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4d N=2 SUGRA

Field content:

- vector multiplets: N=1 vector and chiral

- hypermultiplets: N=1 chiral and anti-chiral

Sbos = Sgr av + Sgauge + gi øj dti
∧ ∗dt

øj + hµ! dqµ
∧ ∗dq!

Bosonic action:

vector multiplets hypermultiplets



gµν

!

B2

vector multiplet scalars

hypermultiplet scalars

C1

C3

graviphoton

vector multiplet vectors

gµν

φ
a

From 10d to 4d on a CY

C3 = Ai (x)ωi (y) + ξA (x)αA (y)

E.g.:     gives rise to vectors and hyperscalarsC3

harmonic 2-forms harmonic 3-forms



Reduction of metric sector

Consider metric variations that preserve Ricci flatness:

Variation of complex structure

∂

∂zα
gøaøb =

1
||! ||2

ø! cd
øa(χα)cdøb

Variation of Kaehler class of metric

igaøb = Jaøb(v)

Kaehler moduli

complex structure
moduli



Courtesy of metric deformations being encoded
 in   and    , metric and p-form modes

 match up into N=2 multiplets.
J Ω



Why move beyond Calabi-Yau compactifications?

No potential!

- no possibility to break supersymmetry
- massless scalars
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No potential for moduli -> theory is indifferent regarding
their VEVs

How do we make theory care?

Make energy of field configuration depend on size of 
cycles -> thread them by flux



Flux compactifications

Fluxes break supersymmetry spontaneously

Calabi-Yau compactification in flux background
should yield gauged N=2 SUGRA

→

Indeed: retain expansion forms, include cohomologically
 non-trivial contribution to SUGRA field strengths

4d action assembles itself into gauged N=2 SUGRA

C3 = A
i
ωi + . . . → F4 = dC3 + Ni ω̃

ie.g.

harmonic 4-forms

[Polchinski, Strominger], [Louis, Micu], ...



Gauged N=2 SUGRA

Hypers pick up charges under vectors:

- replace derivatives by gauge covariant derivatives

- supersymmetry requires adding potential to
  action (determined by N=2 data and charges)



Charging hypers

Metric on hypermultiplet scalar manifold:

Isometries:

Example: gauging kA

kc = ∂a , kA = −1
2
ξA ∂a + ∂ξ̃A

, kA =
1
2
ξ̃A ∂a + ∂ξA

D! A
= d! A

− A,Da = da !
1
2

÷ξAA

huvdqu ! dqv = gi̄dzi ! dz̄̄ + dφ ! dφ

+
e4φ

4

[
da +

1
2
(ξ̃AdξA " ξAdξ̃A)

]
!

[
da +

1
2
(ξ̃AdξA " ξAdξ̃A)

]

"
e2φ

4
(ImM−1)AB

[
dξ̃A +MACdξC

]
!

[
dξ̃B +MBDdξD

]
]



Which isometries are gauged, and by whom?

kc = ∂a , kA = −1
2
ξA ∂a + ∂ξ̃A

, kA =
1
2
ξ̃A ∂a + ∂ξA

By vector in i-th vector multiplet:

F4 = ei !̃ i

F2 = mi ωi

k i = −eikc

÷k i = mikc

By graviphoton:     

H3 = pAαA + qAβA k0 = pAkA + qAkA − ekc

F0 = m

F6 = e
vol

V

k̃0 = mkc



Are flux compactifications conceptually sound?

We need to demonstrate that 4d solutions lift to 10d 
solutions.

 KK reduction (base point dependent) 
vs.

non-linear ansatz (base point independent)



?
Reduction ansatz based
on Calabi-Yau metric

Calabi-Yau metrics are not 
solutions

 in presence of fluxes
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Can we retain the property that the metric is encoded
in terms of a 2-form and a 3-form?

Courtesy of metric deformations being encoded
 in   and    , metric and p-form modes

 match up into N=2 multiplets.
J Ω



Giving up integrability

Calabi-Yau structureSU(3)

Kaehler sector structureSp(6, R)J

Complex structure ! SL (3, C) structure

Non-integrability: dJ != 0 ; d! != 0

expansion forms can no longer be closed!



Tinkering with expansion forms

dω̃
i
= 0

dαA = eiAω̃i ; dβA = −mi
Aω̃i

d! i = mi
A" A + eiA#A

d
 
ωi = 0

[Gurrieri, Louis, Micu, Waldram],
[Auria, Ferrara, Trigiante, Vaula], ...



Which isometries are gauged, and by whom?

kc = ∂a , kA = −1
2
ξA ∂a + ∂ξ̃A

, kA =
1
2
ξ̃A ∂a + ∂ξA

By vector in i-th vector multiplet:

F4 = ei !̃ i

F2 = mi ωi

k i = −eikc

k̃i = mikc

+ eiA kA + mA
i kA

By graviphoton:     

H3 = pAαA + qAβA k0 = pAkA + qAkA − ekc

F0 = m

F6 = e
vol

V

k̃0 = mkc



Tinkering with expansion forms

dω̃
i
= 0

dαA = eiAω̃i ; dβA = −mi
Aω̃i

d! i = mi
A" A + eiA#A

d
 
ωi = 0

How are these forms defined intrinsically?



An explicit realization: nearly Kähler manifolds

dJ = !
3
2

Im(W1Ω̄) + W4 " J + W3

dΩ = W1J
2 + W2 ∧ J + øW5 ∧ Ω

J  and    become eigenforms of the 
Laplace-Beltrami operator
!

! ! = 3|W1|2 ! !J = 3|W1|2 J,



Introducing nearly Kähler manifolds

S6 ! G2/SU (3)

CP3 ! Sp(2)/SU (2) × U (1)

S3 × S3 ! SU (2) × SU (2)

F (1, 2) ! SU (3)/U (1) × U (1)

First non-trivial examples in dimension 6.

All known examples are homogeneous:

This is an exhaustive list of 6 dimensional 
homogeneous strictly Kähler manifolds.



Deformations of nearly Kähler structure

Upon fixing     , the space of infinitesimal deformations 
of nearly Kähler structure on 6d manifolds other than    
is isomorphic to the eigenspace of the Laplace-Beltrami 
operator, restricted to the space of co-closed (1,1) 
forms, to the eigenvalue         .

W1

S6

3|W1|2

[Morianu, Nagy, Semmelmann]



Tinkering with expansion forms

dω̃
i
= 0

dαA = eiAω̃i ; dβA = −mi
Aω̃i

d! i = mi
A" A + eiA#A

d
 
ωi = 0

Our ansatz yields the same number (+1) of independent 
deformations for    and    .J Ω

Restriction to one “Kähler parameter” example for now.



Choice of expansion form     ω

vi ∂

∂vj ωi = 0 becomes                .∂

∂v
ω = 0

Too naive:       depends on    as well. || · || J! :=
J

||J || ?

ω :=
k

λ

J

||J ||

arbitrary constant

eigenvalue 3|W1|2



The rest falls into place...

d†! i = 0
d! i = mi

A" A + eiA#A

d" A = eiA !̃ i ; d#A = ! mi
A !̃ i

d!̃ i = 0

g :=
!

ω ∧ ∗ω =
k2

λ
ω̃ :=

1
g

! ω

β :=
1

e10
dω α := − ∗ β,

∫
α ∧ β = − 1

e2
10

∫
∗dω ∧ dω

=
k2

e2
10

=
!

1

∫



Is there a Calabi-Yau in sight?

For    ,             . S6 λ =
2
5

R

Calabi-Yau limit is decompactification limit



The choice of fluxes

Two bases of RR field strengths: F = eBG

(d− Hflux)G = 0 (d ! H)F = 0,

Hint = b dω = bβ Hflux = 0

Expand     in closed forms.G

Gint
4 = ξ dα + ξ̃ dβ = ξ ω̃Gint

2 = 0 ,

Gint
0 = m Gint

6 = e
vol

V
,



The choice of fluxes

F0 = G0 = m = f 0 ,

F2 = G2 + B ∧G0 = bmω = f 2 ω ,

F4 = G4 + B ∧G2 +
1
2

B ∧ B ∧G0

= (ξ +
1
2

Cb2m)ω̃ = f 4 ω̃ ,

F6 = G6 + B ∧G4 +
1
3!

B 3 ∧G0

= (e+ bξ +
Cb3m

6
)
1
C

ω ∧ ω ∧ ω = f 6
vol
V



To stabilize volume modulus, we need both electric and 
magnetic flux:

Contribution of RR fieldstrengths to potential:

!
∫

Fn " #Fn

Under                  , this scales as          .gmn !→ ! 2gmn λ2(3−n )

F0, F2 and          scale inversely.       F4, F6

magnetic gauging electric gauging



Replacing hypers by tensors

Gauge     :! a da !→ da + A

This does not break shift symmetry of    . a

Dualize   to tensor   .a B

Couple    to    via                 . F B F !→ F + mB

[Theis, Vandoren],
[Dall’Agata, D’Auria, Sommovigo, Vaula], ...



Studying the supersymmetry conditions

! ! " aµ = 0
! ! #" = 0

! ! $ia = 0

v3
s =

9
16

!
15

e

Cm

bs = "
1

!
15

vs

ξs =
4
15

Cmv2
s

eφs =

!
15

2Cmv2
s



W1 = −8i

3
√

2µI

H = 4
√

2µR Re Ω
F0 = 10

√
2µR e−! 10

F2 =
2
√

2
3

e−! 10µI J

F4 = 3
√

2e−! 10µR J ∧ J

F6 = −
√

2e−! 10µI J ∧ J ∧ J

Comparing to 10d SUGRA

Behrndt, Cvetic
Lüst, Tsimpis
Grana, Minasian, Petrini, Tomasiello



Solutions to the EOM?

(δSU SY I[! s])1st order =
∫ ∑

i

δL

δφi
[! s, " = 0] δφi [! s, " ] = 0

- total derivative terms?

To conclude that                           : ! L
! " i

[! s, " = 0] = 0

-              independent?! " i[Φs,Ψ]

! zi = "̄ ia#a

! qu = Uu
aα($̄α#a + #αβ#ab$̄β#b)

Check explicitly:



Solutions to the EOM?

V =
1

4Cv3

[
e4φ(3e2 + 6ebξ + Cemb3 +

1
12

C2m2(v2 + b2)3 +

+ Cmb2(v2 + b2)ξ + (v2 + 3b2)ξ2) + e2φ(−5v2 + 3b2)
]

is indeed minimized by
v3

s =
9
16

!
15

e

Cm

bs = "
1

!
15

vs

ξs =
4
15

Cmv2
s

eφs =

!
15

2Cmv2
s



Summary

- Nearly Kähler manifolds provide an explicit realization 
! of this reduction ansatz

- Modifying differential algebra of expansion forms
  yields results consistent with gauged SUGRA, our
  expectations from mirror symmetry and the
  Swampland program

- Supersymmetric solutions of 4d theory lift to 
! solutions of 10d theory



To do

- non supersymmetric solutions?

- reduction based on more elaborate differential 
  system (families of manifolds parametrized by 
  metric fluxes?)

- instantons in such backgrounds


