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String Pheno 05, 13 June 2005 — p.3/30



Motivation

* Heterotic strings on Calabi-Yau with bundles

V

CY,

IM,

String Pheno 05, 13 June 2005 — p.3/30



Motivation

* Type | strings: T-dual to orientifolds with D9-branes

with U(1) bundles, multiple anomalous U (1) gauge
factors, non-universal gauge couplings

String Pheno 05, 13 June 2005 — p.4/30



Motivation

* Type | strings: T-dual to orientifolds with D9-branes

with U(1) bundles, multiple anomalous U (1) gauge
factors, non-universal gauge couplings

* Heterotic strings: Mostly non-abelian SU(N) bundles

considered, at most a single anomalous U(1), GS
mechanism involves just the universal dilaton-axion
multiplet, tree level universal gauge couplings

String Pheno 05, 13 June 2005 — p.4/30



Motivation

* Type | strings: T-dual to orientifolds with D9-branes

with U(1) bundles, multiple anomalous U (1) gauge
factors, non-universal gauge couplings

* Heterotic strings: Mostly non-abelian SU(N) bundles

considered, at most a single anomalous U(1), GS
mechanism involves just the universal dilaton-axion
multiplet, tree level universal gauge couplings

* Conflict with S-duality — systematically study heterotic
string with abelian (line) bundles and Type | vacua with
non-abelian bundles.
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Compactifications of heterotic string

Fg x Eg HS with vector bundles of the following form

K M
W=DV ®ED L,
1=1 m=1

where the V,,. are SU(n;) or U(n;) bundles and the L,,
denote some complex line bundles with structure group
U(1)p,.
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Compactifications of heterotic string

Fg x Eg HS with vector bundles of the following form

K M
W=V &P Lm,
1=1 m=1

where the V,,. are SU(n;) or U(n;) bundles and the L,,
denote some complex line bundles with structure group
U(1)p,.

* The vector bundle W has to admit spinors

(W) € H*(M, 2Z).
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Hermitian Yang-Mills equation

* At string tree level, the field strength of the vector
bundle has to satisfy the hermitian Yang-Mills equations

Fab — FEE = O, gab Fag = ().

W has to be a holomorphic vector bundle, satisfying
JNJNF =0.
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Hermitian Yang-Mills equation

* At string tree level, the field strength of the vector
bundle has to satisfy the hermitian Yang-Mills equations

Fab — FEE = O, gab Fag = ().

W has to be a holomorphic vector bundle, satisfying
JNJNF =0.

* A necessary condition is the so-called
Donaldson-Uhlenbeck-Yau (DUY) condition,

/J/\J/\cl(Vm):O, /J/\J/\cl(Lm):O,
M M

to be satisfied for all n;, m. If so, a theorem by
Uhlenbeck-Yau guarantees a unique solution provided
each bundle is stable.
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Tadpole cancellation
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Tadpole cancellation
* The Bianchi identity for H = dB — %,(wy —wr,),

dH = %, (tr(R?) — tr(FY) — tr(Fy)) .

Imposes the so-called tadpole condition in cohomology

K M
> cha(Vi,) + Y am ¢l (L) = —ca(T).
1=1 m=1
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Tadpole cancellation
* The Bianchi identity for H = dB — O‘Zl(wy —wr,),

dH = %/ (tr(R?) — tr(FY) — tr(Fy)) .

Imposes the so-called tadpole condition in cohomology

K M
> cha(Vi,) + Y am ¢l (L) = —ca(T).
1=1 m=1

* The structure group GG of the bundle W has to be
embedded into Eg x Fg. The observable gauge group in
four dimensions H is the commutant of GG in Eg x Ex.
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Massless spectrum

* The massless spectrum i1s determined by various
cohomology classes

K M
HMW)  W=QR NV, @ R) L,
1=1 m=1

where the charges p; and ¢, can be derived from the
explicit embedding of the structure group into Fg x Eg.
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Massless spectrum

* The massless spectrum i1s determined by various
cohomology classes

K M
HMW)  W=QR NV, @ R) L,
1=1 m=1

where the charges p; and ¢, can be derived from the
explicit embedding of the structure group into Fg x Eg.

* The net-number of chiral matter multiplets is given by
the Euler characteristic of the respective bundle W
3

XMW) = Y (1) dim(H (M, W))
1=0
— /M [Chg(W) -+ % C9 (T) C1 (W)
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The Green-Schwarz mechanism

String Pheno 05, 13 June 2005 — p.10/30



The Green-Schwarz mechanism

* All non-abelian cubic gauge anomalies do cancel,
whereas the mixed abelian-nonabelian, the mixed
abelian-gravitational and the cubic abelian ones do not:

_ __ 1 —
fm (tI'F? — §trR2) ;

o [ 5 _
AU(l) G2 fmtI'RQ/ f (tI'F% — —tI'R2)
m G M 12

Ay (1) —su(n)y? ~ fmtl”Ff/
M

—m —2 1 —2
AU(l)mnp ~  JmJnlp [/M Onp J (trFl — itrR )
+ Cmnp Tm?n?p}

Need to be cancelled by a generalized Green-Schwarz
mechanism.
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The Green-Schwarz mechanism
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The Green-Schwarz mechanism

Dimensionally reducing the 10D 1-loop counter term

1 1 2
Sas = BAX Xg =~ (teF)" +---
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The Green-Schwarz mechanism

Dimensionally reducing the 10D 1-loop counter term

1 1 2
Sas = BAX Xg = — (trF?
Gs 48(27r)5o// 5 s = (oF)

leads to vertex couplings for the internal axions

h11

_ 1
Sos = L [ S (W0t (o - L),
27'(' R13k 1 2
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The Green-Schwarz mechanism

Dimensionally reducing the 10D 1-loop counter term

1 1 2
Sas = BAX Xg = — (trF?
Gs 48(27r)5o// 5 s = 7 (0f7)

leads to vertex couplings for the internal axions

h11

_ 1
Sos = L [ S (W0t (o - L),
27T R13k 1 2

and mass terms for the external (universal) axions:

0
Smass /\ fm )

t 2 _ o 1 —
Q' = rEs( m) fm/\(trF?—itrRQ),
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The Green-Schwarz mechanism

String Pheno 05, 13 June 2005 — p.12/30



The Green-Schwarz mechanism

Additional terms arise from the tree-level kinetic term

1
Skin = T2 e 2710 H A %19 H,
R10
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The Green-Schwarz mechanism

Additional terms arise from the tree-level kinetic term

1
Skin = T2 e 2710 H A %19 H,
R10

which leads to external axion vertex couplings

1
Ri3
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The Green-Schwarz mechanism

Additional terms arise from the tree-level kinetic term

1
Skin = TR e 2% [ A xyg H,
R10

which leads to external axion vertex couplings

1
Ri3

and to mass terms for the internal axions

h11
Smass — /\fm 9
27Toz
k 1m 1
trg (Q2 )—m
Qp = Th I

47T String Pheno 05, 13 June 2005 — p.12/30



Massive gauge fields 4+ axions
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Massive gauge fields 4+ axions

* GS diagrams precisely cancel the mixed abelian

anomalies. SUN)
b(2), WN k=0,...h(11)

SU(N)
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Massive gauge fields 4+ axions
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* The # massive U(1) gauge fields is given by rank(Q).
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Massive gauge fields 4+ axions

* GS diagrams precisely cancel the mixed abelian

anomalies. SUN)
b(2), M k=0,...h(11)

SU(N)

* The # massive U(1) gauge fields is given by rank(Q).

* All mass terms are of the same order in both string and
sigma model perturbation theory.
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Massive gauge fields 4+ axions

* GS diagrams precisely cancel the mixed abelian

anomalies. SUN)
b(2), M k=0,...h(11)

SU(N)

* The # massive U(1) gauge fields is given by rank(Q).

* All mass terms are of the same order in both string and
sigma model perturbation theory.

(0)

* Massive axions b, are longitudinal modes of U(1)s.
Since axions complexify the Kahler moduli and the
dilaton, supersymmetry dictates that the same # is
massive.

Only source for mass terms is the DUY equation.
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Gauge kinetic function
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Gauge kinetic function

* Defining the complexified dilaton

1 [ _94,, VOIM) (0
S — %[6 gb €6 —I—Zbo .

S

and the complexified Kahler moduli

1 - (0)
Tk — % |:—Ofk +Zbl€ i| ;

the GS terms induce the axionic part of the gauge
kinetic function, e.g.

1
Skin = —/ b(()()) A tI‘F12
87T R1,3
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Gauge kinetic function
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Gauge kinetic function

* The 1-loop corrected gauge kinetic function for the
non-abelian gauge fields are

1 —2 1 =2
f=5+ E%:Tk (teFy — SR,
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Gauge kinetic function

* The 1-loop corrected gauge kinetic function for the
non-abelian gauge fields are

1 —92 1 —9
f=5+ E%:T’“ (teFY — StrR)
* For the abelian ones we find
fmn — trEg(Q?n) 5mn X
1 —92 1 —9

trp, (Q7277,>trE8 (Q%) 2 :Tk d]k?m?n
? 1 J g
1,

i 12
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Fayet-lliopoulos terms
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Fayet-lliopoulos terms

* Since we are dealing with anomalous U(1) gauge factors,
there are potential Fayet-lliopoulos (FI) terms generated.
Employing the standard supersymmetric field theory
formula

Em OK

I Wnly—o

the Fl parameters &, can be computed from the Kahler
potential /C, which in our case takes the following gauge

invariant form.
Vi denotes the vector superfields.
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Fayet-lliopoulos terms
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Fayet-lliopoulos terms

IC~—1n(S+S*—ZQ6”Vm) -

h11

(Y T - Q) (1) (Tt ).

1,J,k=1




Fayet-lliopoulos terms

IC~—1n<S+S*—ZQ6”Vm) -

hi1
dijk ) m
(- T =D QP V) (T ) (Tt ---)).
i,7,k=1 m
For the F| term one gets

Em 1 5 [—2(15 1/ _

S T g 10 JNJTN —

g?n 282 rEg(Qm) € 2 J s fm

(27?0/)2/ — —2 1 —2
16 [, T (0FL = 5t }

Apparently, the first term arises at string tree-level, whereas
the second term is a 1-loop term.
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1-loop DUY equation
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1-loop DUY equation

* Interpretation: &,, = 0 contains a 1-loop correction to
the DUY condition. In contrast to earlier claims that
abelian gauge fluxes freeze some combinations of the
Kahler moduli, we now realize that actually combinations
of the dilaton and the Kahler moduli are frozen.
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1-loop DUY equation

* Interpretation: &,, = 0 contains a 1-loop correction to
the DUY condition. In contrast to earlier claims that
abelian gauge fluxes freeze some combinations of the
Kahler moduli, we now realize that actually combinations
of the dilaton and the Kahler moduli are frozen.

e Support from Type | - HS duality. It is known that a
D9-brane wrapping the Calabi-Yau M with Kahler form

J! and a U(1) bundle with field strength F is
supersymmetric if it satisfies the MMMS condition

1 2 N\ 2
—/ A pp_ 2m) / FAFAF =0
2 s T

String Pheno 05, 13 June 2005 — p.18/30



1-loop DUY equation
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1-loop DUY equation

The MMMS condition is at string tree level and the F3 term
Is an o/ correction. Applying the heterotic-Type | string
duality relations

$l0 — P10
€ € ,

gl = g e

precisely leads to the form of the HS-DUY equation.
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Non-abelian MMMS equation
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Non-abelian MMMS equation

Similar analysis for the SO(32) string leads after applying
S-duality to the non-abelian generalization of the integrability
condition for perturbative II stability for ¢ =0

1 — 1 —3 1 — 9
COS [5 //\/l J? trF, — 3 //\/l (tr]:x — Etr}'x trR )]
+ sin lg /MJ — §/MJ (tr]:x — 4—8trR )] =

This equation also includes the case of curved backgrounds.
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Non-abelian MMMS equation

Similar analysis for the SO(32) string leads after applying
S-duality to the non-abelian generalization of the integrability
condition for perturbative II stability for ¢ =0

1 _ 1 __3 1 — 9
COS ¢ [5 //\/l J* trF, — 5//\4 (tr.?’:aj — Etr}'x tr R )]
+ sin @ lg /MJ —§/MJ (tr.?’:x—@trR )] —

This equation also includes the case of curved backgrounds.
The second line is obtained from gauge kinetic function.
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Non-abelian MMMS equation

Similar analysis for the SO(32) string leads after applying
S-duality to the non-abelian generalization of the integrability
condition for perturbative II stability for ¢ =0

1 — 1 —3 1 —  —2
COS [5 /M J? trF, — 3 /M (tr]:x — Etrj’:x trR >]
: Ny g 1 —2  Np =2 B
+ sin lg /MJ — §/MJ (tr}—x — 4—8trR )] =

This equation also includes the case of curved backgrounds.
The second line is obtained from gauge kinetic function.
It can be compactly written as

f o 0)
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Vector bundles via exact sequences

* CY manifold M given by a complete intersection in
some toric variety, e.g. IP4]5|, and has k = hq; Kahler
parameters.
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Vector bundles via exact sequences

* CY manifold M given by a complete intersection in
some toric variety, e.g. IP4]5|, and has k = hq; Kahler
parameters.

* A line bundle L on M is specified completely by its first

Chern class which takes values in H?(M,Z) and can be
expanded in terms of a basis w; with n; € Z

c1(L) = Z 1 Wi.
1=1

One also denotes such a line bundle as O(nq, ... ,ng).
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Vector bundles via exact sequences
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Vector bundles via exact sequences

* Then a vector bundle V' of rank r is defined by the

cohomology of the monad (i =1,... , hi1)
742
0= Olm 5 P O(nai)lm — O(mi) g = 0.
a=1

i.e. V =Ker(f)/Im(g).
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Vector bundles via exact sequences

* Then a vector bundle V' of rank r is defined by the

cohomology of the monad (i =1,... , hi1)
742
0= Olm 5 P O(nai)lm — O(mi) g = 0.
a=1

i.e. V =Ker(f)/Im(g).
* The total Chern class of the vector bundle V is then
given by

r+1 hi1 /r+1
C(V): H+ (1+Z nazwz 1+T<Ynaz mz)

(1+ Zz m; wi)

w; +
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Vector bundles via exact sequences

* Then a vector bundle V' of rank r is defined by the

cohomology of the monad (i =1,... , hi1)
742
0= Olm 5 P O(nai)lm — O(mi) g = 0.
a=1

i.e. V =Ker(f)/Im(g).

* The total Chern class of the vector bundle V is then
given by

r+1 h11 r+1
1 a Z [
C(V)ZH ( +Zn Cd 1+y<ynaz mz) wi +

(1+ Zz m; wi)

* For SU(N) bundles one has ¢i(V) = 0, whereas for
U(N) bundles at first sight no condition.
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Example: SU(4)x U(1) bundle



Example: SU(4)x U(1) bundle

* FEg x FEg heterotic string compactified on a Calabi-Yau
manifold M equipped with the specific class of bundles

W=VaoL

with structure group G = SU(4) x U(1).
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Example: SU(4)x U(1) bundle

* FEg x FEg heterotic string compactified on a Calabi-Yau
manifold M equipped with the specific class of bundles

W=VaoL

with structure group G = SU(4) x U(1).

* Embedding this structure group into one of the Ejy
factors leads to the breaking to gauge group

H = SU(5) x U(1), where the adjoint of Fs decomposes
as follows into GG x H representations.
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Example: SU(4)x U(1) bundle



Example: SU(4)x U(1) bundle

248

SU(4)xSU(5) (1)
—

(15.1)0 + (1.1)0 + (1, 24);
(1,10)4 + (6,5)_2 + h.c.

(4,1)_5+ (4,5)3 + (4,10)_1 + h.c.

\
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Example: SU(4)x U(1) bundle

15,1 1,1 1,24
SU()<SU () xw0) (13, 1)o + (1, )o + (1, 24),
248 — S (1,10)4 + (6,5)_s + h.c.

(4,1)_5+ (4,5)3 + (4,10)_1 + h.c.

\

SU(5) x U(1) Cohomology
10_4 H*(M,V @ L™
104 H*(M, LY
53 H*(M,V @ L?)
55 H*(M, NV @ L™2)
1_s H*(M,V @ L)
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An SU(4) x U(1) bundle on the Quintic



An SU(4) x U(1) bundle on the Quintic

Consider the Quintic IP4[5] with Hodge numbers
(h21, h11) = (101,1),
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An SU(4) x U(1) bundle on the Quintic

Consider the Quintic IP4[5] with Hodge numbers
(h21, h11) = (101,1),

* |ntersection form
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An SU(4) x U(1) bundle on the Quintic

Consider the Quintic IP4[5] with Hodge numbers
(h21, h11) = (101,1),

* |ntersection form
Is =57

¢ Second Chern class
co(T) = 107
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An SU(4) x U(1) bundle on the Quintic

Consider the Quintic IP4[5] with Hodge numbers
(h21, h11) = (101,1),

* |ntersection form

¢ Second Chern class
co(T) = 107

* Choose a bundle of the form
W=Vie Ve P L,

where the SU(4) bundle V; and the line bundle L are
embedded into the visible Fg factor and the SU(4)
bundle V5 into the hidden Eg bundle.
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An SU(4) x U(1) bundle on the Quintic



An SU(4) x U(1) bundle on the Quintic

* Concretely, we define both vector bundles as the
cohomology of the monad

0= Oy =0 ®OB)|m— OB)|m—0

and pick L = O(2).
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An SU(4) x U(1) bundle on the Quintic

* Concretely, we define both vector bundles as the
cohomology of the monad

0= Oy =0 ®OB)|m— OB)|m—0

and pick L = O(2).

* Tadpole condition

co(Vi) + ca(Va) — 103 (L) = eo(T).
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An SU(4) x U(1) bundle on the Quintic

* Concretely, we define both vector bundles as the
cohomology of the monad

0= Oy =0 ®OB)|m— OB)|m—0

and pick L = O(2).

* Tadpole condition
co(V1) + ca(Va) — 10 ¢i(L) = co(T).

e Defining the Kahler form J = /217, the DUY equation
reads

rt = 1093,

Choosing for instance g; = 0.3 yields r = 0.95.
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Massless spectrum

The chiral SU(5) x U(1) spectrum reads, where the
anomalous U(1) only survives as a global symmetry:

reps. X
10_¢ 290
104 460
53 170
5 9 580
1_5 || —2150
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Gauge symmetry enhancement

* (1,10)4 is counted by H*(M, L*). It enhances
SU(5) x U(1) — SO(10) for L = 0.
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Gauge symmetry enhancement

* (1,10)4 is counted by H*(M, L*). It enhances
SU(5) x U(1) — SO(10) for L = 0.

* Whenever cohomology classes
H*(M, ;L)

are to be computed, non-abelian gauge symmetry
enhancement occurs when

Z gic1(Li) = 0.
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Gauge symmetry enhancement

* Foran SU(4) x U(1) x U(1) bundle in Eg
W=V&L &Ly
we obtained the following enhancements of

SU(3) x SU(2)(xU(1))

ci(ly

s SU@(SU)

ci(Lo)

SU(3) x SU(2) x SU(2)
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Conclusions & QOutlook

Heterotic string compactifications with line bundles
provide new propects for string model building

They have multiple anomalous U (1) gauge symmetries,
which are cancelled by a generalized Green-Schwarz
mechanism invoking both external (universal) and
iInternal axions.

There appears a 1-loop correction to the DUY
supersymmetry condition, which “freezes” combinations
of Kahler moduli and the dilaton.

As on the Type | side, one finds non-universal gauge
threshold corrections.

Does the non-abelian version of the MMMS equation
help to uncover the non-abelian Born-Infeld action?

What about the heterotic string landscape?
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