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The Weak Gravity Conjecture
Arkani Hamed Mott Nicolis Vafa 06

In a quantum gravity theory with a massless

photon there is a light charged particle with

4 large extremal
blackhole

Extremal BH is one that saturates extremalitybound

MBH Next Q inf masses of all BHS
of charge Q

large means M 101 0 1011m ext const
assuming 1 c c 0 determined by 2 deriv EF
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WGC black holes are unstable
M Next

blackhole large subext BH
spectrum

decay process

superext particles
Q
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WGC black holes are unstable
M Next

b ttm large subext BH

decay process

superext particles
Q

possibly they decay to other BHS
M r Next

deriv corrected Next Q

Q
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However compelling bottom up
that this had to be the case
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µ
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spectrum
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Aglobal
i
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m QE N I QR Ñ NÑ 270

whereQA Qua Qra a l kt 16 a b.sk
lies on even selfdual charge lattice M

even KQET QoQ QE QE C 22

self dual P P Q1 Q'ET QOQ'EZ

501164k K
moduli

w̅ TsM 50116 k 501k for A1 Bz

At generic point G U t leashUCI a mix of left right
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Top down evidence heterotic ST on T

m QE N I QR Ñ NÑ 270

MBI Max QE QE MÉt Q 2 Sen 94

VI lightest string mode of charge Q

m Max QE 2 QE MExt Q WGI

Mr
K Mat

BHBettgion i

e region

WGC satisfied
with room to spare WGC saturated

S Q1 Q1

QR QI QI QI



WhecantheWGCberaluated
BPS bound is m QR

lightest charge Q mode BPS when QE Qi 2

1 QR QI stringmode extremal BH both BPS
WGC is saturated

2 QR Qi 2 string mode is BPS extremal BH is not
WGC satisfied not saturated

3 QR Qi 2 neither is BPS
WGC satisfied not saturated
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WhecantheWGCberaluated
BPS bound is m QR

lightest charge Q mode BPS when QE Qi 2

1 QR QI stringmode extremal BH both BPS
WGC is saturated

2 QR Qi 2 string mode is BPS extremal BH is not
WGC satisfied not saturated

3 QR Qi 2 neither is BPS
WGC satisfied not saturated

Ooguri Vafa 16 WGC can only be saturated if
the superextremalparticle is BPS

Careful BPS particles do not always saturate ext bound as above
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Mn BH spectrum

pert string
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The lattice WGC depends on EFT

BH Reece Rudelius 15 deviv Corrections

Mn BH spectrum

pert string
spectrum

S Q1

superextremal particles
of every charge QEP

more precisely at least

up to BH string transition
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Lattice WGC true in many QGTs but not
E g

2
a

translation
T 22 3 I reflection
orbifold

hi he not

RE.E.kz in.is9dKkmodes m 4 7 charges QA Rith QB B

v s Next 9 m next 70

Modes w M Me are extremal QA Rith C 22 1 n n

others are subextremal Lattice WGC violation



sub
The lattice WGC IBH Reece Rudelins 16

Montero Shin Solev 16

Still true that

Sublattice WGC finite index sublattice to To
5 t QE To charge Q superext particle



sub
The lattice WGC IBH Reece Rudelins 16

Montero Shin Solev 16

Still true that

Sublattice WGC finite index sublattice to To
5 t QE To charge Q superext particle

Weaker form

Tower WGC QE Pa neI o sit

charge nQ superext particle
Andriolo Junghans Noumi Shin 18 BH Reese Rudelius 19

A version of this follows from mild WGC for QGT on s
BH Reese Rudelius IS see Timo's talk for caveats



sub
The lattice WGC IBH Reece Rudelins 16

Montero Shin Solev 16

Still true that

Sublattice WGC finite index sublattice to To
5 t QE To charge Q superext particle

Weaker form sublattileWGC

Tower WGC Fenn e Iso sit

charge nQ superext particle
Andriolo Junghans Noumi Shin 18 BH Reese Rudelius 19

A version of this follows from mild WGC for QGT on s
BH Reese Rudelius IS see Timo's talk for caveats



The SPattice WGC IBH Reece Rudelins 16
Montero Shin Solev 16

Still true that

Sublattice WGC finite index sublattice to To
5 t QE To charge Q superext particle

Weaker form

Tower WGC Eko sit

charge nQ superext particle
Andriolo Junghans Noumi Shin 18 BH Reese Rudelius 19

A version of this follows from mild WGC for QGT on s
BH Reese Rudelius IS see Timo's talk for caveats

Typically n OCI tower of particles scale gM
related to Distance Conjecture QG resistance to g 0



The SPattice WGC IBH Reece Rudelins 16
Montero Shin Solev 16

Existing evidence for sublattice WGC
1 Erred in KK theory
2 Partil proof in tree level ST

I finite index sub lattice to panelectric
NSNS

charge lattice

sit QE Po charge Q string mode with

m Max QE QE Proof We'll review it

but unknown what
Mext Q is in general

difficult PIE problem
with general moduli

3 Checked caseby case in many non perturbative exs

using BPS states see Tom's talk
10
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Strategy How to tell if a particle is superextremal

Apparent digression long range forces

F tie Fiz fabqiaqzb kum.me G 8 5
where

SEFT a Fg R Gi p 701.70 fably F Fb

and fab Git inverses of fab Gij kN km

self repulsive means F 0

Reput Forcelonjective RFC Replace superextremal
self repulsive in WGC

Without moduli WGC RFC ext BHssetyu.eu

But with moduli they are independent
I
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Strategy How to tell if a particle is superextremal

Life

a felt is 1m
To prove one writes

MBH non negative 22m f QaQb know 0 G W iw
ar

VD z
D 2

W do for any function W

where BH metric is ds e fir at e 4 r'dry

picking Q Nq W Nm N 1 fin t 1

MBH non negative W do Nm do 14 m do

particissuperextreal
12



Proof Outline

1 Prove tower of string modes with

m Max QE QE REVIEW

2 Prove tower is self repulsive

3 tower is superextremal QED
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Proof Outline

1 Prove tower of string modes with

m Max QE QE REVIEW

2 Prove tower is self repulsive

3 tower is superextremal QED

Bev Prove QogurifaWGC tree.level

no saturating bound unless BPS

safe from loop corrections for gs C1
I
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Bosonic string proof

First define what a closed oriented bosonicstring theory
is In a flat background the worldsheet CFT factors

X Cint where Lint is unitary modular invariant
compact with C E 26 Dflee boson internal

Certain Cint primaries give rise tomassless EFT fields

Weight Operator EFT fieldis

0,0 1 guv Bnu dilator also tachyon

1,0 J9z Ai worldsheet globalsymms
become EFT gangesymms

10,1 JEE AE
marginal ops become

11 1 4112,7 massless EFT scalars
exactly marginal modulus

I



Bosonic string proof

First define what a closed oriented bosonicstring theory
is In a flat background the worldsheet CFT factors

X Cint where Lint is unitary modular invariant
compact with C E 26 Dflee boson internal

In general for any weight h h Lint primary there are

physicalstates of mass

m maxchñ N I N 0 1,2

where theavailable spins depend on N etc

I



Adularinvariance based on BH Reece Rudelins 16
Montero Shin Soler 16

Torus partition function

Z t E Tr glo 4
q

o Eu

Ʃ qh It E4 q eat it

shH spectrum

Z must be modular invariant With primaries inserted

Z O CW w̅ T E Z O IN w̅ Ttl Ttl

Ten Eñ
2 91 EI

where we use cylindrical quantization WE Wt 2T E WITE
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To constrain charged spectrum consider flavored partition
function

Zin T ñ E Ʃ gh yaqñ É got
yQ e

timaQ go e
2 time

This corresponds to inserting a line operator on the A
cycle

eiMa Jadw iñafJadw̅

which is a symm op
for

potentials

I



To constrain charged spectrum consider flavored partition
function

Zin T ñ E Ʃ gh yaqñ É got
yQ e

ᵗimaQ go e
2 Tina

This corresponds to inserting a line operator on the A
cycle

S

twisted sector

flavored Z is not modular invariant

I



Intact w normalization

J w 540 8 Jaw 540 off
can argue that

Z n ñ E e
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Intact w normalization

J w 540 8 Jaw 540 off
can argue that

Z n ñ E e
time tintz Eg

Benjamin Dyer Fitzpatrick Kachin 161
New argument BH Lotito 24

Jcw JbWa c JEW JYW 8 P WIFI T

8Jan JbWa82 JEW JYW 8 Po WIFI T

P Z T Weierstrass 8 func periods 1 T

Po z t P Z T EK NETTIE series

Polzle dz 0

17



1 is modular in that

Z Jayw Jan wa c Z J o Janco

Firefunitimonth
is a weight n 0 modular form
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1 is modular in that

Z Jayw Jan wa c Z J o Janco

Firefunitimonth
is a weight n 0 modular form

whereas 8 1 8T is constructed to satisfy
Z 8J w Jan Wn 8 8540 1018

integrate

flaw Z Jo Joan

where Jo J w dw is the charge op

Zin e Z eaima
c

is flavored partition function

18



Compare

Zin t Z e
iMaJ

c

with
1m 2 Z e

iMaJ 10 y
modular

I



Compare

Zim t Zf eaima
5 18

with
1m 2 Z e

iMaJ 10 y
modular

Relating these by reordering and using

Ez T Ez Ttl Eat k 9

we get

ZIN I Z n Tti e Z

QED due to quasimodular
trans of Ez t

I
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Assuming symmetry is compact

Z M T Z Mtp p e p
fattide

Transforming by SES 12,2 Z n t e Z f

Z Mtep e e
Time Tip Zen T

quasiperiod candDefine h h Q then

Z Ʃ qñ 4 q
Q yQ Ʃ qñ q

lQ yQ p

ÉÉ antiperiod
SE So the spectrum is invariant under

Q Q Q Q p j p j E T
ÉTÉ with Ii fixed

Spentrallowtheren



Note Charge lattice Pa P is

1 Q E I p E IEP Qp EBER
Quasiperiod condition requires P E i e period
lattice is integral
Likewise T E SLR D invariance requires h EI
Under the quasiperiod 1 maps to ops with weights

Ch ñ 5 52 p 5 2T KIDJ EP

so P must also be ever

Weaker but related to the more familiar even selfdual case

K IT characterizes level of the abelian currents
Teabelingup



Starting with 1 of Lint we get a tower of primaries
with

h h EQ Q QE EP P

period lattice
Tharge

Thing there's a target space tower lattzof massive particles with

4m max Q2 Q2 1 Q E EP

assuming a compact gauge group this covers a finite
index sublattice of the charge lattice

Result of BH Reece Rudelius 16
with minor refinements

Are theseparticles superextremal



B Long range forces
To answer compute their long range forces Controlled

by the diagrams

EEEE.EE
These factorize into three point amplitudes

Ai Jimmy I
E I

To normalize the vertex ops correctly we also consult
these amplitudes
Arm my
mom 9 promDAir

ON 5

A
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where

F kummel
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up to momentum polarization dependent factors



Result is that I I blending

where

F kumm

1 II I DI LEI
LE D 9955 CE g

up to momentum polarization dependent factors

We will not compute these factors Rather note that
they depend only on text XP free boson CFT
which is universal indep of our choice of Lint



Separate out all the text dependent stuff and focus
on the Lint portion

Dint Iii 1 Innit 4 z Z

gint Imi I n't Yi o

no kinetic mixing between dilation other scalars

The graviton dilaton contribution to F is completely
universal Can fix by computing one example e g
bosonic string on a torus

FD K mm



Now consider

Isanse If
LIKJA JJ JBT X

ID 415 CTXmitral

where JA Ja Ja

Rewrite as matrix elements

Isanse If CHIJA 4
J JIB Y JB 4

414 151 41141

Ja Jb Sab D

OPE
normalization

55155 gate
follows from



415912114 α by conformal inv whereas

9 41592114 6415814 09 414

y
415912114 Q 414

int Formula

Likewise 4 5517 4 HX

Fans N daba Q NE das
F universal

comparing with example cale

5 same 2 dabana Jan5
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I Ny
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Finally consider

I Ny
4161147 4167,5 4119114

414 151 41141
universal

A subset of the y are 7 5132 J 7 55 E
795 yet 8 85A 1 again from OPES

Let 2,2 be any other neutral 1,1 primary WLOG
we can require

6 51 7 0 J I X 0

591 5 o and 5,51 7 0

Jn Ix J X 0 n o

ZF is a neutral current primary



By similar org to above we find
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Still need to compute 41 12 E 14 this is
the most non trivial part



By similar org to above we find

x 79512,2 4 Q 65 17

Still need to compute 41 12 E 14 this is
the most non trivial part

Using Sugawara construction stress tensor splits
into two pieces

TCA 121 TIZI where 121 day H

Each piece has its own decoupled normal order
Viva soro algebra with central charges

CJ Ne I NR 2 26 D Nc E 26 D NR

H 1ft moving currents etc



Then 2814 Q 147

hi E 1105 Eh mnFor 17,2 we get instead invariance org

hi hi 10,0 h Ñ I D

sine X is a neutral current primary
is also a

current primary
but charged

z X 2214123 must be conformally invariant under
both T and T conformal trans

Ix Ix 0,0

this is a e point function according to T

44 4 O E.IE 9



Another way toderive this crurial fact is as follows

o x 1 7
Path
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Another way toderive this crurial fact is as follows

o x 1 7
Path
integle 10 Z'T Iz o

Ʃ
radial quantization I

Translating in Z plane we get

z Z 42 Z Z F Z X ZE n

IF r

u



Here time is radially outwards so this is now a commutator

Z Z Z 2 712 2,7

o Z 1 Z Z

41 12 E IX x to ZI 1 12,2 4

E.IE E



so finally we obtain
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so finally we obtain

FI Ne dasQaab day
5

Normalizing with an example we get

FI 4K SabQ Ab das
5

mm

Adding up all the pieces

F III mm dabaab mm data
5

Phew
Fself 0 when either

a m or E m a
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Recall the spectrum

m Max Q2 Q2 N t N 0 1,2

Thus

N O Fself 0 when 105 0713 2

casesL
self repulsive

N 1 Fself 0 always

N 1 Fself CO always

So there's at least one self repulsive particle for every
Q Q EP Eg palisade

MBR Max Q2Q2 mass of everywhere
self repulsive
particle



MBI Max Q2Q2

With this result can finally conclude that our tower

m max Q2 Q2 1 Q E E P E P

is indeed strictly superextremal which proves the
strict Oogwi Vafal sublattice WGC in pert bosonic ST

QEI



Semary Future Directions

Proved WGC in sublattice form in

perturbative closed bosonic ST

Safe from loops when gs 2 1

because WGC not saturated

Superstring generalization is W.I.P

Moving beyond electric NSNS sector

would be very interesting challenging


