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based on the series of articles with V. Braun, M. Kreuzer, and B.
Ovrut

I Worldsheet Instantons, Torsion Curves, and Non-perturbative
Superpotentials hep-th/0703134

I Worldsheet Instantons and Torsion Curves, Part A: Direct
Computation hep-th/0703182

I Worldsheet Instantons and Torsion Curves, Part B: Mirror
Symmetry. 0704.0449 [hep-th]



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Outline

Motivation
Torsion
Superpotential in the Heterotic Standard Model

Schoen’s Calabi-Yau manifold

Worldsheet instantons

Results and Outlook



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Torsion

Torsion in (co)homology

I Worldsheet instantons are area-minimizing topologically
non-trivial maps of the worldsheet Σ into X.

I Classified by H2(X, Z).

I A homology class α ∈ H∗(X, Z) is torsion of order n if nα is
trivial as a cohomology class, i.e. if nα = 0 in H∗(X, Z).

I In general, Hp(X, Z) = Hp(X, Z)free ⊕Hp(X, Z)tors.

I A torsion curve C has [C]tors 6= id.

I Consider worldsheet instantons from torsion curves.

I Question 1: Is there an effect from torsion ?

I Crucial ingredient: B-field (A =
∫
C ω = Area + iB).
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Torsion

Calabi-Yau manifolds with torsion

I 16 hypersurfaces in toric varieties Batyrev, Kreuzer

I Enriques Calabi-Yau Aspinwall

I Example by Gross and Popescu Gross, Pavanelli

I Schoen Calabi-Yau / Z3 × Z3 Braun, Kreuzer, Ovrut, E.S.



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Torsion

Calabi-Yau manifolds with torsion

I 16 hypersurfaces in toric varieties Batyrev, Kreuzer

I Enriques Calabi-Yau Aspinwall

I Example by Gross and Popescu Gross, Pavanelli

I Schoen Calabi-Yau / Z3 × Z3 Braun, Kreuzer, Ovrut, E.S.



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Torsion

Calabi-Yau manifolds with torsion

I 16 hypersurfaces in toric varieties Batyrev, Kreuzer

I Enriques Calabi-Yau Aspinwall

I Example by Gross and Popescu Gross, Pavanelli

I Schoen Calabi-Yau / Z3 × Z3 Braun, Kreuzer, Ovrut, E.S.



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Torsion

Calabi-Yau manifolds with torsion

I 16 hypersurfaces in toric varieties Batyrev, Kreuzer

I Enriques Calabi-Yau Aspinwall

I Example by Gross and Popescu Gross, Pavanelli

I Schoen Calabi-Yau / Z3 × Z3 Braun, Kreuzer, Ovrut, E.S.



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Torsion

Calabi-Yau manifolds with torsion

I 16 hypersurfaces in toric varieties Batyrev, Kreuzer

I Enriques Calabi-Yau Aspinwall

I Example by Gross and Popescu Gross, Pavanelli

I Schoen Calabi-Yau / Z3 × Z3 Braun, Kreuzer, Ovrut, E.S.



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Superpotential in the Heterotic Standard Model

Heterotic Standard Model see Burt Ovrut’s talk

I Start with the E8 × E8 heterotic string, embed an SU(4)
gauge instanton in the E8, breaking it to the commutant
Spin(10) and add a Z3 × Z3 Wilson line

E8 −→ Spin(10) −→ SU(3)C × SU(2)L × U(1)Y × U(1)B−L.

I Hence, we are interested in a Calabi-Yau threefold X with
fundamental group π1(X) = Z3 × Z3.

I One possibility: X is a free Z3 × Z3 quotient of Schoen’s
Calabi-Yau manifold X̃ Braun, He, Ovrut, Pantev

I Can construct a bundle E on X which yields the Standard
Model matter. Braun, He, Ovrut, Pantev
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Superpotential in the Heterotic Standard Model

Superpotential and worldsheet instantons see Burt Ovrut’s talk

I Want to stabilize the h1(End0(E)) vector bundle moduli
through a superpotential W .

I Instanton contribution to W from a curve C is

W (C) = exp

(
−A(C)

2πα′
+ i

∫
C

B

)
Pfaff ′(DF )√

det′(DB)

C rational, isolated.

Wtot =
∑

β∈H2(X,Z)

nβ∑
i=1

W (Ci)

=
∑

β∈H2(X,Z)

exp

(
−A(β)

2πα′

) nβ∑
i=1

exp
(
i
∫

Ci
B

)
Pfaff

(
∂̄E(−1)(Ci)

)
(
det ∂̄O(−1)(Ci)

)2

where nβ is the number of holomorphic curves Ci ∈ β in the
cohomology class β.
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Superpotential in the Heterotic Standard Model

I We split the computation in two steps:

I Compute nβ

I Compute W (C)

I Step 1: Genus zero prepotential of topological string theory

F (0)
A (X, t) = F (0)

A,class(X, t) +
∑

β∈H2(X,Z)

nβ Li3
(
e−2πi

R
β

ω
)

I Intermediate step: Assume X is a complete intersection in a
toric variety, E comes from a (0, 2) model construction.

Beasley,Witten

nβ∑
i=1

exp
(
i
∫

Ci
B

)
Pfaff

(
∂̄E(−1)(Ci)

)
(
det ∂̄O(−1)(Ci)

)2 =

nβ∑
i=1

ResCiω =
1

2πi

∮
Γ

ω = 0

I For other X, E this argument may fail. We focus on those.

I Question 2: Is there an X with curves Ci such that nβ = 1 ?
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(
det ∂̄O(−1)(Ci)

)2 =

nβ∑
i=1

ResCi
ω =

1

2πi

∮
Γ

ω = 0

I For other X, E this argument may fail. We focus on those.

I Question 2: Is there an X with curves Ci such that nβ = 1 ?
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Properties

Schoen’s Calabi-Yau manifold

I dP9 surface (=rational elliptic surface): Take two cubics in
P2. Generically, they intersect in 9 points. Blow these 9
points up, i.e. glue in P1 ⇒ B.

I dP9 is elliptically fibered β : B → P1.

I Schoen’s construction: Fiber product X̃ = B1 ×P1 B2.

dimC = 3 : X̃
π2

��?
??

??
?

π1

����
��

��

dimC = 2 : B1

β1 ��?
??

??
? B2

β2����
��

��

dimC = 1 : P1.

I h1,1(X) = h2,1(X) = 19.

I Other realization: Z2 × Z2 orbifold of T 6
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Properties

Z3 × Z3 quotient of Schoen’s Calabi-Yau

I Schoen’s CY is a complete intersection in a toric variety

X̃ =

{
t0

(
x3

0 + x3
1 + x3

2

)
+ t1x0x1x2 = 0(

λ1t0 + t1
)(

y3
0 + y3

1 + y3
2

)
+

(
λ2t0 + λ3t1

)
y0y1y2 = 0

}
⊂ P2

[x0:x1:x2]
× P1

[t0:t1]
× P2

[y0:y1:y2]
.

I The defining equations allow for three complex parameters λ1,
λ2, λ3 respecting the free Z3 × Z3 action on X̃: (ζ = e2πi/3)

g1 :

8><>:
[x0 : x1 : x2] 7→ [x0 : ζx1 : ζ2x2]

[t0 : t1] 7→ [t0 : t1] (no action)

[y0 : y1 : y2] 7→ [y0 : ζy1 : ζ2y2]

g2 :

8><>:
[x0 : x1 : x2] 7→ [x1 : x2 : x0]

[t0 : t1] 7→ [t0 : t1] (no action)

[y0 : y1 : y2] 7→ [y1 : y2 : y0].

I Use Batyrev-Borisov construction to obtain the mirror X̃∗.

I X̃ is self-mirror! Crucial for the computation of nβ.



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Properties

Z3 × Z3 quotient of Schoen’s Calabi-Yau

I Schoen’s CY is a complete intersection in a toric variety

X̃ =

{
t0

(
x3

0 + x3
1 + x3

2

)
+ t1x0x1x2 = 0(

λ1t0 + t1
)(

y3
0 + y3

1 + y3
2

)
+

(
λ2t0 + λ3t1

)
y0y1y2 = 0

}
⊂ P2

[x0:x1:x2]
× P1

[t0:t1]
× P2

[y0:y1:y2]
.

I The defining equations allow for three complex parameters λ1,
λ2, λ3 respecting the free Z3 × Z3 action on X̃: (ζ = e2πi/3)

g1 :

8><>:
[x0 : x1 : x2] 7→ [x0 : ζx1 : ζ2x2]

[t0 : t1] 7→ [t0 : t1] (no action)

[y0 : y1 : y2] 7→ [y0 : ζy1 : ζ2y2]

g2 :

8><>:
[x0 : x1 : x2] 7→ [x1 : x2 : x0]

[t0 : t1] 7→ [t0 : t1] (no action)

[y0 : y1 : y2] 7→ [y1 : y2 : y0].

I Use Batyrev-Borisov construction to obtain the mirror X̃∗.

I X̃ is self-mirror! Crucial for the computation of nβ.



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Properties

Z3 × Z3 quotient of Schoen’s Calabi-Yau

I Schoen’s CY is a complete intersection in a toric variety

X̃ =

{
t0

(
x3

0 + x3
1 + x3

2

)
+ t1x0x1x2 = 0(

λ1t0 + t1
)(

y3
0 + y3

1 + y3
2

)
+

(
λ2t0 + λ3t1

)
y0y1y2 = 0

}
⊂ P2

[x0:x1:x2]
× P1

[t0:t1]
× P2

[y0:y1:y2]
.

I The defining equations allow for three complex parameters λ1,
λ2, λ3 respecting the free Z3 × Z3 action on X̃: (ζ = e2πi/3)

g1 :

8><>:
[x0 : x1 : x2] 7→ [x0 : ζx1 : ζ2x2]

[t0 : t1] 7→ [t0 : t1] (no action)

[y0 : y1 : y2] 7→ [y0 : ζy1 : ζ2y2]

g2 :

8><>:
[x0 : x1 : x2] 7→ [x1 : x2 : x0]

[t0 : t1] 7→ [t0 : t1] (no action)

[y0 : y1 : y2] 7→ [y1 : y2 : y0].

I Use Batyrev-Borisov construction to obtain the mirror X̃∗.

I X̃ is self-mirror! Crucial for the computation of nβ.



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Properties

Z3 × Z3 quotient of Schoen’s Calabi-Yau

I Schoen’s CY is a complete intersection in a toric variety

X̃ =

{
t0

(
x3

0 + x3
1 + x3

2

)
+ t1x0x1x2 = 0(

λ1t0 + t1
)(

y3
0 + y3

1 + y3
2

)
+

(
λ2t0 + λ3t1

)
y0y1y2 = 0

}
⊂ P2

[x0:x1:x2]
× P1

[t0:t1]
× P2

[y0:y1:y2]
.

I The defining equations allow for three complex parameters λ1,
λ2, λ3 respecting the free Z3 × Z3 action on X̃: (ζ = e2πi/3)

g1 :

8><>:
[x0 : x1 : x2] 7→ [x0 : ζx1 : ζ2x2]

[t0 : t1] 7→ [t0 : t1] (no action)

[y0 : y1 : y2] 7→ [y0 : ζy1 : ζ2y2]

g2 :

8><>:
[x0 : x1 : x2] 7→ [x1 : x2 : x0]

[t0 : t1] 7→ [t0 : t1] (no action)

[y0 : y1 : y2] 7→ [y1 : y2 : y0].

I Use Batyrev-Borisov construction to obtain the mirror X̃∗.

I X̃ is self-mirror! Crucial for the computation of nβ.



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Properties

Free quotients in toric geometry

I Discrete quotients by G of toric varieties respecting the torus
action are always described by lattice refinements N → N̄ ,
such that N/N̄ = G.

I On compact toric varieties the action can never be free, on
complete intersections it can

X̃ ⊂ P∆∗

〈g1〉
��

∆∗ ⊂ N

〈g1〉
��

X̃∗ ⊂ P∇∗

〈g∗1 〉
��

∇∗ ⊂ M

〈g∗1 〉
��

(19, 19)

X ⊂ P∆̄∗

〈g2〉

��

∆̄∗ ⊂ N̄ X
∗ ⊂ P∇̄∗

〈g∗2 〉

��

∇̄∗ ⊂ M̄ (7, 7)

X X∗ (3, 3)

I Only X̃,X, X̃∗, X
∗

are complete intersections, X, X∗ are not.
Braun, Kreuzer, Ovrut, E. S.
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Torsion

Fundamental group

I The only fixed points in P2 × P1 × P2 of the Z3 × Z3 action
lie outside X̃, hence the action is free on X̃

⇒ X = X̃/Z3 × Z3 has non-trivial fundamental group
π1(X) = Z3 × Z3.

H1(X) =
π1(X)

[π1(X), π1(X)]
⇒ H1(X) = Z3 ⊕ Z3.
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Torsion

Curves of degree (3, 0, 0)

x3
0 + x3

1 + x3
2 = 0 = x0x1x2, y3

0 + y3
1 + y3

2 = 0 = y0y1y2.

Two cubics intersect in 9 points ⇒ 9 · 9 = 81 genus-0 curves

C̃ij : P1 → X̃, [t0 : t1] 7→
(
[x

(i)
0 : x

(i)
1 : x

(i)
2 ], [t0 : t1], [y

(j)
0 : y

(j)
1 : y

(j)
2 ]

)
on X̃, each wrapping the P1. The Z3 × Z3 group action identifies
them in 9-tuples and, hence, they define 9 genus-0 curves{

s0, . . . , s8

}
=

{
C̃ij/(Z3 × Z3)

}
on the quotient threefold X.
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Torsion

Quotient homology

I For each rational curve C̃ on X̃ there are 8 other images gC̃,
g ∈ Z3 × Z3.

I Under the quotient map q : X̃ → X they are the same

q(C̃) = q(gC̃)

I Impose the relations C̃ − gC̃ = 0 on the homology of X̃ ⇒
coinvariant homology

H2

(
X̃, Z

)
Z3×Z3

= H2

(
X̃, Z

)/
span

{
C̃−gC̃

}

= Z3⊕Z3⊕Z3.

I These relations contain 3(si − sj) but do not include si − sj

⇒ torsion in H2

(
X̃, Z

)
Z3×Z3

.
I Non-trivial torsion classes represented by si − s0, i = 1, . . . , 8.
I In general, the coinvariant homology is only one ingredient in

the Cartan-Leray spectral sequence. Here, this is sufficient ⇒
H2

(
X, Z

)
= H2

(
X̃, Z

)
Z3×Z3

= Z3 ⊕ Z3 ⊕ Z3.

Braun, Kreuzer, Ovrut, E. S.
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g ∈ Z3 × Z3.

I Under the quotient map q : X̃ → X they are the same

q(C̃) = q(gC̃)

I Impose the relations C̃ − gC̃ = 0 on the homology of X̃ ⇒
coinvariant homology

H2

(
X̃, Z

)
Z3×Z3

= H2

(
X̃, Z

)/
span

{
C̃−gC̃

}
= Z3⊕Z3⊕Z3.

I These relations contain 3(si − sj) but do not include si − sj

⇒ torsion in H2

(
X̃, Z

)
Z3×Z3

.
I Non-trivial torsion classes represented by si − s0, i = 1, . . . , 8.
I In general, the coinvariant homology is only one ingredient in

the Cartan-Leray spectral sequence. Here, this is sufficient ⇒
H2

(
X, Z

)
= H2

(
X̃, Z

)
Z3×Z3

= Z3 ⊕ Z3 ⊕ Z3.

Braun, Kreuzer, Ovrut, E. S.



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Torsion

In summary:

hp,q
(
X

)
= 1

0

0

1

0

3

3

0

0

3

3

0

1

0

0

1, Hi

(
X, Z

)
=



Z i = 6

0 i = 5

Z3 ⊕ Z3 ⊕ Z3 i = 4

Z8 ⊕ Z3 ⊕ Z3 i = 3

Z3 ⊕ Z3 ⊕ Z3 i = 2

Z3 ⊕ Z3 i = 1

Z i = 0.
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Mirror Symmetry

I A-model computation: Analytic answer for the prepotential by
counting the curves directly, but only to first order in t1
Hosono,Saito,Stienstra; Kaneko,Zagier; Braun,Kreuzer,Ovrut,E.S.

I B-model computation: Series expansion up to all orders.
I Mirror symmetry ⇒

F (0)
A (X, t) = F (0)

B (X∗, z(t)).

I Toric geometry provides a straightforward recipe the find pair

(X̃, X̃∗), to compute the mirror map ti(z) and F (0)
B (X̃∗, z).

Klemm, Kreuzer, Riegler, E.S.

I Straightforward to implement the second Z3 quotient to

obtain F (0)
B (X∗, z). Braun, Kreuzer, Ovrut, E.S.
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Mirror Symmetry

The rôle of the B-field

I Naively, F (0)
A (X, t) does not distinguish torsion classes since

the integral of the closed form ω over a torsion homology
class vanishes.

I Recall, ω = taea = B + iJ and H = dB = 0 locally, for the
target space of the sigma-model to be Kähler.

I However, this only requires that H ∈ H3(X, Z) vanishes in
H3(X, R).

I B need not be globally defined ⇒
∫
β B ill-defined.

I View the instanton contribution to the path integral eiS as an
abstract map eiS : H2(X, Z) → C∗. Aspinwall, Morrison
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Mirror Symmetry

Instanton numbers
I Define this map by the image of the generators:

H2(X, Z)free = Z3 : eiS(s0) = p = e2πit1 , q = e2πit2 , r = e2πit3 ,

H2(X, Z)tors = Z3 ⊕ Z3 : b1, b2 b3
1 = 1, b3

2 = 1

I The instanton factor is then

eiS(β) = pn1qn2rn3bm1
1 bm2

2 .

for any curve class

β = (n1, n2, n3,m1,m2) ∈ Z3 ⊕ Z3 ⊕ Z3 = H2

(
X, Z

)
I Hence

F (0)(X, t) =
∑

β∈H2(X,Z)

nβ Li3
(
pn1qn2rn3bm1

1 bm2
2

)
.



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Mirror Symmetry

Instanton numbers
I Define this map by the image of the generators:

H2(X, Z)free = Z3 : eiS(s0) = p = e2πit1 , q = e2πit2 , r = e2πit3 ,

H2(X, Z)tors = Z3 ⊕ Z3 : b1, b2 b3
1 = 1, b3

2 = 1

I The instanton factor is then

eiS(β) = pn1qn2rn3bm1
1 bm2

2 .

for any curve class

β = (n1, n2, n3,m1,m2) ∈ Z3 ⊕ Z3 ⊕ Z3 = H2

(
X, Z

)

I Hence

F (0)(X, t) =
∑

β∈H2(X,Z)

nβ Li3
(
pn1qn2rn3bm1

1 bm2
2

)
.



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Mirror Symmetry

Instanton numbers
I Define this map by the image of the generators:

H2(X, Z)free = Z3 : eiS(s0) = p = e2πit1 , q = e2πit2 , r = e2πit3 ,

H2(X, Z)tors = Z3 ⊕ Z3 : b1, b2 b3
1 = 1, b3

2 = 1

I The instanton factor is then

eiS(β) = pn1qn2rn3bm1
1 bm2

2 .

for any curve class

β = (n1, n2, n3,m1,m2) ∈ Z3 ⊕ Z3 ⊕ Z3 = H2

(
X, Z

)
I Hence

F (0)(X, t) =
∑

β∈H2(X,Z)

nβ Li3
(
pn1qn2rn3bm1

1 bm2
2

)
.



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Modular forms

Instanton numbers and modular forms

Closed form for the prepotential:

F (0)(X, p, q, r, b1, b2)
∣∣∣
pn

=
pn

8n−1

 ∑
i,j∈Z3

bi
1b

j
2

 (
P (q)4P (r)4

)n

M2n−2(q, r)

if n is not a multiple of 3 and, slightly weaker, that

F (0)(X, p, q, r, 1, 1)
∣∣∣
pn

=
9pn

8n−1

(
P (q)4P (r)4

)n

M2n−2(q, r)

if n is a multiple of 3. Here, P (q) is the usual generating function
of partitions

P (q) =
∞∑
i=0

p(i)qi =
q

1
24

η( 1
2πi ln q)

.
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Modular forms

The M2n−2 are modular forms of weight (2n− 2, 2n− 2) for
SL(2, Z)× SL(2, Z) and can be written in terms of polynomials in
the Eisenstein series E2(q), E4(q), E6(q) and E2(r), E4(r), E6(r),
starting with

M−2(q, r) = 0

M0(q, r) = 1 (also obtained analytically from A-model computation)

M2(q, r) = E2(q)E2(r)

M4(q, r) = 13
108

E4(q)E4(r) + 1
4

“
E4(q)E2(r)

2 + E2(q)
2E4(r)

”
+ 7

4
E2(q)

2E2(r)
2

M6(q, r) = 1
27

E6(q)E6(r) + 13
54

“
E6(q)E4(r)E2(r) + E4(q)E2(q)E6(r)

”
+ 1

6

“
E6(q)E2(r)

3 + E2(q)
3E6(r)

”
+ 79

108
E4(q)E2(q)E4(r)E2(r)

+ 5
4

“
E2(q)

3E4(r)E2(r) + E4(q)E2(q)E2(r)
3
”

+ 47
12

E2(q)
3E2(r)

3



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Outline

Motivation

Schoen’s Calabi-Yau manifold

Worldsheet instantons

Results and Outlook



Motivation Schoen’s CY manifold Worldsheet instantons Results and Outlook

Answer to Question 1:
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nX
(1,n2,n3,0,0) nX

(1,n2,n3,m1,m2), (m1, m2) 6= (0, 0)

HHHn2

n3 0 1 2 3 4

0 1 4 14 40 105

1 4 16 56 160

2 14 56 196

3 40 160

4 105

H
HHn2

n3 0 1 2 3 4

0 1 4 14 40 105

1 4 16 56 160

2 14 56 196

3 40 160

4 105

nX
(2,n2,n3,0,0) nX

(2,n2,n3,m1,m2), (m1, m2) 6= (0, 0)

HHHn2

n3 0 1 2 3

0 0 −2 −28 −192

1 −2 32 440

2 −28 440

3 −192

HHHn2

n3 0 1 2 3

0 0 −2 −28 −192

1 −2 32 440

2 −28 440

3 −192

nX
(3,n2,n3,0,0) nX

(3,n2,n3,m1,m2), (m1, m2) 6= (0, 0)

HHHn2

n3 0 1 2

0 0 3 36

1 3 108

2 36

H
HHn2

n3 0 1 2

0 0 0 27

1 0 81

2 27

Table: Instanton numbers nX
(n1,n2,n3,m1,m2)

computed by mirror symmetry.
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Answer to Question 2: Expanding F (0)(X, p, q, r, b1, b2) we find

n(1,0,0,m1,m2) = 1, ∀ m1,m2 ∈ Z3.

Furthermore, these curves have normal bundle
OP1(−1)⊕OP1(−1). Hence, there are indeed 9 smooth rigid
rational curves C which are alone in their homology class.

Outlook:

I Still remains to compute for our X, E:

Pfaff
(
∂̄E(−1)(C)

)(
det ∂̄O(−1)(C)

)2

I Applications to E1-instantons in type I theories
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