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In Quantum Gravity, we expect that spacetime itself is emergent

• AdS/CFT • BFSS Matrix Theory

Can we extract implications for kinetic terms (spacetime derivatives) of 
effective theories? 

Famous examples:

Emergence Proposal: Some Swampland conjectures are manifestations 
of such emergence
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A good toy model of such a connection to keep in mind is the ℂℙ)model
[Harlow ’16]

In the ultraviolet we have 𝑁 massive scalars 𝑧* which have a non-dynamical 
collective massless vector mode

Integrating out the massive degrees of freedom leads, in the infrared, to 
emergent dynamics for the field

5.1 A toy model for emergent gauge fields

In order to first gain some intuition for emergent fields it is useful to consider a toy model. We
will consider the so-called CPN�1-model of complex scalar fields, see for example [339–341]. The
idea that such a toy model could be related to the Weak Gravity Conjecture was first proposed
in [74], and see [35] for a detailed review of this. The theory is often studied in two dimensions,
where it is conformal in the ultraviolet. We will consider a four-dimensional version, which then
has to have a cuto↵ ⇤CP (for example by a lattice regularization as is often utilized in this
context). As discussed in [74], the part of interest for us of the analysis of the two-dimensional
model then follows through for four dimensions with relatively minor modifications. The model
consists of N complex scalar fields zi which satisfy a constraint

X

i

z⇤i zi = 1 . (5.1)

They have the Lagrangian

L = �N

c2
(Dµzi)

⇤ �Dµzi
�
. (5.2)

Here the index on the zi is raised and lowered with a delta function, so is just used to denote
sums. The parameter c is introduced which acts as a type of coupling constant for the theory.
The covariant derivative takes the form

Dµ = @µ � iAµ , (5.3)

where

Aµ ⌘ 1

2iN

�
z⇤i @µz

i � zi@µz
⇤
i

�
. (5.4)

So the gauge field Aµ is not actually a dynamical fields in this theory. One can either just
consider the theory in terms of scalars zi, or write it in terms of a non-dynamical Aµ whose
equations of motion are algebraic and lead to its definition (5.4). Although there is no dynamical
gauge field, the theory does have a gauge symmetry

zi ! ei↵(x
µ
)zi , (5.5)

under which Aµ transforms as a gauge field would, thereby ensuring the gauge invariance of the
theory. Similarly to Aµ, we can introduce another field � which yields the constraint (5.1) as its
algebraic equations of motion, so we consider the Lagrangian

L = �N

c2
⇥
(Dµzi)

⇤ �Dµzi
�
+ �

�
z⇤i z

i � 1
�⇤

. (5.6)

In four dimensions we then need to consider this as an e↵ective theory with a cuto↵ ⇤CP .

The idea is now to treat Aµ as an independent field, so the action as quadratic in the zi,
and then integrate them out as a Gaussian in the path integral. So we write

Z =

Z
DAD�Dz⇤iDzi Exp


�N

c2

Z
d4x

�
z⇤i (�DµD

µ + �) zi � �
��

=

Z
DAD� Exp

"
�N log det

 
�D2 + �

⇤2

CPN�1

!
+

N

c2

Z
d4x�

#
. (5.7)
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This yields an e↵ective action for Aµ and �. We first would like to determine the scalar potential
for �, for which we set Aµ = 0, take � to be constant, and go to momentum space

V (�) = �N


� �

c2
+

Z
⇤CP

d4k log

✓
k2 + �

⇤2

CP

◆�
. (5.8)

The expectation value of �, denoted �0, is then determined by the solution to

1

c2
=

Z
⇤CP

d4k
1

k2 + �0
. (5.9)

Then by choosing the coupling constant c su�ciently strong

c > ccrit =

Z
⇤CP

d4k
1

k2

�� 1
2

, (5.10)

we find that �0 > 0. The non-zero vacuum expectation value for � implies that the zi gain a
mass

mz =
p
�0 . (5.11)

However, there will be one combination which will remain massless since it is protected by a
gauge symmetry, this is Aµ. We therefore obtain, at a scale below mz, an e↵ective theory for
Aµ.

The e↵ective action for Aµ can be deduced by expanding (5.7) to second order in Aµ about
the � = �0 background. Performing the expansion then yields an e↵ective action

L = � 1

4g2
Fµ⌫F

µ⌫ , (5.12)

where Fµ⌫ = @[µA⌫], the usual field strength. The key point is that the field Aµ has developed
dynamics in the infrared, it has a kinetic term. It is therefore an example of an emergent
dynamical field. As usual, the expansions of determinants in the path integral, as in (5.7), have
an interpretation as Feynman diagrams. The relevant leading contributions to (5.12) can be
thought of as e↵ective 1-loop diagrams. The result is that the gauge coupling for the emergent
dynamical field takes the form

1

g2
=

N

12⇡2
log

✓
⇤CP

mz

◆
. (5.13)

We see that for large N the emergent gauge field is weakly coupled, justifying the 1-loop type
expansion of the determinant.

The gauge coupling (5.13) almost matches exactly the form of the infrared gauge coupling of
a fundamental U(1) field coupled to N charged scalars of mass mz in the infrared, which would
look like

1

g2
=

1

g2
⇤CP

+
N

12⇡2
log

✓
⇤CP

mz

◆
. (5.14)

The two agree by setting formally g2
⇤CP

! 1. So it behaves as if the kinetic term was generated
purely through integrating out the massive charged fields at 1-loop.
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[D’Adda, Luscher, Di Vecchia ’78]



The Emergence Proposal is the idea that all dynamics for fields arise in 
the infrared from integrating out towers of states

Spacetime emergence is a duality, and its infrared limit includes a duality 
between the propagating fields in the action and degrees of freedom in the 
towers of states associated to it by the Swampland conjectures 

Weak Gravity Conjecture : 𝑚+ ∼ 𝑔 𝑀,

Distance Conjecture : 𝑚+ ∼ 𝑒-% 𝑀,

Note: the dual tower is not the lightest tower (e.g. graviphoton is not dual to 
KK modes)

𝐸

𝑚+



Proposal formulated following a series of investigations

• Toy model calculation suggests Swampland conjectures are imposing 
unification at the Species scale (weak emergence)

• Proposal that type IIB complex-structure moduli space arises fully 
from integrating out wrapped D3 branes: So, emergence is an exact 
Infrared Duality (strong emergence)

[Heidenreich, Reece, Rudelius ’17; Grimm, EP, Valenzuela ’18; Heidenreich, Reece, Rudelius ’18]

[Grimm, EP, Valenzuela ’18]

[Basile, Blumenhagen, Calderón-Infante, Castellano, Cribiori, Corvilian, Cota, Delgado, EP, Grimm, Gligovic, 
Herraez, Heidenreich, Ibanez, Lee, Lerche, Li, Marchesano, Melotti, Mininno, Paraskevopoulou, Paoloni, Reece, 
Rudelius, Ruiz, Uranga, Valenzuela, Weigand, Wiesner, + …]

• Factorisation in AdS/CFT suggests gauge fields are emergent from 
charged states at high energies 
[Harlow ’16]

[EP ’19]



A good balance between control and complexity is the type II N=2 Calabi-Yau
compactification vector multiplets sector

IIB complex-structure + D3 branes  =  IIA Kahler + D2-D0 branes

Vector multiplets sector controlled by a prepotential 𝐹.. At large 𝑅𝑒(𝑇):

𝐹. = a T/ + b T" + c T + d + <
0∈ℕ

𝑛0𝑒-"304

Polynomial / Tree-level Exponential / Non-perturbative

For simplicity consider one vector multiplet with scalar component

𝑇 = 𝑡 + 𝑖𝑏



2

fields are controlled by the supergravity prepotential
F0, which is holomorphic in the T i. In the limit of
large ti, the prepotential splits into a polynomial piece
F0|

Poly, which captures what one may refer to as tree-
level physics, and a piece exponential in the T i which we
denote F0|

Inst.
There are two approaches to integrating out the

wrapped branes. The first is the field theory picture of
Gopakumar and Vafa, introduced in [34, 35]. In this ap-
proach, one integrates out through a Schwinger integral
where we give the graviphoton a background expectation
value. The idea is that one can take the strong-coupling
limit of type IIA such that the D2-D0 states become light
and can be treated as elementary particles. Due to su-
persymmetry, because the dilaton is in the hypermulti-
plet sector, this limit is under control with respect to
the Schwinger calculation. The result, after accounting
for the supersymmetric properties of the states, gives the
contribution to the supergravity prepotential F0 of

F0|
Inst
FT =

X

�,n2Z

Z 1

✏

ds

s3
↵�e

�sZ�,n . (2)

Here � denotes the wrapping vector of the D2 branes, n is
the number of bound D0 branes, and ↵� is the degeneracy
of BPS states with that wrapping vector. Note that the
degeneracy with respect to the D0 charge is always just
one. 1 Z�,n is the (holomorphic) central charge of the
associated BPS state, and is given explicitly (in the large
ti regime) by

Z�,n = 2⇡ (� · T + in) . (3)

A crucial role is played by the integral cuto↵ ✏. Since
s can be interpreted as the Schwinger proper time, the
s ! 0 limit is a short time limit, and so ✏ is an ultravi-
olet cuto↵. In the field theory picture, we cannot trust
the ✏ ! 0 limit because at such high energy scales the
D2-D0 states cannot be treated as particle excitations
and instead their internal structure is probed. So we
would need to quantize their excitations to understand
this regime fully.

In fact, the integral (2) is independent of the value of
✏, as long as it is finite ✏ > 0. The ultraviolet physics con-
tribution to the prepotential is therefore captured fully
by the pole at ✏ = 0. This discontinuity is most easily
seen in the particle picture to which we turn.

The particle picture was introduced in detail in the
paper [36] (although was very much part of the ideas in
[34, 35]). Here one thinks more directly in terms of the
worldsheet instanton contributions to the prepotential.
Going to strong coupling, the M-theory picture is that
of Euclidean M2 branes wrapping the two-cycles in the
CY as well as the M-theory circle. In the limit where the

1
Note that we work in units where Ms = 2⇡gs, with Ms the string

scale, and gs the string coupling.

!!
" → ∞

!! "

Euclidean wrapped M2 brane Euclidean particle worldline

FIG. 1. Figure illustrating the particle picture where one

integrates out the small two-cycle and treats the M2 instanton

as the worldline of a Euclidean particle. The worldline length

is associated to the string coupling gs, while the two-cycle is

controlled by the Kahler modulus t.

M-theory circle becomes large, so the IIA strong coupling
limit, we can integrate over the two-cycles in the CY, and
obtain a Euclidean worldline action for a particle. This
is the regime where the particle picture is valid, and is
illustrated in Figure 1.
The worldline path integral, including the 1-loop deter-

minant, can then be done to yield the resulting instanton
contributions. The result is2

F0|
Inst
P =

X

�,k�1

1

k3
↵�e

�2⇡k�·T . (4)

Here k is the winding number of the M2 brane on the
M-theory circle. It is important that for ti > 0 only the
k � 1 contribution can be reliably calculated because the
k = 0 state is an M2 brane which is not wrapping the
M-theory circle at all. In that case, there is no hierarchy
between the size of the di↵erent dimensions that it is
wrapping and so we cannot integrate out the CY two-
cycle and write an e↵ective particle worldline. Instead,
the k = 0 state is sensitive to the ultraviolet details of the
M2 brane, and requires quantizing it to fully understand.
The particle picture (4) and the field theory picture

(2) are related by a Poisson resummation

X

k2Z
� (s� k) =

X

n2Z
e2⇡ins , (5)

which gives the desired relation F0|
Inst
P = F0|

Inst
FT . Intu-

itively, one can think of this a type of T-duality along the
time direction, which interchanges an instanton (particle
worldline picture) with a particle (field theory Schwinger
picture).
By using (5), we see that indeed the integral (2) is

independent of ✏ for any 1 > ✏ > 0, and this integral
cuto↵ corresponds to dropping the zero winding mode

2
In [36], the calculation is only for a single brane. We present

here a straightforward generalisation accounting for degeneracy.

A crucial point is that the prepotential does not receive string loop 
corrections in the supergravity limit (low energy) 

This allows for dual interpretations of the exponential terms
[Gopakumar, Vafa ’98] [Dedushenko, Witten ‘14]

𝑔5

Worldsheet (F1) 
instantons

D2-D0 particle 
loops

0 ∞

<
0∈ℕ

𝑛0𝑒-"304

Membrane 
particle limit



The D2-D0 states can be integrated out in a field-theory (FT) description using 
a Schwinger integral

The alternative Euclidean particle worldline description is reached through a 
Poisson resummation
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Strong Emergence predicts that also the polynomial (tree-level) prepotential 
comes from integrating out the states [Grimm, EP, Valenzuela ’18]

Note that ultraviolet physics has been dropped in the calculation

𝐹.6758 = ∑9∈ℕ,7 ∈ ℤ ∫=
+ B5
5#
𝛼9𝑒-"35(94@*7) = ∑9∈ℕ,;>&

&
;#
𝛼9𝑒-"3;94

Our proposal: The full prepotential comes from including the UV physics

𝐹. = ∑9∈ℕ,7 ∈ ℤ ∫.
+ B5
5#
𝛼9𝑒-"35(94@*7) = ∑9∈ℕ,;>.

&
;#
𝛼9𝑒-"3;94

Naively, there are divergences:



Inspired by recent attempts to regularize these divergences using zeta-
function regularization (but our approach is (probably) different)  

[Blumenhagen, Cribiori, Gligovic, Paraskevopoulou ’18]

We note that the reason the ultraviolet physics was dropped is because 
the states in the tower cannot be treated as particles in those regimes2
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A crucial role is played by the integral cuto↵ ✏. Since
s can be interpreted as the Schwinger proper time, the
s ! 0 limit is a short time limit, and so ✏ is an ultravi-
olet cuto↵. In the field theory picture, we cannot trust
the ✏ ! 0 limit because at such high energy scales the
D2-D0 states cannot be treated as particle excitations
and instead their internal structure is probed. So we
would need to quantize their excitations to understand
this regime fully.

In fact, the integral (2) is independent of the value of
✏, as long as it is finite ✏ > 0. The ultraviolet physics con-
tribution to the prepotential is therefore captured fully
by the pole at ✏ = 0. This discontinuity is most easily
seen in the particle picture to which we turn.

The particle picture was introduced in detail in the
paper [36] (although was very much part of the ideas in
[34, 35]). Here one thinks more directly in terms of the
worldsheet instanton contributions to the prepotential.
Going to strong coupling, the M-theory picture is that
of Euclidean M2 branes wrapping the two-cycles in the
CY as well as the M-theory circle. In the limit where the

1
Note that we work in units where Ms = 2⇡gs, with Ms the string

scale, and gs the string coupling.

!!
" → ∞

!! "

Euclidean wrapped M2 brane Euclidean particle worldline

FIG. 1. Figure illustrating the particle picture where one

integrates out the small two-cycle and treats the M2 instanton

as the worldline of a Euclidean particle. The worldline length

is associated to the string coupling gs, while the two-cycle is

controlled by the Kahler modulus t.

M-theory circle becomes large, so the IIA strong coupling
limit, we can integrate over the two-cycles in the CY, and
obtain a Euclidean worldline action for a particle. This
is the regime where the particle picture is valid, and is
illustrated in Figure 1.
The worldline path integral, including the 1-loop deter-

minant, can then be done to yield the resulting instanton
contributions. The result is2
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Here k is the winding number of the M2 brane on the
M-theory circle. It is important that for ti > 0 only the
k � 1 contribution can be reliably calculated because the
k = 0 state is an M2 brane which is not wrapping the
M-theory circle at all. In that case, there is no hierarchy
between the size of the di↵erent dimensions that it is
wrapping and so we cannot integrate out the CY two-
cycle and write an e↵ective particle worldline. Instead,
the k = 0 state is sensitive to the ultraviolet details of the
M2 brane, and requires quantizing it to fully understand.
The particle picture (4) and the field theory picture

(2) are related by a Poisson resummation

X

k2Z
� (s� k) =

X

n2Z
e2⇡ins , (5)

which gives the desired relation F0|
Inst
P = F0|

Inst
FT . Intu-

itively, one can think of this a type of T-duality along the
time direction, which interchanges an instanton (particle
worldline picture) with a particle (field theory Schwinger
picture).
By using (5), we see that indeed the integral (2) is

independent of ✏ for any 1 > ✏ > 0, and this integral
cuto↵ corresponds to dropping the zero winding mode

2
In [36], the calculation is only for a single brane. We present

here a straightforward generalisation accounting for degeneracy.

The divergence can then be understood as an incorrect particle treatment 
of the degrees of freedom in the ultraviolet

The whole integrating out procedure needs to be modified to account for 
the ultraviolet physics – we propose that such a modification is possible



Simple example: The resolved conifold (a non-compact setting with a 
single 2-cycle)

The full prepotential is:

3

k = 0 in the particle picture. So that in both pictures we
are dropping the ultraviolet physics.

The question of how to recover the tree-level polyno-
mial piece F0|

Poly becomes clearer: if it can be recovered,
it must be associated to the ultraviolet physics, the ✏ = 0
pole in the Schwinger integral, or the dual (unwrapped)
k = 0 membrane. But this is precisely the physics over
which we have no control, and no particle description.

III. A PARTICLE APPROACH TO THE
RESOLVED CONIFOLD

In [17] a calculation was presented of integrating out
wrapped D2-D0 states for type IIA string theory on the
resolved conifold. The resolved conifold has a single
(compact) 2-cycle, parameterised by T . The prepoten-
tial for this setting was proposed in [37] to read
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where m is an arbitrary integer.
The resolved conifold has a particularly simple spec-

trum of BPS states consisting of a single D2 brane and
its D0 bound states. It is a very simple example that will
serve to guide us throughout this investigation.

The field-theory (2) and particle integrals (4) for the
spectrum of states of the resolved conifold are
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As expected, the expressions (7) reproduce the exponen-
tial terms in the prepotential.

The question of interest for us in this note is whether
there is an integrating out calculation that can also re-
produce the polynomial piece in the prepotential (6). In
[17] such a calculation was performed, which reproduced
the cubic piece in T , though not the linear and quadratic
ones. We will take a di↵erent approach to the calcula-
tion, but it could be that there are relations between the
approaches.

Our starting point is to just go ahead and try to re-
cover the tree-level prepotential from a standard particle
Schwinger integral, but now with ✏ = 0. We proceed by
performing the Poisson resummation first. One can con-
sider the Schwinger integral (2) after the sum over n and
with ✏ = 0,
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k

Z 1

0

ds

s3
� (s� k) e�2⇡sT . (8)

Our claim is that the polynomial piece is somehow asso-
ciated with the pole at s = 0, so that (8) captures the

full F0. We can note that the T 3 part of the polynomial
piece is independent of this pole, so we can write
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@T 3
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The first term indeed reproduces the correct T 3 depen-
dence in the prepotential, as in (6), and the second term
is just the contribution from the instantons.
So it seems that a naive particle picture approach can

reproduce at least the T 3 piece. However, we know
that in doing this we utilized the Schwinger integral in
a regime where it is not trustable, at s = 0. The reason
that it worked nonetheless is discussed in section IVC.

IV. AN ULTRAVIOLET-MODIFIED
SCHWINGER INTEGRAL

On the one hand, it seems that some of the polynomial
physics of the prepotential is indeed captured by the pole
of the Schwinger integral at s = 0. On the other hand, we
know that the physics must be modified in that region,
and that the particle pictures of the Schwinger integral is
not trustable. We therefore propose that some ultraviolet
modification of the Schwinger integral does capture the
appropriate ultraviolet physics.
To guide us towards such a modification we note that

the physics we are after is associated to a pole, and such
poles arise most naturally in complex integration. We
therefore propose that the Schwinger integral should be
analytically continued with a complex time parameter z.
We take

s ! z , (10)

and we integrate around a contour surrounding the origin
of the complex plane C0. So we first rewrite the k = 0
part of the particle integral as

Z 1

0

ds

s3
� (s) e�2⇡sT

!
1

2

I

C0

dz

z3
1

2⇡iz
e�2⇡zT . (11)

However, we know that we must also appropriately mod-
ify the integral around the z = 0 region. This modifica-
tion captures the ultraviolet physics, and we consider it
in two di↵erent settings below.

A. The resolved conifold

In the case of the resolved conifold the appropriate
modification around z = 0 for the Schwinger integral is
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The instanton contributions are recovered as usual:

3

k = 0 in the particle picture. So that in both pictures we
are dropping the ultraviolet physics.

The question of how to recover the tree-level polyno-
mial piece F0|

Poly becomes clearer: if it can be recovered,
it must be associated to the ultraviolet physics, the ✏ = 0
pole in the Schwinger integral, or the dual (unwrapped)
k = 0 membrane. But this is precisely the physics over
which we have no control, and no particle description.

III. A PARTICLE APPROACH TO THE
RESOLVED CONIFOLD

In [17] a calculation was presented of integrating out
wrapped D2-D0 states for type IIA string theory on the
resolved conifold. The resolved conifold has a single
(compact) 2-cycle, parameterised by T . The prepoten-
tial for this setting was proposed in [37] to read
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where m is an arbitrary integer.
The resolved conifold has a particularly simple spec-

trum of BPS states consisting of a single D2 brane and
its D0 bound states. It is a very simple example that will
serve to guide us throughout this investigation.

The field-theory (2) and particle integrals (4) for the
spectrum of states of the resolved conifold are
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As expected, the expressions (7) reproduce the exponen-
tial terms in the prepotential.

The question of interest for us in this note is whether
there is an integrating out calculation that can also re-
produce the polynomial piece in the prepotential (6). In
[17] such a calculation was performed, which reproduced
the cubic piece in T , though not the linear and quadratic
ones. We will take a di↵erent approach to the calcula-
tion, but it could be that there are relations between the
approaches.

Our starting point is to just go ahead and try to re-
cover the tree-level prepotential from a standard particle
Schwinger integral, but now with ✏ = 0. We proceed by
performing the Poisson resummation first. One can con-
sider the Schwinger integral (2) after the sum over n and
with ✏ = 0,
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Z 1

0

ds

s3
� (s� k) e�2⇡sT . (8)

Our claim is that the polynomial piece is somehow asso-
ciated with the pole at s = 0, so that (8) captures the

full F0. We can note that the T 3 part of the polynomial
piece is independent of this pole, so we can write
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The first term indeed reproduces the correct T 3 depen-
dence in the prepotential, as in (6), and the second term
is just the contribution from the instantons.
So it seems that a naive particle picture approach can

reproduce at least the T 3 piece. However, we know
that in doing this we utilized the Schwinger integral in
a regime where it is not trustable, at s = 0. The reason
that it worked nonetheless is discussed in section IVC.

IV. AN ULTRAVIOLET-MODIFIED
SCHWINGER INTEGRAL

On the one hand, it seems that some of the polynomial
physics of the prepotential is indeed captured by the pole
of the Schwinger integral at s = 0. On the other hand, we
know that the physics must be modified in that region,
and that the particle pictures of the Schwinger integral is
not trustable. We therefore propose that some ultraviolet
modification of the Schwinger integral does capture the
appropriate ultraviolet physics.
To guide us towards such a modification we note that

the physics we are after is associated to a pole, and such
poles arise most naturally in complex integration. We
therefore propose that the Schwinger integral should be
analytically continued with a complex time parameter z.
We take

s ! z , (10)

and we integrate around a contour surrounding the origin
of the complex plane C0. So we first rewrite the k = 0
part of the particle integral as
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However, we know that we must also appropriately mod-
ify the integral around the z = 0 region. This modifica-
tion captures the ultraviolet physics, and we consider it
in two di↵erent settings below.

A. The resolved conifold

In the case of the resolved conifold the appropriate
modification around z = 0 for the Schwinger integral is
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The ultraviolet physics is naively given by:

3

k = 0 in the particle picture. So that in both pictures we
are dropping the ultraviolet physics.

The question of how to recover the tree-level polyno-
mial piece F0|

Poly becomes clearer: if it can be recovered,
it must be associated to the ultraviolet physics, the ✏ = 0
pole in the Schwinger integral, or the dual (unwrapped)
k = 0 membrane. But this is precisely the physics over
which we have no control, and no particle description.

III. A PARTICLE APPROACH TO THE
RESOLVED CONIFOLD

In [17] a calculation was presented of integrating out
wrapped D2-D0 states for type IIA string theory on the
resolved conifold. The resolved conifold has a single
(compact) 2-cycle, parameterised by T . The prepoten-
tial for this setting was proposed in [37] to read
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where m is an arbitrary integer.
The resolved conifold has a particularly simple spec-

trum of BPS states consisting of a single D2 brane and
its D0 bound states. It is a very simple example that will
serve to guide us throughout this investigation.

The field-theory (2) and particle integrals (4) for the
spectrum of states of the resolved conifold are
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As expected, the expressions (7) reproduce the exponen-
tial terms in the prepotential.

The question of interest for us in this note is whether
there is an integrating out calculation that can also re-
produce the polynomial piece in the prepotential (6). In
[17] such a calculation was performed, which reproduced
the cubic piece in T , though not the linear and quadratic
ones. We will take a di↵erent approach to the calcula-
tion, but it could be that there are relations between the
approaches.

Our starting point is to just go ahead and try to re-
cover the tree-level prepotential from a standard particle
Schwinger integral, but now with ✏ = 0. We proceed by
performing the Poisson resummation first. One can con-
sider the Schwinger integral (2) after the sum over n and
with ✏ = 0,
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� (s� k) e�2⇡sT . (8)

Our claim is that the polynomial piece is somehow asso-
ciated with the pole at s = 0, so that (8) captures the

full F0. We can note that the T 3 part of the polynomial
piece is independent of this pole, so we can write
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The first term indeed reproduces the correct T 3 depen-
dence in the prepotential, as in (6), and the second term
is just the contribution from the instantons.
So it seems that a naive particle picture approach can

reproduce at least the T 3 piece. However, we know
that in doing this we utilized the Schwinger integral in
a regime where it is not trustable, at s = 0. The reason
that it worked nonetheless is discussed in section IVC.

IV. AN ULTRAVIOLET-MODIFIED
SCHWINGER INTEGRAL

On the one hand, it seems that some of the polynomial
physics of the prepotential is indeed captured by the pole
of the Schwinger integral at s = 0. On the other hand, we
know that the physics must be modified in that region,
and that the particle pictures of the Schwinger integral is
not trustable. We therefore propose that some ultraviolet
modification of the Schwinger integral does capture the
appropriate ultraviolet physics.
To guide us towards such a modification we note that

the physics we are after is associated to a pole, and such
poles arise most naturally in complex integration. We
therefore propose that the Schwinger integral should be
analytically continued with a complex time parameter z.
We take

s ! z , (10)

and we integrate around a contour surrounding the origin
of the complex plane C0. So we first rewrite the k = 0
part of the particle integral as
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However, we know that we must also appropriately mod-
ify the integral around the z = 0 region. This modifica-
tion captures the ultraviolet physics, and we consider it
in two di↵erent settings below.

A. The resolved conifold

In the case of the resolved conifold the appropriate
modification around z = 0 for the Schwinger integral is
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It is possible to repackage the instanton integral into a contour integral 
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This can be thought of as an analytic continuation of the Schwinger proper 
time
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k = 0 in the particle picture. So that in both pictures we
are dropping the ultraviolet physics.

The question of how to recover the tree-level polyno-
mial piece F0|

Poly becomes clearer: if it can be recovered,
it must be associated to the ultraviolet physics, the ✏ = 0
pole in the Schwinger integral, or the dual (unwrapped)
k = 0 membrane. But this is precisely the physics over
which we have no control, and no particle description.

III. A PARTICLE APPROACH TO THE
RESOLVED CONIFOLD

In [17] a calculation was presented of integrating out
wrapped D2-D0 states for type IIA string theory on the
resolved conifold. The resolved conifold has a single
(compact) 2-cycle, parameterised by T . The prepoten-
tial for this setting was proposed in [37] to read
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where m is an arbitrary integer.
The resolved conifold has a particularly simple spec-

trum of BPS states consisting of a single D2 brane and
its D0 bound states. It is a very simple example that will
serve to guide us throughout this investigation.

The field-theory (2) and particle integrals (4) for the
spectrum of states of the resolved conifold are
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As expected, the expressions (7) reproduce the exponen-
tial terms in the prepotential.

The question of interest for us in this note is whether
there is an integrating out calculation that can also re-
produce the polynomial piece in the prepotential (6). In
[17] such a calculation was performed, which reproduced
the cubic piece in T , though not the linear and quadratic
ones. We will take a di↵erent approach to the calcula-
tion, but it could be that there are relations between the
approaches.

Our starting point is to just go ahead and try to re-
cover the tree-level prepotential from a standard particle
Schwinger integral, but now with ✏ = 0. We proceed by
performing the Poisson resummation first. One can con-
sider the Schwinger integral (2) after the sum over n and
with ✏ = 0,
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Our claim is that the polynomial piece is somehow asso-
ciated with the pole at s = 0, so that (8) captures the

full F0. We can note that the T 3 part of the polynomial
piece is independent of this pole, so we can write
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The first term indeed reproduces the correct T 3 depen-
dence in the prepotential, as in (6), and the second term
is just the contribution from the instantons.
So it seems that a naive particle picture approach can

reproduce at least the T 3 piece. However, we know
that in doing this we utilized the Schwinger integral in
a regime where it is not trustable, at s = 0. The reason
that it worked nonetheless is discussed in section IVC.

IV. AN ULTRAVIOLET-MODIFIED
SCHWINGER INTEGRAL

On the one hand, it seems that some of the polynomial
physics of the prepotential is indeed captured by the pole
of the Schwinger integral at s = 0. On the other hand, we
know that the physics must be modified in that region,
and that the particle pictures of the Schwinger integral is
not trustable. We therefore propose that some ultraviolet
modification of the Schwinger integral does capture the
appropriate ultraviolet physics.
To guide us towards such a modification we note that

the physics we are after is associated to a pole, and such
poles arise most naturally in complex integration. We
therefore propose that the Schwinger integral should be
analytically continued with a complex time parameter z.
We take

s ! z , (10)

and we integrate around a contour surrounding the origin
of the complex plane C0. So we first rewrite the k = 0
part of the particle integral as

Z 1

0

ds

s3
� (s) e�2⇡sT

!
1

2

I

C0

dz

z3
1

2⇡iz
e�2⇡zT . (11)

However, we know that we must also appropriately mod-
ify the integral around the z = 0 region. This modifica-
tion captures the ultraviolet physics, and we consider it
in two di↵erent settings below.

A. The resolved conifold

In the case of the resolved conifold the appropriate
modification around z = 0 for the Schwinger integral is
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It is now possible to evaluate the ultraviolet pole at the origin
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Our interpretation is that indeed the full prepotential arises from integrating 
out the states, but the ultraviolet contribution needs to evaluated by analytic 
continuation and a modification around the origin



Can this work for a full compact Calabi-Yau? Yes

However, note that unlike the conifold case, there are multiple D2 
branes wrappings that need to be summed
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The spectrum depends on the the Calabi-Yau in question, and so the 
integrand should be specific to the Calabi-Yau



We consider the bi-cubic one-parameter Calabi-Yau: ℙC[3,3]

4

This is a contour integral representation of the Hurwitz
zeta function. It reproduces the full polynomial part of
the prepotential (6).3

The restriction to m = 0 is simply a choice for the ori-
gin of the periodic b coordinate, which is periodic under
b ! b+ 1.

An important point is that (12) also has poles at pos-
itive integer values of z. So if we change our integration
contour to not only go around the origin, but cover the
whole positive real line, then we will pick up those poles
too. These are then the instanton contributions. It turns
out that this does not fully work because of the factor of
half in front of the pole at z = 0, so we get only half
the instanton contibutions this way. This is related to
the fact that the resolved conifold has a self-intersection
number of a half. In section IVB, we present a proper
Calabi-Yau example, where we see that indeed the in-
stantons and tree-level pieces are just di↵erent poles of
the same integrand.

This understanding, and ignoring the factor of half is-
sue, explains also how the ultraviolet modification can be
determined from the infrared knowledge (the instanton
terms). One has to write the sum over instanton terms
as a single holomorphic function, such that the instanton
contributions come from the positive integer poles of it.
The tree-level contribution is then just the zero pole of
that function.

B. Compact one-parameter Calabi-Yau

Our proposal is that the ultraviolet physics of inte-
grating out the states can be captured by a Schwinger-
like complex integral around the origin. For the conifold,
the appropriate ultraviolet modification was (12). In this
section we consider a more complicated setup which is a
proper compact Calabi-Yau. We consider the bi-cubic
P5[3, 3] which was studied in detail in [38, 39] (see also
[40] for a general context study). More precisely, we can
consider the mirror to it, which has one Kahler parameter
T . However, our approach is general, and can equally be
understood on the type IIB side with a complex-structure
field, indeed that is the more reliable and precise setting
to consider since it captures the full moduli space.

There are two parts to deriving the prepotential from
integrating out the states: the first is how to integrate out
a single state, with some appropriately modified integral
in the ultraviolet, and the second is how to sum over
the states. We know that the sum over the D0 parts of
the D2-D0 states can be exchanged for a delta function,
as in (5). This delta function is then exchanged for a
pole in the complex formulation of the integral. The sum
over the D2 parts of the states is more complicated. As

3
Note that the ⇣(3) piece is not reproduced here. This is because

it arises from integrating out pure D0 states [17, 34].

discussed in section IVA, this sum is encoded generally
as a sum over poles of a single meromorphic function.4

The continuation of this function to the origin then gives
the required ultraviolet modification to yield the tree-
level prepotential. Therefore, the two aspects discussed
at the start of this paragraph are only one: once you
know how to write the sum over states as a function, you
also know the ultraviolet modification.
We are after a complex Schwinger type integral in

which already the sum over states has been performed,
and which recovers the tree-level polynomial prepotential
through a pole at the origin. Such integrals have been
known for a long time, they are the integral representa-
tions of the periods. Our results are a simple manipula-
tion of these integrals into an expression for the prepo-
tential. For this example Calabi-Yau case, we can utilise
the results in [38] for integral representations of the pe-
riods to find an appropriate Schwinger-type integral for
the prepotential. We derive

F0 (T )|
Poly =

1

2

I

C0

⇣
3 + i

p
3
⌘ �

�
1
3 + z

�
(�1)�z

�
�
2
3 � z

�
�
�
1
3 � z

�2

+
⇣
�3 + i

p
3
⌘ �

�
2
3 + z

�
(�1)�z

�
�
1
3 � z

�
�
�
2
3 � z

�2 (13)

�
(3i+ 9

p
3)

2⇡

�
�
1
3 + z

�2

�
�
1
3 � z

�2

+

�
9
p
3� 3i

�

2⇡

�
�
2
3 + z

�2

�
�
2
3 � z

�2

�
� (�z)4 36ze�2⇡zT

2⇡iz

= �
(2⇡i)3

4

h
6iT 3

� T 2 + 9iT
i
+ const. .

We therefore indeed recover the tree-level prepotential.
Although our primary interests lie in the pole at z = 0,

which is capturing the tree-level prepotential, and from
the Schwinger integral perspective is associated to the ul-
traviolet. We can also recover the instanton terms, or the
Schwinger infrared physics, from the other poles. Specif-
ically, there are two important integration contours with
an infinite number of poles, which capture the two infi-
nite distance loci in the moduli space. The contour which
includes the z = 0 pole, and all the positive integer poles
gives the prepotential at large complex-structure (mirror
to large volume), while the contour which covers all the
negative poles gives the prepotential at the other infi-
nite distance locus (Tyurin degeneration). This is illus-
trated in figure 2. The fact that the integral also captures
the instanton terms, which we know account for the D2
brane multiplicities, shows that the sum over the states
has already been performed and implemented into the
integral.5

4
More precisely, the sums over the D2 wrapping and the D0 charge

are re-summed such that the poles are at integers which are the

product of the D2 and D0 charges.
5
There is a subtlety here because the instantons are not given
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FIG. 2. Figure illustrating pole structure and the associated

physics. The zero pole gives rise to the tree-level prepotential

at large complex-structure (mirror to large volume), which

from the Schwinger perspective is the ultraviolet physics. The

other, infrared poles, give the instanton contributions.

C. The physics interpretation of the modified
Schwinger integral

The modified Schwinger integral (13), which repro-
duces the tree-level prepotential, can shed some light on
the physics which is being integrated out. We are con-
cerned with the pole around z = 0, and so it is informa-
tive to expand the integral about that pole
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Here  = 9 is the self intersection number of the cycle in
the Calabi-Yau. The approximation in (14) is only keep-
ing the contribution to the T 3 piece, which is su�cient
for our discussion.

Comparing (14) and (11) we see that this is like 2
copies of the simple analytic continuation of a single par-
ticle contribution. The factor of , which counts the
point-like self-intersections of the branes is telling us that
the contribution to the pole is coming from integrat-
ing out degree of freedom associated to the intersection
points. Since these are localised, they behave like parti-
cles, and this is why we can recover the T 3 piece from
a naive particle approach as in (10). This is illustrated
in figure 3. Indeed, this make sense due to our inter-
pretation of z as an analytic continuation of Schwinger
proper time, and so z = 0 being the zero time, or ultra-

exactly by the integral (13). More precisely, they are given in

terms of the periods, and the map between the periods and the

prepotential itself involves exponentially small terms in T . This

is only a technical issue, conceptually one can just think of the

integral for the periods rather than the prepotential, which is a

single integral that captures the tree-level and instanton terms

together.
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Euclidean unwrapped M2 brane 
with self-intersection on the red 
dot

Euclidean particle worldline

"!" "!"

FIG. 3. An illustration of how degrees of freedom which are

localised at self-intersection points can be treated as a particle

world-line picture even when the membrane is not wrapping

the M-theory circle and only propagating a small ultraviolet

scale lUV .

violet, limit of the physics: only point-like contributions
can exist at zero Schwinger time.6

More generally, the integral representation (13) is
showing us that the contribution of integrating out de-
grees of freedom to the prepotential is ordered by their
size scales, or Schwinger proper time length. Contri-
butions at scales smaller that the two-cycle volumes no
longer see the whole wrapped object and are associated
to physics localised within the brane, and are polynomial.
After those, we reach scales larger than the cycle volumes
which now see the whole brane. These scales then lead
to the familiar exponential suppression in the mass, and
the higher the wrapping number/length, the stronger the
suppression.
The idea that the contribution to the polynomial terms

is coming from localised degrees of freedom inside the
branes also matches expectations from supersymmetry.
Specifically, we expect to restore higher supersymme-
try in the ultraviolet, apart from at the localised points.
Higher supersymmetry implies that the prepotential does
not receive corrections. So only the localised parts which
break this higher supersymmetry can contribute correc-
tions. This can also explain how emergence can work for
higher supersymmetric settings: it is not integrating out
the half-BPS whole branes, but the localised degrees of
freedom inside them which break more supersymmetry.
There is another mystery which can be understood

from a Schwinger proper time interpretation of the in-
tegral (13): in the infrared we have a huge degeneracy of
D2/M2 branes for each cycle homology class, exponen-
tially growing with wrapping number, but the contribu-
tion to the tree-level prepotential seems to have no such
degeneracy. In other words, we would naively expect to
get a 2 contribution from each wrapped D2/M2 brane,

6
The factor of 2 in 2 is likely related to the phenomenon in

section V, where we see that the particle picture involves pairs

of oppositely charged particles.

Note that the zero pole does not have a large D2 degeneracy factor: only 
integrating out a few constituents in the ultraviolet

[Joshi, Klemm ’19]

* For Period not Prepotential



Using the integral as a guide for the ultraviolet physics suggests:

• Full prepotential arises from integrating out the non-perturbative states

• There is a sum over D0 branes, and the polynomial piece comes from the 
ultraviolet physics of this sum

• There is no sum over D2 degeneracies, only a single contribution from 
the self-intersection points

• At scales below the D2 size, we should 
consider them as non-fundamental, but 
weakly-bound states of a fundamental 
constituents that we integrate out (3-
dimensional theories are free in the UV) To Appear, w/ Hattab



New proposed picture for Emergence:

• The infrared duality is between light fields and fundamental point-
like constituents (likely spacetime quanta) 

• The towers of states are capturing the infrared physics of those 
constituents

• The leading tree-level kinetic terms come from the ultraviolet 
regime, where the constituents are the weakly-coupled fundamental 
degrees of freedom

• In general, integrating out those fields cannot be formulated as an 
equi-dimensional Schwinger integral



In general, there is no way to integrate out all the degrees of freedom as 
spacetime particles (standard Schwinger integrals)

However, there do exist regimes where such a treatment can hold
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FIG. 4. Figure illustrating the particle picture for unwrapped

k = 0 membrane states. Since the membrane is not wrapping

the M-theory circle, it only propagates a small ultraviolet

scale lUV (such as the Planck scale). This means for any

finite t > 0 there is no hierarchy of scales and no worldline

picture. However, such a picture may become valid in the

limit t ! 0.

not just a single total contribution. We believe that the
explanation for this is that one must account for the scale
at which the contribution is evaluated. The spectrum of
strongly-bound states depends on the scale one works at,
and it can be that at di↵erent scales what was a strongly-
bound state becomes a weakly-interacting state of multi-
ple branes. In such cases, that state is already accounted
for by integrating out the constituents. When we count
the branes in the infrared, we only integrate at each scale
the strongly-bound states. What our picture suggests is
that at scales below that of the wrapped branes, so the
ones relevant for the tree-level prepotential, all the rel-
evant states (which are the localised degrees of freedom
in the sum over cycle wrappings but zero M-theory circle
winding) are weakly-interacting states of the one set of
degrees of freedom localised at the intersections.7

V. A PARTICLE LIMIT OF THE CONIFOLD

We have seen that for a finite size two-cycle t > 0
we cannot trust a particle picture for the integrating out
procedure in the ultraviolet. There is no e↵ective parti-
cle world-line description of the type illustrated in figure
1.8 For this reason, we proposed a modification to the
Schwinger integral in the ultraviolet. However, it is pos-
sible to imagine that certain loci in moduli space exist
where a particle picture can be used. Specifically, con-
sider the conifold setting and take the t ! 0 limit. In
this limit, the two-cycle shrinks to zero volume. In that
case, we may actually be able to use the particle picture,
because the worldline of the particle, which is given by

7
We expect that this is because, like all three-dimensional the-

ories, M2 branes are strongly interacting in the infrared, and

weakly-interacting in the ultraviolet.
8
Of course, as discussed in section IVC, a certain part, associated

to localised degrees of freedom, does have particle-like behaviour.

some ultraviolet scale lUV , is still infinitely longer than
the two-cycle size. This is illustrated in Figure 4.
This suggests that a particle picture may be valid on

the t = 0 locus. Although the resolved conifold setting
is a supergravity setting with large t > 0, we will con-
sider evaluating it formally at t = 0.9 In this case, the
polynomial part of the prepotential reads

F0|
Poly
t=0,m=0 = �

(2⇡i)3

12
B3 (b) , (15)

where B3 is the third Bernoulli polynomial.10 Now it is
possible to write

F0|
Poly
t=0,m=0 =

1

2

X

k 6=0

1

k3
e2⇡ikb . (16)

Comparing with (4), this indeed looks like it has a par-
ticle picture interpretation. Recall that our proposal is
that the tree-level, or polynomial, part of the prepoten-
tial comes from the k = 0 sector, so with no net winding.
In (16) we see a sum which is symmetric over winding, so
can be thought of as pairs of particles with no net wind-
ing. There is also a related overall factor of a half for
these pairs. It therefore is naturally interpreted as some
kind of a particle picture resolution of the ultraviolet zero
net winding sector of the M2 branes.
An important aspect of (16) is that it does not mani-

festly transform under b ! b+1, whileB3 does transform.
This is related to the parameter m in the prepotential.
It corresponds to (twice) the transformation property of
the Bernoulli polynomial

B3 (b+ 1) = B3 (b) + 3b2 . (17)

The expression (16) is only valid in the range 0  b  1.
So it gives a particle picture resolution within a single
monodromy orbit. Indeed, any particle picture of the
tree-level physics can only hold in a single monodromy
orbit, because (4) is manifestly invariant under mon-
odromies, while the polynomial part of the prepotential
manifestly does transform.
We therefore find evidence that the polynomial prepo-

tential can be reproduced precisely from integrating out
the states, using the particle picture, on the locus t = 0.
If we want to extend this to all T , we need to first use the
integral representation for the Bernoulli polynomial, and
then analytically continue b ! �iT . This yields precisely
(12).

9
Actually, the derivation of the prepotential in [37] is a topological

string calculation which is insensitive to curvature corrections

and so may be reliably used.
10

To be precise, B3 (b) does not include the ⇣(3) piece (which is

associated to pure D0 states).

Example: vanishing locus of the resolved conifold 𝑡 → 0
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not just a single total contribution. We believe that the
explanation for this is that one must account for the scale
at which the contribution is evaluated. The spectrum of
strongly-bound states depends on the scale one works at,
and it can be that at di↵erent scales what was a strongly-
bound state becomes a weakly-interacting state of multi-
ple branes. In such cases, that state is already accounted
for by integrating out the constituents. When we count
the branes in the infrared, we only integrate at each scale
the strongly-bound states. What our picture suggests is
that at scales below that of the wrapped branes, so the
ones relevant for the tree-level prepotential, all the rel-
evant states (which are the localised degrees of freedom
in the sum over cycle wrappings but zero M-theory circle
winding) are weakly-interacting states of the one set of
degrees of freedom localised at the intersections.7

V. A PARTICLE LIMIT OF THE CONIFOLD

We have seen that for a finite size two-cycle t > 0
we cannot trust a particle picture for the integrating out
procedure in the ultraviolet. There is no e↵ective parti-
cle world-line description of the type illustrated in figure
1.8 For this reason, we proposed a modification to the
Schwinger integral in the ultraviolet. However, it is pos-
sible to imagine that certain loci in moduli space exist
where a particle picture can be used. Specifically, con-
sider the conifold setting and take the t ! 0 limit. In
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can be thought of as pairs of particles with no net wind-
ing. There is also a related overall factor of a half for
these pairs. It therefore is naturally interpreted as some
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net winding sector of the M2 branes.
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This is related to the parameter m in the prepotential.
It corresponds to (twice) the transformation property of
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orbit, because (4) is manifestly invariant under mon-
odromies, while the polynomial part of the prepotential
manifestly does transform.
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and it can be that at di↵erent scales what was a strongly-
bound state becomes a weakly-interacting state of multi-
ple branes. In such cases, that state is already accounted
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the branes in the infrared, we only integrate at each scale
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that at scales below that of the wrapped branes, so the
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Summary
• Interpreted (known) integral representations of CY periods as 

analytically continued Schwinger integrals 

• The tree-level prepotential piece can then be understood as arising 
from integrating out non-perturbative degrees of freedom

• This interpretation suggests a new perspective on the Emergence 
Proposal where one does not integrate out the towers of particle 
states, but resolved them into constituents in the ultraviolet

• There are regimes in moduli space where it is possible to generate the 
prepotential from integrating out spacetime particles: singular conifold
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