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motivation

Some motivation.



motivation — the landscape

Compactifications of string theory give rise to an abundance of lower-dimensional 
theories — the string theory landscape.

But one is often only interested in four-dimensional theories with no or few 
massless scalar fields.

Famous estimates for its size are 10500, 10930, 101500, 10272000.
Bousso, Polchinski — 2000


Schellekens — 2016

Lerche, Lüst, Schellekens — 1987


Taylor, Wang — 2015



motivation — moduli stabilization

In type IIB orientifold compactifications on Calabi-Yau three-folds, fluxes generate 
a mass-term for the complex-structure and axio-dilaton moduli.

An underlying assumption of the KKLT and Large-Volume scenarios is that all of 
these moduli can be stabilized in a suitable regime.

This assumption can fail.
Bena, Dudas, Graña, Lüst — 2018


Betzler, EP — 2019

Braun, Valandro — 2020



motivation — tadpole conjecture

Goal for this talk :: ◾ Explain why it is difficult to prove this conjecture, 
◾ show that in the large complex-structure limit 

generically the conjecture is satisfied, and 

◾ discuss moduli stabilization in asymptotic regions.

The tadpole conjecture states that for a large number of complex-structure moduli, 
not all of them can be stabilized by fluxes.

Bena, Blåbäck, Graña, Lüst — 2020

c=1 c=0.1 c=0.03 c=0.01

0 20 40 60 80 100 120 140

20

40

60

80

100

c=1 c=0.1 c=0.03 c=0.01

0 20 40 60 80 100 120 140

20

40

60

80

100



outline

1. motivation 

2. the tadpole conjecture 
3. boundary behaviour 
4. large complex-structure 
5. summary 

6. asymptotic hodge theory 
7. summary



1. motivation 

2. the tadpole conjecture

3. boundary behaviour 
4. large complex-structure 
5. summary 

6. asymptotic hodge theory 
7. summary

outline



the tadpole conjecture

Explanation of the tadpole conjecture.



<latexit sha1_base64="eFfk/e2YEC2vvw1Heh7bJ0shvbg="></latexit>
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the tadpole conjecture — the conjecture

D-branes and O-planes are charged under Ramond-Ramond gauge potentials and therefore contribute to 
Bianchi identities. The integrated expressions are the tadpole cancellation conditions. 

In F-theory, the D3-brane tadpole equation reads (with    the Euler number of the four-fold)<latexit sha1_base64="+DuGOfrLSk/EB+vGK9nTtgCMvg4="></latexit>�
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The tadpole conjecture states that in the large h3,1-limit, the flux number satisfies
<latexit sha1_base64="zRCPLh/0Z14DkswGMWNaajeEedE="></latexit>
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Bena, Blåbäck, Graña, Lüst — 2020



the tadpole conjecture — discussion

Comments :: 

<latexit sha1_base64="ajLe7GWzXzQZrsm9B6/1/wAzYxc="></latexit>
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◾ In a number of examples the tadpole conjecture is satisfied, even for

Bena, Blåbäck, Graña, Lüst — 2020 & 2021

◾ The conjecture also applies to type IIB orientifold compactifications.

◾ A scenario which violates the tadpole conjecture has been proposed  
by Marchesano, Prieto & Wiesner.

Marchesano, Prieto, Wiesner — 2021

see also :: Lüst — 2021


Grimm, v.d. Heisteeg, EP — 2021 

◾ If true, the tadpole conjecture implies that the landscape of theories with  
no massless scalar fields is smaller than expected.

Implications :: 
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boundary behaviour

Estimating the behaviour of Nflux when approaching a boundary.



boundary behaviour — type IIB flux compactifications

Consider type IIB orientifold compactification on Calabi-Yau three-folds with NS-NS and R-R fluxes ::

<latexit sha1_base64="dOkObK8c3PGR5zjdnWXgGnE79oc="></latexit>
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◾ The Hodge-star matrix M depends on the complex-structure moduli, and the above  
relation reads in matrix notation

<latexit sha1_base64="M6ls0mMrhn8tR6U4S1orqoXvVT4="></latexit>
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G3 = F3 � ⌧H3 ,

⌧ = c+ is .

◾ The global minimum of the scalar potential corresponds to the self-duality condition
<latexit sha1_base64="Nwv2tfkN401D3mNkvC+/6ANh1fc="></latexit>

?G3 = iG3 ,
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Nflux = F
T
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◾ The flux number is defined and satisfies
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boundary behaviour — bloch-messiah decomposition
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The Hodge-star matrix M is a real, symmetric, symplectic matrix. It can therefore be decomposed as

<latexit sha1_base64="wJ4swjKV2Frly9Ixs5kktNcG4DQ="></latexit>

M = UT ⌃U ,

The self-duality condition and the flux number (at the minimum) can then be expressed as
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boundary behaviour — flux number

The flux number (at the minimum) can be expressed in the following way
<latexit sha1_base64="u8Rn818BdSSsg240/GfaIlSRNu0="></latexit>
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Boundary behaviour of the flux number (for            ) ::

◾ At a boundary in complex-structure moduli space, the matrix M is  
expected to degenerate. This implies

<latexit sha1_base64="7unamOODz+fL+3w7viM/0oDISYs="></latexit>
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Nflux ! 1 .

◾ For the boundary in axio-dilaton moduli space one finds
<latexit sha1_base64="meNFIQQoFmS+jwXIqQzsdu3+PhE="></latexit>
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s ! 1
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boundary behaviour — growth of flux number

For simple examples and generic configurations, the flux number grows significantly near a boundary ::
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Grimm, v.d. Heisteeg, EP — 2021



boundary behaviour — discussion

Summary :: ◾ Near a boundary in moduli space, the flux number Nflux generically diverges. 
(The behaviour in non-generic situations is not derived here.)

Implications :: ◾ The smallest values for Nflux will be found in the interior of moduli space. 
◾ It can thus be challenging to prove the tadpole conjecture or to find 

computationally-controlled counter-examples.

Comment :: ◾ The same behaviour is found using asymptotic Hodge theory. 
Grimm — 2020


Grimm, v.d. Heisteeg, EP — 2021
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large complex-structure

The tadpole conjecture in the large complex-structure regime.



large complex-structure — scaling behaviour

Consider the large complex-structure regime, for which the moduli space is described by the prepotential
<latexit sha1_base64="XBe6UOtbRWlQx9otHTtxGiZfJu0="></latexit>
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zi = Xi/X0 = ui + ivi ,

i, j, k = 1, . . . , h2,1 .

Using the self-duality condition, the flux number (at the minimum) can be expressed as
<latexit sha1_base64="5qm7GTTtMBN41XejhA/BJVmIPpg="></latexit>
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Gij =

 = ijkv
ivjvK .

Kähler metric,

Using statistical results by Demirtas et al. for        , the scaling of the flux number can be estimated as
<latexit sha1_base64="LjrUX0vtmCjYO8KoZKBF9BsxVNo="></latexit>
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large complex-structure — complex-structure cone

At large complex-structure, the complex-structure moduli space is mirror-dual to the Kähler moduli space

Statistical data on the Kähler cone has been determined by Demirtas et al. for the Kreuzer-Skarke list. 
Demirtas, Long, McAllister, Stillman — 2018

complex-structure 
moduli space

Kähler 
moduli space

mirror symmetry

bounded by 
Kähler cone

bounded by 
"complex-structure cone"



large complex-structure — (stretched) kähler cone

The Kähler cone contains all Kähler forms such that curves, divisors and the CY3 itself have positive volume.

Demirtas, Long, McAllister, Stillman — 2018



large complex-structure — (stretched) kähler cone
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The stretched Kähler cone contains all Kähler forms such that all volumes are larger than a constant c.
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Figure 1: Kähler and stretched Kähler cones K and eK for a two-dimensional

setting. In figure 1a a wide cone is shown, while in figure 1b we have displayed a

narrow Kähler cone. The darker shaded regions are the stretched Kähler cones

with parameter c, and we have included the minimal distance dmin between the

tip of the cone and the stretched cone for both cases.
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1,1 this angle
tends to become small. Hence, for larger h

1,1 the Kähler cone becomes
narrower.

• Another way to quantify the narrowness of the Kähler cone is to consider the
stretched Kähler cone (4.12). This cone does not reach the origin of moduli
space, and one can determine the point closest to it. The narrower the Kähler
cone the further away the minimal point, as illustrated in figures 1. More
concretely, in [23] the authors consider the stretched Kähler cone eK\[c] and
determine the minimal distance d\

min
[c] from the origin. This dependence on

the Hodge numbers h1,1 for c = 1 is shown in figure 5 of [23] and has been
fitted as

d
\
min

[1] ' 10�1.4 (h1,1)2.5 . (4.14)

Note that this data has been determined for c = 1, however, d\
min

depends
linearly on c. This implies we can generalize the above fit as
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• Finally, from figure 5 in [23] we can also determine an approximate lower
bound in the region h

1,1 & 10 of the form

d
\
min

[c] & 10�2.6 (h1,1)2.7 c . (4.16)
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large complex-structure — statistical data

Demirtas, Long, McAllister, Stillman — 2018

For the Kreuzer-Skarke list, one finds that the Kähler cone  
becomes narrower for larger dimensions h1,1.

The narrowness can be encoded in the distance between 
the ordinary and stretched Kähler cones

<latexit sha1_base64="SIKLhQglDoigQL4qVG6U550o+EI="></latexit>
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large complex-structure — statistical data
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For the Kreuzer-Skarke list, one finds that the Kähler cone  
becomes narrower for larger dimensions h1,1.

The narrowness can be encoded in the distance between 
the ordinary and stretched Kähler cones
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dmin[c] ' 10�1.4 (h1,1)2.5 c .

A lower bound can be estimated from the data as 
<latexit sha1_base64="bzT7Kt70yJb6M7KzUqTDRFiAjUM="></latexit>
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large complex-structure — scaling of the flux number

The constant c parametrizes minimal volumes of cycles on the mirror-dual side. For a well-controlled 
large complex-structure limit, c should not be much smaller than one.

The result from above can now be combined in the following way (here              ) ::
<latexit sha1_base64="KFc6B6uAh7XsQkrWhmpxhIWeIBw="></latexit>
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kvk � dmin & 10�2.6 (h2,1)2.7 c
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large complex-structure — comparison

Even for small values of c, the flux number in the large complex-structure regime (orange curves) quickly  
exceeds the linear bound of the tadpole conjecture (blue curves).
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large complex-structure — summary

Summary :: ◾ For generic flux choices and in the large complex-structure limit, 
the tadpole conjecture is satisfied. 

◾ A smaller flux number, violating the conjecture, may be found 
outside of this regime or for non-generic flux choices.
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summary

Summary :: ◾ The tadpole conjecture states that for large h2,1, not all moduli can be stabilized. 
◾ When approaching a boundary in moduli space, the flux number diverges. 
◾ In the large complex-structure regime, the tadpole conjecture is satisfied for  

generic flux choices.

Implications :: ◾ If true, the tadpole conjecture implies that the landscape of theories with no or 
few massless scalar fields is smaller than expected. 

◾ A common assumption in the KKLT and Large Volume scenarios may not be  
satisfied.


