 

The octic three-fold is a hyper-surface in weighted projective space            defined by
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4X

i=1

x8
i + 4x2

0 � 8 x0x1x2x3x4 = 0 .

The mirror octic has Hodge numbers                                  .
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(h1,1, h2,1) = (149, 1)

For the mirror octic an orientifold projection can be chosen such that

Moritz — 2023
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the mirror octic — periods 

The periods that determine the holomorphic three-form are solutions to the Picard-Fuchs equation

<latexit sha1_base64="mMhgcX0aVUQ+XRySMW5Vrbrn3Zg="></latexit>h
✓4 � z(✓ + 1

8 )(✓ +
3
8 )(✓ +

5
8 )(✓ +

7
8 )
i
⇧ = 0 .

<latexit sha1_base64="9L5TE3dUialtaBFBmKwrouK4gik="></latexit>

✓ = z
@

@z

complex-structure modulus
<latexit sha1_base64="t/65963OvMmHbLKwRGQyA1TLcjM="></latexit>

⇧ =

✓
⇧J

⇧J

◆
<latexit sha1_base64="/lPDWDjY7KRw2WcoV4ebFe9lx/g="></latexit>

⌦ = ⇧J↵J +⇧J�
J

The solutions are typically expanded in power series that converge for            .
<latexit sha1_base64="qpyicKkIsrOE/hj7G+UIBkS7HJM="></latexit>

|z| < 1

Morrison — 1991

Font — 1992


Klemm, Theisen — 1992

…


Bastian, van de Heisteeg, Schlechter — 2023



the mirror octic — moduli space I

The complex-structure moduli space can be covered by six discs of radius 0.9.
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the mirror octic — moduli space I

The complex-structure moduli space can be covered by six discs of radius 0.9.

<latexit sha1_base64="I5UV3dkDD7vWJabwI5brNvltQ5E="></latexit>

z = +1
<latexit sha1_base64="YT4LqG9RgwDFC1dTggdnaeR3jp4="></latexit>

z = �1

<latexit sha1_base64="ZLeMvPaTDeN3aKLNIQkLe0GVeqw="></latexit>

z = +i

<latexit sha1_base64="ktSJNW0sjqhFzIr2Bms/xIAsQfk="></latexit>

z = �i

<latexit sha1_base64="Y6PWWBgNsNIeWMotu9GeTf90nKg="></latexit>

z = 0

(conifold)

(LCS point)

(Landau-Ginzburg point)



the mirror octic — moduli space II

For convenience, the moduli space can 
be mapped to the Kähler side via the 
mirror map

<latexit sha1_base64="amwnrjSJarccN5cYG8eJCpsblzI="></latexit>

t(z) =
⇧2(z)

⇧1(z)
.

-1.0 -0.8 -0.6 -0.4 -0.2 0.0
1.0

1.5

2.0

2.5

z = �1

z = �iz = +i

z = 0

z = 1

z = +1z = +1

Re(t)

Im(t)

Figure 1: Covering of the fundamental domain in Kähler coordinates with the

six bases described in the main text. The point z = 0 corresponds to the LCS

point, z = 1 is the conifold, and z = 1 is the LG point. The overlapping

regions correspond to discs of radius 0.9 around the expansion points on the

complex-structure side.

18



the mirror octic

Strategy flux vacua.



the mirror octic — hodge-star operator 

Re(t)

Im(t)

�max�max

conifold

conifold

Figure 2: Dependence of the maximal eigenvalue �max of the Hodge-star matrix

M on the complex-structure modulus, where the plot-region corresponds to the

moduli space on the Kähler side, c.f. figure 1. Towards the conifold and large-

complex-structure points �max diverges, while �max stays finite in the bulk of

the moduli space. Note that the divergence for the conifold at Re(t) = 0 is

rather sharp and di�cult to visualize.

Boundary regions

However, the regions in (5.1) do not cover the moduli space of the mirror octic
completely. In particular, for the regions around the conifold and LCS point the
maximal eigenvalue of M diverges. We therefore also consider the regions

expansion point region

zep = 0 LCS 3� log|z�zep|
2⇡

zep =+1 conifold 3� log|z�zep|
2⇡

(5.2)

for which we can ignore higher-order corrections to the periods and only work
with the lowest-order expressions. As will be explained in detail in sections 5.3
and 5.4, for these cases we can classify all possible flux choices and determine the
flux vacua.

20

The largest eigenvalue          of the Hodge-star 
operator diverges at the conifold and LCS point.

<latexit sha1_base64="vc4ID3Mcmz03mnkgMJO+r8FVmGU="></latexit>

�max



the mirror octic — finding vacua

For each bulk region (          is finite ) ::<latexit sha1_base64="ytUKct1N+S5bynnCub2TiZw1/14="></latexit>

�max

◾ Determine periods      up to             . 
◾ Determine relevant flux choices for          . 
◾ Try to solve minimum condition.

<latexit sha1_base64="/x1E90bA5obbQLhboMrAWigtzHo="></latexit>

O(100)
<latexit sha1_base64="vNFvNxYaygLAjWlcpEZ1E+Pe+5A="></latexit>

Nmax

<latexit sha1_base64="sp3psuvCfdBnKabHAfaPYC2lEjo="></latexit>

⇧

For each boundary region (          diverges) ::
<latexit sha1_base64="ytUKct1N+S5bynnCub2TiZw1/14="></latexit>

�max

◾ Determine periods at leading order. 
◾ Determine relevant flux choices for           

(partially) analytically. 
◾ Solve minimum condition.

<latexit sha1_base64="vNFvNxYaygLAjWlcpEZ1E+Pe+5A="></latexit>

Nmax

<latexit sha1_base64="6pFTXN/jxbMcc8xL5L0hyJeCvPE="></latexit>

point region �max

zep = 0 10�9  |z � zep| 0.9 37.98

zep =+1 10�9  |z � zep| 0.9 3.95

zep = 1 |z � zep| 0.9 8.33

zep =�1 |z � zep| 0.9 5.00

zep = +i |z � zep| 0.9 11.24

zep = �i |z � zep| 0.9 3.35

<latexit sha1_base64="go/J0BSOR8EQDtvB52i/5I9qSzk="></latexit>

point region

zep = 0 |z � zep| 10�9

zep =+1 |z � zep| 10�9
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Distribution of vacua.



results — distribution I
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results — distribution II
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Nflux = 9
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Nflux = 8
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Nflux = 7



<latexit sha1_base64="i5qz1lMDnOOrAmFY87Xtlu1T1NE="></latexit>

Nflux  10

-1.0 -0.5 0
1

2

3

4

5

6

results — distribution III



results

Number of vacua.



results — number of vacua I

2 4 6 8 10

5000

10000

15000

Nmax

# of vacua

1.88 ·
�
Nmax

�3.89

Figure 7: Number of vacua that satisfy Nflux  Nmax.

Nmax

# of vacua

4.32 ·
�
Nmax

�1.99

Figure 8: Number of vacua with W0 = 0 that satisfy Nflux  Nmax.

34

This result agrees approximately with the estimate 
of Denef/Douglas

<latexit sha1_base64="ZdOyQOS9eOsRn6jCcx9XVq+R4fg="></latexit>

Nest

�
Nflux  Nmax

�
= 1.37 ·

�
Nmax

�4
.

<latexit sha1_base64="j3XjEFn7Q9k7CaLq8WfMMWp5RSY="></latexit>

N
�
Nflux  Nmax

�
= 1.88 ·

�
Nmax

�3.89
.

The cumulative number of vacua for a given         
can be fitted as

<latexit sha1_base64="vNFvNxYaygLAjWlcpEZ1E+Pe+5A="></latexit>

Nmax

Denef, Douglas — 2004



results — number of vacua II
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Figure 7: Number of vacua that satisfy Nflux  Nmax.
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Figure 8: Number of vacua with W0 = 0 that satisfy Nflux  Nmax.
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All these vacua are located at the Landau-
Ginzburg point.

c.f. DeWolfe, Giryavets, Kachru, Taylor — 2004
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Relevant for moduli stabilization via KKLT and LVS is 
the quantity

<latexit sha1_base64="rN/MBmnDrkh/ohgy7q/zTuvvXr0="></latexit>

eKcs |W0|2 .

The gravitino-mass is determined by the expression
<latexit sha1_base64="85gF8D0AxQ/xFExmPpsEBXJBayY="></latexit>

eK⌧+Kcs |W0|2 .

Excluding              , it follows a normal distribution 
with mean and standard deviation

<latexit sha1_base64="7g3ksAsRv/jpXo5u2o3/6iiQhYg="></latexit>

(µ,�) = (0.427Nmax , 0.204Nmax ) .
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W0 = 0

c.f. Ebelt, Krippendorf, Schachner — 2023
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Figure 9: Histogram of eKcs |W0|2 (including W0 = 0) up to the value 100 for

Nflux  10. Note that the maximal value is eKcs |W0|2|max = 2.41 · 108 and that

the left-most bin contains the vacua with W0 = 0. The bin-size b is chosen as

b = 1.
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Figure 10: Probability distribution of eK⌧+Kcs |W0|2 for Nflux  10 excluding

vacua with W0 = 0. The bin-size b is chosen as b =
1
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results — sampling vs. complete scan

Nmax

Lbox

1 2 3 4 5 10 15 25 35

1 0.667 1 1 1 1 1 1 1 1

2 0.173 0.808 0.962 1 1 1 1 1 1

3 0.051 0.475 0.814 0.898 0.960 1 1 1 1

4 0.019 0.344 0.629 0.838 0.902 0.996 1 1 1

5 0.009 0.211 0.483 0.691 0.826 0.982 1 1 1

6 0.004 0.137 0.391 0.604 0.744 0.968 0.998 1 1

7 0.002 0.087 0.305 0.503 0.659 0.942 0.991 1 1

8 0.001 0.060 0.239 0.443 0.588 0.917 0.983 1 1

9 0.001 0.040 0.199 0.378 0.526 0.886 0.970 0.999 1

10 0.001 0.026 0.156 0.328 0.474 0.860 0.958 0.997 1

Table 3: The ratio r(Lbox, Nmax) defined in equation (6.14) for di↵erent values

of Lbox and Nmax.

column data comments

1 - 4 H flux vector defined in (3.1)

5 - 8 F flux vector defined in (3.1)

9 Nflux flux number Nflux = F
T
⌘H

10 Re(t) real part of the Kähler coordinate (4.7)

11 Im(t) imaginary part of the Kähler coordinate (4.7)

12 zep expansion point of the periods, c.f. (5.1)

13 u local variable for expansion of periods, c.f. (5.3)

14 v local variable for expansion of periods, c.f. (5.3)

15 c real part of axio-dilaton ⌧ , c.f. (2.1)

16 s imaginary part of axio-dilaton ⌧ , c.f. (2.1)

17 e
Kcs |W0|2 value of superpotential at minimum, c.f. (3.12)

18 e
K⌧+Kcs |W0|2 value of superpotential at minimum, c.f. (3.12)

Table 4: Structure of the dataset.
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hI , hI , f
I , fI 2 [�Lbox,+Lbox] .

In a sampling approach, one often choses 
flux quanta from a box of length          as<latexit sha1_base64="oN1bntYazLISBMa6sF9tAceUI3c="></latexit>

Lbox
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r(Lbox, Nmax)The ratio                       .
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# of vacua for box of size Lbox

# of all flux vacua

����
NfluxNmax

.

The ratio                        of vacua possibly-
captured in this way can be defined as
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r(Lbox, Nmax)
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summary

Summary :: ◾ We developed a strategy to determine all flux vacua for type 
IIB orientifold compactifictions. 

◾ We applied this strategy to the mirror octic for                  . 
◾ We analysed properties of the dataset.

<latexit sha1_base64="n4qKKrIxprQqcV4WH2zJoVGewuY="></latexit>

Nflux  10

Remarks :: ◾ The main technical difficulty is the required computing time. 
◾ The dataset (together with a Mathematica notebook) is 

freely available.


