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K2 (8,611 m) 
is the second 
highest 
mountain in 
the world and 
is regarded as 
one of the 
hardest to 
climb.

The name K3 
surface was given 
in the 50’s when 
the mountain peak
K2 was in the 
news



Kummer surfaces
In 1864

Ernst Eduard Kummar gave 
the following real one-
dimensional family of surfaces 
of degree four (quartics): 

A Kummer surface has 
sixteen double points, the 
maximum possible for a 
surface of degree four in 
three-dimensional space 



Paul Aspinwall’s K3 movie

• K3  surface with the variation of the 
deformation parameter

• A non-singular quartic surface in projective 
space of three dimensions is a K3 surface. 
This determines the Betti numbers:
1, 0, 22, 0, 1. 



From Kummer to  K3

• Kummer surface is the quotient of a two-
dimensional abelian variety A by the action of 
a → −a. This results in 16 singularities. 

• Such a surface has a birational
desingularisation as a quartic in P3, which 
provides the earliest construction of K3 
surfaces. 



Paul 




M-theory compactified on K3xK3:
incredibly simple and elegant

• Without fluxes in the compactified 3d theory there are
two 80-dimensional  quaternionic Kähler spaces, one for each K3.

• With non-vanishing primitive (2,2) flux, (2,0) and (0,2), each K3  
becomes an attractive K3: one-half of all  moduli are fixed 

• 40 in each K3 still remain moduli and need to be fixed by instantons.
There are 20 proper 4-cycles in each  K3 and they provide instanton 
corrections from M5-branes wrapped on these cycles:

moduli space is no moremoduli space is no more

Aspinwall, R. K. hep-th/0506014



F-theory limit dual to an orientifold of

IIB string compactified on K3x

• Flux vacua in this model were studied by Trivedi, Tripathy
in string theory,  Angelantonj, D'Auria, Ferrara, Trigiante in 
string theory and 4d gauged supergravity.

• The minimal remaining moduli space is 

A natural space for D3/D7 cosmological model

Includes the 
volume of K3

Includes the 
volume of 

KKLT
stabilization

possible!

Is KKLT
stabilization

possible?

HypersVectors



Major problem 

The mechanism of volume stabilization in 
this (and many other models of string 
theory) does not seem to work.



• On K3x       there are 4-cycles which may 
or may not lead to non-vanishing instantons

Status in 2004Status in 2004
According to the rules (established before fluxes were introduced), 
the relevant M-theory divisors in our model have an arithmetic genus 2 
and therefore there are no instantons. 

KKLT 1: gaugino condensation: works only for vector multiplets, does not work for hypers

KKLTKKLT 2: 2: instantonsinstantons from from euclideaneuclidean 33--branes wrapped branes wrapped 
on 4on 4--cycles (may work for vector cycles (may work for vector multipletsmultiplets and and hypershypers))



WittenWitten 1996: in type IIB 1996: in type IIB compactificationscompactifications under certain conditionsunder certain conditions
there can be corrections to the superpotential coming from Euclithere can be corrections to the superpotential coming from Euclideandean
D3 branes. His argument was based on the D3 branes. His argument was based on the MM--theory counting of the theory counting of the 
fermionfermion zero modes in the zero modes in the DiracDirac operator on the M5 brane wrapped operator on the M5 brane wrapped 
on a 6on a 6--cycle of a cycle of a CalabiCalabi--YauYau fourfour--fold. He found that fold. He found that 
such corrections are possible such corrections are possible 
only in case that the fouronly in case that the four--fold admits divisors of arithmetic genus one, fold admits divisors of arithmetic genus one, 

In the presence of such instantons, there is a correction to theIn the presence of such instantons, there is a correction to the
superpotential which at large volume yields a new termsuperpotential which at large volume yields a new term

In type IIB string theory the leading exponential dependence comIn type IIB string theory the leading exponential dependence comes from es from 
the action of an  Euclidean D3 brane wrapping a 4the action of an  Euclidean D3 brane wrapping a 4--cycle. cycle. 



• First indication that in presence of fluxes there are more 
possibilities were given by Gorlich, Kachru, Tripathy and Trivedi:

• We have performed a systematic study of a 
general case 

• Constructed the Dirac operator on M5 brane with background fluxes
• Performed the counting of fermionic zero modes and have found the 

generalized “index”
• Constructed the Dirac operator on  D3 brane with background fluxes

and defined its “index” (no need for F-theory limit)

Until recently, Until recently, Witten'sWitten's constraint                   was a guide for constructing constraint                   was a guide for constructing 
all models in which all models in which KKählerhler moduli are stabilized via moduli are stabilized via superpotentialssuperpotentials
generated bygenerated by Euclidean instantons.Euclidean instantons.



M5 brane

• Dirac action on M5 with background fluxes

• Here          is a covarinat derivative 
including torsion when fluxes in the 
background M theory are present

R. K. andR. K. and SorokinSorokin



Counting fermionic zero modes M5 
with fluxes

• New computation of the normal bundle 
U(1) anomaly

• Here n  is the dimension of solutions of 
the constraint equation which depends on 
fluxes.

• To have instantons we need

R.K., Kashani-Poor, 
Tomasiello, hep-th/0503138SaulinaSaulina



Witten’s condition is generalized

• New vacua with 

• Examples include “friendly” parts of the 
landscape  with flat directions 



Stabilization of Kahler moduli is possible!



ATTRACTIVE K3 SURFACESATTRACTIVE K3 SURFACES
• G. Moore, in lectures on Attractors and Arithmetic

•• In  MIn  M--theory on K3xK3   theory on K3xK3   AspinwallAspinwall, R. K., R. K.

• The complex structures are uniquely determined by a choice of 
flux G
The K3 surface is attractive if the rank of the Picard lattice  has the maximal 
value, 20 and the rank of the transcedental lattice (orthogonal complement of 
the Picard lattice) is 2.

• They are in one-to-one correspondence  with                        equivalence 
classes of positive-definite even integral binary quadratic forms, which can be 
written  in terms of a matrix 

• Both K3 surfaces whose complex structures are fixed by G are 
forced to to be attractive



Flux Flux vacuavacua and attractorsand attractors
• The attractor value of the area of the black hole horizon 

• The area of the unit cell                        in the 
transcedental lattice of the attractive K3 is precisely
the attractive value of the horizon area of the 
corresponding black hole.

• May be some deeper relation between flux vacua and  
attractors still to be discovered…



We have found finite number of       We have found finite number of       
solutions of  the tadpole conditionsolutions of  the tadpole condition

(for the simplest case without M2 branes)

We proved that the number of solutions is finiteWe proved that the number of solutions is finite
up to                             using some theorems from up to                             using some theorems from 
number theorynumber theory





Obstructed instantons

• For more general choice of fluxes we find 
conditions when the instantons can be 
generated. 

• When these conditions are not satisfied 
fluxes will obstruct the existence of the 
stabilizing instanton corrections.



The orientifold on K3x

• Only F-theory compactifications on K3xK3
where one of the attractive K3 is a Kummer
surface describes an orientifold in IIB

• Attractive K3 surface is a Kummer surface if, and 
only if, the associated even binary quadratic form 
is twice another even binary quadratic form.



Instanton corrections
• With account of the new index theorem we find that instantons are 

generated for M5 branes wrapping 

• For a flux of the form

each K3 surface is attractive and, as such, has  Picard number equal to 20. 
This leaves each K3 with 20 complexified Kahler moduli.

• We  proved that there are 40 independent functions on 40 
variables. All moduli unfixed by fluxes are fixed by instantons.



Orientifold limit
• Take an F-theory limit of M-theory on K3xK3. We find an equivalent 

statement about instanton corrections for IIB on K3x 

• The M5 instanton must wrap either an elliptic fibre or a “bad fibre”
(fibre which is not an elliptic curve), classified by KodairaKodaira. With 
account of these two possibilities we find

• Instantons from D3 branes wrapping 
from M5 on

• Instanton from D3 wrapped on K3xpt from M5 which was wrapped 
on                        where          is a “bad fibre”.

• We find the right number of cycles to fix all moduli which were not 
fixed by fluxes (one should be careful about obstructed instantons).



The index of the Dirac operator on 
D3 brane with background fluxes
Bergshoeff, R. K. Kashani-Poor,  Sorokin, Tomasiello

• We study the instanton generated 
superpotentials in Calabi--Yau orientifold
compactifications directly in IIB. 

• We derive the Dirac equation on a euclidean
D3 brane in the presence of background 
flux, which governs the generation of a 
superpotential in the effective 4d theory by 
D3 brane instantons.



EXAMPLESEXAMPLES
• Applying the formalism to the K3x       orientifold we 

show that our results are consistent with conclusions 
attainable via duality from an M-theory analysis.

• In case of                   we find that                       and 
instanton corrections are possible when the divisor hits 
the O-plane.

• We also find that                          and instanton
corrections are not possible when the divisor is off the 
O-plane,  in agreement with Trivedi,Tripathy



IIB on K3x
• Our results shows that the goal of fixing all 

moduli (but the positions of D3 branes) in this 
model is now accomplished (either by duality 
from M-theory or directly in IIB).

• The model is consitent with 16 D7 branes
stabilized at the fixed points of the thetrahedron.

• Fixing of some moduli by fluxes  was achieved 
by Trivedi, Tripathy,  and Angelantonj, D'Auria, 
Ferrara, Trigiante. 

• All remaining moduli (but D3) can be fixed by 
instantons from Euclidean D3 branes wrapped 
on specific 4-cycles. 



Mobile D3 Mobile D3 branebrane??

• In our direct approach only the positions of 
D3 branes are not fixed by either fluxes or 
known instantons from wrapped branes

Berg, Berg, HaackHaack, Kors ???, Kors ???
problem with calculationsproblem with calculations
1.Valid only in absence of flux1.Valid only in absence of flux
2. All 16 D7 on top of each other2. All 16 D7 on top of each other
3. Now we have no 3. Now we have no gauginogaugino condensationcondensation

Berglund, Myer ???Berglund, Myer ???Assumption about the use of Assumption about the use of 
the the worldsheetworldsheet instantonsinstantons
and duality in presence RR  and duality in presence RR  
fluxes with N=1 fluxes with N=1 susysusy ??????

OriOri GanorGanor??????

D. Lust, P. Mayr, S. D. Lust, P. Mayr, S. 
Reffert, S. StiebergerReffert, S. Stieberger



Stabilization of moduli via Stabilization of moduli via 
instantonsinstantons

•• When is this possible/impossible?When is this possible/impossible?

•• Can we use fluxes and Can we use fluxes and instantonsinstantons
(with account of other corrections) to (with account of other corrections) to 
fix all moduli fix all moduli but the but the inflatoninflaton??

•• Would be most important for string Would be most important for string 
cosmology.cosmology.



New class of inflationary models 
in string theory

New class of inflationary models New class of inflationary models 
in string theoryin string theory

KKLMMT brane-anti-brane inflation

Racetrack modular inflation

D3/D7 brane inflation

DBI inflation

DD--termterm
inflationinflation


	Fixing All Moduli for �M-Theory on K3 x K3
	Paul Aspinwall’s K3 movie
	From Kummer  to  K3
	M-theory compactified on K3xK3:�incredibly simple and elegant 
	F-theory limit dual to an orientifold of �IIB string compactified on K3x
	Major problem 
	                                    �
	M5 brane
	Counting fermionic zero modes M5 with fluxes
	Witten’s condition is generalized
	ATTRACTIVE K3 SURFACES
	Flux vacua and attractors
	Obstructed instantons
	The orientifold on K3x
	Instanton corrections
	Orientifold limit
	The index of the Dirac operator on D3 brane with background fluxes
	EXAMPLES
	IIB on K3x
	Mobile D3 brane?
	Stabilization of moduli via instantons
	 New class of inflationary models in string theory

