
Homework 5 (May 26, 2004)Problem 1: Gauge 
oupling uni�
ation in (SUSY) SU(5) GUTWe dis
ussed SU(5) gauge 
oupling uni�
ation in 
lass. Assuming a SU(5) gauge symme-try exists at very high energy s
ales with a gauge 
oupling gGUT one 
an argue that thesymmetry is broken (e.g. by some Higgs me
hanism) down to SU(3)�SU(2)�U(1) at somes
ale � = MGUT. If MGUT is very mu
h larger than the ele
troweak s
ale, one should in-tegrate out all the heavy �elds and swit
h to an e�e
tive theory that has the symmetriesSU(3)�SU(2)�U(1). (Sin
e this is all a model, one 
an just assume that all the heavy parti-
les have similar mass of order MGUT.) When doing the mat
hing 
omputations at the GUTs
ale one �nds that the breaking pattern requires that the gauge 
ouplings for the unbrokensymmetries, gs, g2, g1, are fun
tions of the original gauge 
ouplings,gs = gGUT ; g2 = gGUT ; g1 = s35 gGUT :(The 
onventions for the gauge 
ouplings used in the le
tures on the Standard Model areused here.) One 
an test whether this uni�
ation idea is 
onsistent with low energy datausing the measured results for the MS 
ouplings obtained from experiments at LEP (� =MZ = 91:2 GeV),(sin2 �W )(MZ) = 0:232 ; �(MZ) = (128:9)�1 ; �s(MZ) = 0:118� 0:003 :The error in the ele
tromagneti
 
oupling and the Weinberg angle is at the level of 0.1 %.a) Assume that the e�e
tive low energy theory below MGUT is the Standard Model. Deter-mine the values for the MS 
ouplings �s = g2s=(4�), �2 = g22=(4�) and �1 = 5g21=(12�) atthe s
ale MZ . The LL RGE's for these 
ouplings have the formdd ln�2�i = ��2i4�biwith b1 = �2=3nf � 1=10nh, b2 = 22=3� 2=3nf � 1=6nh, b3 = 11 � 2=3nf , where nf is thenumber of quarks and nh the number of Higgs doublets. (You 
an treat the top quark as alight quark in this 
ontext. Think about why this is a valid approximation.) Compute theLL solution for the running 
ouplings above MZ taking the values at MZ as an input. Is theSU(5) uni�
ation s
enario 
onsistent with low energy data?b) Assume that the e�e
tive theory belowMGUT is not the Standard Model, but the minimalsupersymmetri
 Standard Model (MSSM). Sin
e no supersymmetri
 (SUSY) partner of anyStandard Model has ever been seen this s
enario is only possible if all SUSY partners aremu
h heavier than any Standard Model parti
le. Let us assume that all SUSY partners havesimilar masses or order MSUSY. So for s
ales below MSUSY one integrate out the SUSY part-ners �nally arriving at the Standard Model as the e�e
tive theory for s
ales below MSUSY.The mat
hing 
onditions for the gauge 
ouplings at � = MSUSY are as dis
ussed in 
lass.1



The MSSM anomalous dimensions have the form b1 = �nf � 3=10nh, b2 = 6� nf � 1=2nh,b3 = 9� nf , where nf is the number of quarks (in the Standard Model) and nh the numberof Higgs doublets. (In the MSSM one has two Higgs doublets!) Compute the LL solutionfor the running 
ouplings above MSUSY taking the values at MZ as an input. (Note thatthis 
an be done in very 
ompa
t form.) Can you �nd s
ales MSUSY and MGUT su
h thatuni�
ation is realized at the s
ale MGUT? Note that you should a

ount for the fa
t thatthe low energy data for the 
ouplings have experimental un
ertainties. Is the SUSY SU(5)uni�
ation s
enario 
onsistent with low energy data? Whi
h s
ales for MSUSY are the onesmost favored by the analysis?
) Think about the 
onditions that needed to be satis�ed to make the LL analysis 
arriedout above valid. What does the analysis tell you? Dis
uss the physi
al impli
ations.Problem 2: Semileptoni
 and non-leptoni
 b de
ay ratea) Cal
ulate the semileptoni
 de
ay rate of a free b quark �(b ! 
e��e). Use the e�e
tiveHamiltonian dis
ussed in 
lass.b) Use the e�e
tive Hamiltonian dis
ussed in 
lass to 
ompute the non-leptoni
 free quarkde
ay rate �(b! 
d�u). Negle
t all masses ex
ept those of the the b and 
 quarks. Note thedi�eren
e between the two 
omputations.
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