
E�etive Field Theories of Strong Interation
Problems Sheet 3, 17.11.2005Problem 1: Change of Renormalization PresriptionThe MS subtration sheme belongs to the lass of \mass-independent"renormalization presriptions. Another suh sheme is the MS subtrationsheme. So, onsider the oupling in some theory de�ned in two mass-independent renormalization presriptions, � and ��. Their relation an beexpressed in terms of a perturbative series,��(�) = �(�) + a1�(�)2 + a2�(�)2 + a3�(�)3 + : : : :Determine the oeÆients ai for the ouplings in the MS (�) and the MS(��) shemes for the �4-theory. Prove that the �rst two oeÆients of the�-funtions in both shemes,���� = d��d ln�2 = �A1��2 + �A2��3 + �A3��4 + : : : ; (1)�� = d�d ln�2 = A1�2 + A2�3 + A3�4 + : : :are the same. Do the results also apply to QED and QCD?



Problem 2: Renormalization Group Equations at Higher Ordera) The renormalization onstants of �4-theory at two-loop order in the MSsheme read Z� = 1 + 3�(32�2)� + �2(32�2)2 � 9�2 � 173� �+ : : : ;Zm = 1 + �(32�2)� + �2(32�2)2 � 2�2 � 56��+ : : : ;Z� = 1� �2(32�2)2 16� + : : : :Determine the two-loop renormalization group equations.Solve the renormalization group equations. To keep the solution elementaryit an be helpful to reall that you anyway need to only onsider the ase�� 1.b) Use the relation between the renormalized and the bare oupling, �(�) =~��2�Z�1� �0, to derive the general expression for d�=d ln�2 in terms of Z� ind = 4 � 2� dimensions. Use the fat that d�=d ln�2 does not diverge for�! 0 to show that the oeÆient of the 1=�2 term in Z� an be determinedfrom the oeÆient of the 1=� term. For this make the ansatzZ� = 1 + 1Xn=1 z(n)� (�)�nand use the fat that z(n)� is of order �n, i.e. z(n)� = an;1�n + an;2�n+1 + : : :.Cross-hek the result with the two-loop result of Z� in �4-theory. Explainthat in fat all z(n)� with n � 2 an be determined from z(1)� . For the ambi-tious: derive the �3=�3 and �3=�2 three-loop ontributions of Z�.



Problem 3: Asymptoti Expansion & Power CountingConsider the following one-dimensional integralf(a) � 1Z�1 dk j artan(k)j(k2 + a2)2 :You an think of this integral as being a simpli�ed version of a loop-Feynmandiagram where the denominator orresponds to a propagator struture. Itis your task to ompute the expansion for small a � 1. Naive expansion ina before integration does not work beause of an IR singularity. You mightwant to ompute the integral exatly and then expand the result for smalla, but this is very diÆult. Instead use the two methods below. Use Mathe-matia or Maple for the omputations.a) (Cuto� Method)In the limit a� 1 the integral is governed by the two regions k � 1 (\hard")and k � a � 1 (\soft"). That's the reason why naive expansion does notwork. Separate the soft and the hard regions by introduing a uto� � witha� �� 1 whih splits the integral into two parts, Rjkj<� and Rjkj>�. Carryout the Taylor expansions that now beome possible in the two regions anddo the integrations. Expand the individual results of the integration usingthat a � � � 1 and add bak the results. In this way determine the ex-pansion of f(a) negleting term at order a or higher. You might hek yourresult numerially.Sine � has been introdued by hand the result should be independent of �at any order in the � expansions. Whih problem emerges?b) (Dimensional Regularization)You an use dim reg to do a similar omputation. While the uto� methodis probably quite intuitive and easy to understand for you, using dim reginvolves a number of subtle issues you have to get used to. So, �rst ontinuethe integral to �D = 1� 2� dimensions,Z +1�1 dk! ~�2� Z d �Dk = 
( �D)~��2� Z 10 dkk�2� ;



where 
( �D) = (2 � �D2 )=(�( �D2 )) is the �D-dimensional angular integral and~� = �(eE+ln 4�)1=2 . (E is the Euler number, whih will arise when you laterexpand the � funtions for small �.)b1) Expand the integrand for the soft regime (a; k � 1) as desribed in a),integrate the terms in �D dimensions and expand for �! 0. Remember whatyou have learned in lass about doing integrations in d dimensions. Have alook at the terms you obtained in the expansion for small k before integrationand observe the order in a they ontribute. Establish power ounting rulesfor the soft regime that tell you (before integration!) to whih order eahterm ontributes. Determine all terms up to order ab2) Expand the integrand for the hard regime (a � 1) as desribed in a),arry out the integral in �D dimensions and expand for �! 0. Establish thepower ounting rules in the hard regime and determine all terms up to order ab3) Now add the ontributions you got from the expansions in the soft andthe hard regime. The result is the expansion of f(a) for small a and shouldagree with your result from a). (If you are motivated, ompute also the ordera and a2 terms.) Think about how this ould have worked out. Whih wayof omputing the expansion do you �nd more attrative?) Repeat a) and b) for the integral ranging from �1 to 1 instead of �1 to1. Redo only the parts in the omputation that have to be modi�ed.


