
Homework 4 (May 10, 2004)Problem 1: Change of Renormalization Pres
riptionThe MS subtra
tion s
heme belongs to the 
lass of \mass-independent" renormalizationpres
riptions. Another su
h s
heme is the MS subtra
tion s
heme. Consider the 
oupling insome theory de�ned in two mass-independent renormalization pres
riptions, � and ��. Theirrelation 
an be expressed in terms of a perturbative series,��(�) = �(�) + a1�(�)2 + a2�(�)2 + a3�(�)3 + : : : :Prove that the �rst two 
oeÆ
ients of the �-fun
tions in both s
hemes,���� = d��d ln�2 = �A1��2 + �A2��3 + �A3��4 + : : : ; (1)�� = d�d ln�2 = A1�2 + A2�3 + A3�4 + : : :are the same.Problem 2: Renormalization Group Equations at Higher Ordera) Consider the renormalization 
onstants of �4-theory at two-loop order dis
ussed in 
lassand determine the two-loop renormalization group equations. Solve the renormalizationgroup equation for the �eld � at two-loop order. Do not forget to 
he
k out the dimensionsof renormalized �elds, masses and 
ouplings as we did it in 
lass for QED!b) Use the relation between the renormalized and the bare 
oupling, �(�) = ~��2�Z�1� �0, toderive the general expression for d�=d ln�2. Use the fa
t that d�=d ln�2 does not divergefor � ! 0 to show that the 
oeÆ
ient of the 1=�2 term in Z� 
an be determined from the
oeÆ
ient of the 1=� term. Make the ansatzZ� = 1 + 1Xn=1 z(n)� (�)�nand use the fa
t that z(n)� is of order �n, i.e. z(n)� = an;1�n + an;2�n+1 + : : :. Cross-
he
kthe result with the two-loop result of Z� in �4-theory. Explain that in fa
t all z(n)� withn � 2 
an be determined from z(1)� . For the ambitious: derive the �3=�3 and �3=�2 three-loop
ontributions of Z�.
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Problem 3: Mat
hing with Massive Ele
tronsConsider the standard QED des
ribing the dynami
s of ele
trons and photons. As dis
ussedin 
lass, for photon momenta q� mu
h smaller than me one 
an integrate out the ele
tronsand work with a low-energy e�e
tive theory 
ontaining only the photons.a) Take the one-loop photon va
uum polarization diagram with dimensional regularizationdis
ussed in 
lass in the MS renormalization s
heme and expand it for small q2=m2e. Explainwhy the �rst term in the expansion motivates mat
hing onto the e�e
tive theory at the s
ale� of order me rather than, let's say, at � � 100 TeV. The usual 
onvention is to mat
h at� = me.b) Take the dimension-6 photoni
 operator in the e�e
tive theory dis
ussed in 
lass andshow that its Feynman rule 
an reprodu
e the momentum-dependen
e of the se
ond termin the expansion of the one-loop va
uum polarization fun
tion. Fix the Wilson 
oeÆ
ient
1(� = me) of the dimension-6 operator su
h that it reprodu
es the se
ond term exa
tly. De-termine the Wilson 
oeÆ
ients of the e�e
tive theory up to dimension-6 (
0; 
1) for mat
hingat a s
ale � 6= me.
) You need to 
he
k whether what you did is unambiguous by showing that there is no otherphotoni
 dimension-6 operator that is gauge-invariant and might do the same job. Writedown a few other possibilities and use integration by parts and the equation of motion inthe e�e
tive theory ��F�� = 0 to show that other possibilities either vanish or redu
e to theone you already used in part b).d) Show that QED is invariant under ea
h of the transformations C, P, T. Show why thesesymmetries forbid dimension-6 operators with three �eld strengths from ever appearing.e) At dimension-8, operators are generated whi
h des
ribe light-by-light s
attering (

 !

). Write down QED one-loop diagrams that 
an mat
h on these operators and determinethe power of � 
ontained in their Wilson 
oeÆ
ients. Use this information and simpledimensional analysis in the e�e
tive theory (e.g. take all numbers that arise of order one,but keep momenta, masses and 
ouplings) to obtain a numeri
al estimate for the 
ross se
tion

 ! 

 for 10 keV photons. Compare to QED 
ross se
tions you might have 
omputedbefore in other le
tures.
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