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| Introduction .

Os and mg from T-decays

one of the most precise results for O

T MeoY) | vy |2 SRy = 3.49240.016

[ (T—lVv)

RT — 3(1‘|‘ 5P =+ 6EW =+ 5NP )
~—~ ~—~
small 0.003+0.003

5p = 0.207+ 0.007 (exp)

Op = %5 +5.202(%)? + 26.37(%2)3+ 2

[if we would use the last calculated term to estimate the error on O, the result

becomes irrelevant!]




= standard strategy:
1. estimate higher order term (FAC,PMS)

2. contour-improved perturbation theory (CIPT),

to include dominant (?) higher order terms

O(a?), no O(a2)-terms

= 0.345: (0.0250.037)
0.364+ (0.0120.021)
0.1209- (0.00240.0037)
0.1229+ (0.0011/0.0020




guestions:
e are FAC/PMS supported by higher order calculations

e does the difference between fixed order (FOPT) and CIPT decrease

upon inclusion of a2 ?

aim: evaluate 0%

= absorptive part of 5-loop correlators




Interesting results for Mg

1) | Vs 2 S [Re(m = 0) + 25 terms |
and spin 1 vs spin 0 hadronic final states separately

[and moments of spectral function: . ..]

typical result [ALEPH; Chetyrkin et al.; Chen et al.; Maltman]
ms(1GeV) = 149+ 30 MeV

problems with perturbative series (as = ag/m)

00, — 8™ (14 5.33a+ 46.0a2 + 28443

+0.75a3K7°% +ad(723 +0.25dy ' + 9.84 K72 1 0.75 k)

= —875(3.2+06)




Il Technicalities: correlators and multiloops

ds s \? 2
R 6 ds /. s 2 2 Al
=6 [ e (1 M%> [” SANVELS

where

i/ dxE™(T () (1) T(0)]) = gwN¥(e?) + guay N (c?)

massless case: MY = —g2n2

M #~ 0: expand in %

e

@ of (V-A) correlator = it

e expansion of vector correlator

and scalar correlator [spin O contribution]




determination of Og

consider mg = 0:
ag requires absorptive part of 5-loop correlator

= divergent part (1/€) of 5-loop correlator

. finite part of 4-loop = div. part of 5-loop

systematic, automatized algorithm (Chetyrkin)

div 4®7 = [dcf ﬂ@ requires j)

. finite part of 4-loop massless propagators difficult!

compare 3- and 4-loop calculation




. topologies without insertions

&0 0>

- topologies without insertion

- topologies with+without
Insertions

- topologies with+without in-
sertions

reduction to master integrals: MIN-
CER
. master integrals

AR (Danes
00~ 4 —o0o-

reduction to master integrals ???

- master integrals

-




MINCER: 3-loop [Larin, Tkatchov, Vermaseren]
recursion relations based on integration by parts identities!

reduction algorithm and program constructed “manually” for 14
topologies.

4-loop:
more complicated identities

~ 150 topologies ...

straightforward generalization of MINCER difficult

= fully automatized construction of program; new concept?




. Baikov: recursion relations can be solved “mechanically” in the
limit of large dimension d:

consider amplitude f:

f (topology, power of prop, d)

= S o masers C'% (topology, power of prop, d) « f(%)(d)
f(@): 28 masters, analytically or numerically solvable
C(@): rational function Qp?n<(d)>’ to be calculated
expand C(@):

cla) — zkcl(f()(topology, power of prop) (1/d)K+. ..

sufficiently many terms Cff() = C(@)

M, N depend on power of propagators!




evaluation of C|(< ):

handling of polynomials of 9 variables of degree k

% terms k=40 = 2-10° terms

k=24 = 4.-10"terms (4 GB disk — 40 GB)

weeks of runtime

addition information on structure of P"(d), Q™(d) may lead to drastic
reduction of hardware requirements




status: four-loop N¢-terms done

= leading and subleading n¢ terms for Re+ e, Ry, mz/srterms:

agn? (renormalon chain)

472
agng new




Il Results .

R'[, e O
fixed order:
consider Dgl]( )

(Adler function, 1 independent)

DY (q?) = 1+ as+a2(—0.1153n¢ + 1.986)

+ & (0.08621n7—4.216n¢ +18.24)

+al (—0.010091?; + 1.875 N2 +dg; nf + dgﬂf)




relation to FAC/PMS

exact FAC FAC/PMS FAC
d3 d3 d 4 d5

6.371 | 5.604 27+16 | 1454100
2./58 | 4.671 8+ 28 40+ 160
—0.68 | 3.762 —84+44 | —34+230

O(a3) from O(a2):

18.24—4.216n; +0.08621n? exact
8.54—1.013n¢ +0.0116n2 FAC
9.93—1.23n¢ +0.0125n% PAC




e n? and n} contributions of comparable size

e sign and order of magnitude correct

(better agreement for large corrections: mﬁ-terms!)

e total prediction significantly better than individual coefficients

deviation of subleading term = conservative error

O(a2): based on (Kataev, Starshenko)

d5"* = 12758 44.211n¢ + 3.6439n2 —0.010092813




use new input: 0gné-term

dS*(FAC/PMS n¢ = 3,4) =

{14 .
o (FAC/PMSnf=45)=

dS*(FAC/PMS n¢ = 3,5) =

d5 4 |n—3 =27+16
d5"%|n =3 = 145+ 10

=

1057 —31.8n;¢

107.7—32.3n¢

1064 — 32.0n;¢

+ 1.875n2—0.010093
+1.875n%—0.010093

+1.875n%—0.01009%




Implication for Qg
with a2 — 0

aFOPT(

) 0.345+ (0.0250.037)
as'PT(My) 0.3644+ (0.0120.021)

)

)

T

atfPT(Mm 0.12094+ (0.00240.0037)

0.1229+ (0.00110.0020

Z

CIPT(MZ

R 5
with a5 and O

Method as(My) P Adc[)
FOPT | 0.3304+0.006+ 0.02
CIPT | 0.354+0.009+0.006




= af®"T(Mz) =0.119240.0007+0.002
a$'®T(Mz) = 0.1219+0.001+0.0006

uncertainty is reduced; difference between FOPT and CIPT remains!

[this difference is reduced for a fictitious heavy lepton of 3 GeV]




mé-terms

expansion of DY

Dy = m2 (1+1.667as+ a2 {~0.5736n; + 1257}

+a&{0.1646n7-1431n; +149.|

+a5 {—0.015631? +6.067n% +-dy1'ny + d%})

expansion of M2

Ny = —am2 (1+2.333a+aZ {~1.309n; + 2351}

+ad {0.4647n%—32.08nf + k[z,%s} )




FAC/PMS give reasonable estimates
for all a3-terms and for O(gn%—term

Ny

exact
d3

FAC PMS
d3 d3

FAC/PMS
d,

3

1075 | 89.86 | 9117

1200+ 400

94.37

7913 | 80.11

950+ 300

81.54

68.66 | 69.33

750+ 200

FAC
k3

1991

PMS
k3

200+ 60 | 2200+ 1500

PMS
k4

1712

170+50 | 1800+ 1100

144.7

145+40 | 1400+ 900




result (fixed order)

mg
Bony = —85 (1. +5.33as+ 46.0a3 + 284a3

T
0.75a3K2 + a(723 +0.25d}™* + 9.84 KP4 0.75K2*))
g™ 5 (3.2+0.6)
MT

result (contour improved)

32, = SIUF (1.44+ 3.65a5+ 30.9a2 + 72.2a3 + 1.18a3K°

T

+a2(0.678dM +1.06 k24

—8% (1.44+0.389+ 0.349+ 0.371+ 0.09+ 0.403)

T

8&% (2.95+0.4)




spin 1 and spin O separately [moment (0,1)]
spin 1

6(1)01 _ _pg

s +4.83a+35.7a2+276 a3+ a%(1350+ d;°%)))

1
—5_3 (1.4 0.514+ 0.404-+ 0.331+ 0.326)
—5_3 (2,58 0.33)

it
vz
it
vz
it
vz

1.37+ 2.55a+ 16.1a2 + 135a3 + 0.895ald; ")

5T
M2
5% (1.37+0.271+0.182+0.163+0.137)
T
mg
5_
mz

2.1240.14)




S (1.+9.33a+ 110a2 + 1323a3 + a%(12200+ d5* + 17.5k2°)

:I\':E(l +0.992+ 1.24+ 1.59+ 2.16)
T

_3m
7.0£2

> >(319+112a+ 126 a2 + 289 a3 + 6.63a3K"°
T
+ad (27105 + 7. 76k

:23|\n/’|€2 3.19+1.19+1.42+1.944+2.6+1.31)

3
mt (10.342.
=5 (103+26)

rapidly increasing coefficients!




IV Summary'

ug-terms for Rete- and Ry are important for improved determination

of Og
In principle they can be calculated
subleading Ns terms are available

reasonable agreement with previous estimates

= improved value for Og

Ms: poor convergence of perturbative series




